
 
Pseudorandomness Lecture 24

Date 2021 11 23
Agenda Budorandomms in one II

contexts

D Szemeredi's Regularity lemma
D Szemeredi's thin on kterm APs in dense sets
D Towards the GreenTao theorem APs withinprimes

AP8 N Rtd set2d at Kt d

Dnt Fix any k and r Suppose youcolour IN using
r colours will you always find a monochromatic

K AP
EvanderWarden Yes

Erdos Is it just because one ofthe colourclasses has
density a Yr

Guy For all 8 k as long as N is large enough

any subset AE LN with IAI SM contains a

KAP

Roth's Theorem Above conj for k 3 Fourier analysis
1953

Szemeredi's Thin Above any for all k1975

Green Tao Thang Even within primes there are longAPs

structure t randomness



Szemeredi's regularitylemma Any graph can be brokenup
into a constant number of parts st most pairs
behave pseudorandomly

EML For all A B EV

Elif MIA MLB SA FCB
debt Iggy edge density

Defn e regularityfor a pair AB is said to be an ereg

pair of subsets if I UEA WEB with LukeAl
and Iwl ElBl we have

Ida B d UW S E

Defn e regularpartition A partition P VG Viv Wik
is an eregular partition if

I VillVil E E Ivan
is
Vit is not
e regular If Nile Mlk then Eek pairs are

not regular



Thin Szemeredi's Regularity Lemma For any e o there is
a constant M dep one such that any nvertex

graph has an ereg partition into IM parts

Imp Mad 4

o
very useful for any date graph

Me 222 I Yes

Applications

I If XUYUZ V and all pairs are eregular
with day dyedxz 2E Then the Xyz triangles

i

I a 222
Fcc

Y

Nm RuszaSzemeredi Triangle Removal Lemma He of 8 o

If G has 8 n triangles then there is some een

edges removing which makes a triangle free

If As oln then we can make it A free by removing
n edges



Sketch Step 1 Use SRL G V V WV

Steps Clean up
Throw away edges in irreg pairs
Throw away all sparse edges

Threw away all small parts
Steps Count

Vivian
on a

gang

D

Cor If you have a graph G s t each edge is
in exactly 1 triangle then edges o n

If As 062 n Then G can be made A free

by removing o n edges But req El z edgesto rem I

Why do we care about these

Roth'sThme For all 8 o and all N large enough

A E CN with IAI 8 N A contains a 3AP

Ofusing TRL Say A is a 3 Ap free subsetofCNI
M 2nA and think of A modM
Then A is 3AP free even mod M

21421

Iff224M 12 ZEA I

Kty X Z Y 22 E A



1

If A was 3AP free only trivial APs

Ktytz so mod M

every edge is in exactly one triangle

8 El ow o NZ OLIAl M
IAI OLN

I

Any set of constant density in CN has a 3 AP in it

For k 4 and higher

D Work with a 4partite 3 uniform with
3 wt 22 4 Lwt K Z W Y 22 2 24 32

I Work with the hypergraph removal lemma

req a hypergraph version of SRL

If youhave few copies of a hypergraph thenthe carall
be removed by removing few hyperedges

Extensions and reformulations

Counting version Varnarides

Any const density set must have many APs
V8 o F e o s t any AGENT with IAI SN has

7 C N2 3APs

I Weighted version til Noise
V8 0 Fc 0 so that any f Zn Lost with Elf
satisfies alfalfa flatd fluid c



On How small can we make 8 How large are APfree
subsets of IN

Behrend IAI 7 N exp Fon that is 3AP free

size of largest
N expterojn I zapfree subset

C
Ugggd N

f EN

Are there sparse versions of these regularity statements

TRL H e 28 If G has e 8ns triangles then
they can be removed using En edges

Dream sparse version p pen
He 78 If G has Snp triangles then

they can all be removed using E en'p edges

just false But it is true if G has castdas
in a pseudorandom hostgraph

Sparse Triangle Removal Lemma ConlonFox Zhao p.ph
He o I 8 o s t if P is a sufficientlypseudorandom
host graph with edge density p and G is a subgraph

of 1 then if G has e sn'p triangles then
they can all be removed using En'p edges



What is sufficiently pseudorandom

T contains the right densityofembeddings ofK2
and its subgraphs

2 blowupo o

f a D
xp

Relative Roth's Theorem Conlon FoxZhao

Suppose sexy with 1st pm and S suff.p.r
Then any subset AES with IAI 8 IS S.N.p
contains 3 CCS N p3 3termAPs

If A is a const density subset within a pseudorandom
host S then A has many 3term APs

S suff PR O B

GreenTao P Primes On PA N Pyle ant
But if Pa has const density in a pseudorandomset

then Rel Roth's thn will give us the result



A

HI
and APS in PN
I APs inside M
Cupto scaling

Green Tao Zeigler TheDenseModel Thin

Next class The DenseModel Theorem
a pf by Reingold TrevisanTulsiari Vadhan


