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Efficient Listdecoding of the ReedSolomon

Code

Problem

Input IF finite field
n evaluations

k degree paramete Cdg k

t agreementparameter e n t
errors

di An n district points in

Bi Bn n field elements

Output Find all poly PETE Efx of deg k

g E
ien PCM pi It

Question Find efficient alg for above problems
w as low t as possible



Observations t mfs Unique decoding Rodeos

WelchBerlekamp

E Fk Johnson Radios
combinatorially

Today Sudan it t kn peter
Garaswami Sudan 98 Es Tan paid

Recall the WelchBerlekamp Unique decoding Alg

Step 1 Find all nonzero pairs ofpolynomial
CME sit

degCN
s Eek I

degCE s t

Nai PIECE Keen

Step 2 Output ME

XY NG YEA

Every P that has agreement If satisfies

X PA IO

re CY PAD is a factor of QQ Y

Sudan's Generalization
Step 1 Find an algebraic explanation for

the alata points in the form of a



bivariate poly Q x Y

step 2 Output all factors CYPCNof QE d

Step 2 requires efficient factorization algorithms

for bivariate polynomials over knife
fields

Such algorithms exist Kaltofen Berlekamp
Assume as blackbox such algorithms

Sudan's Algorithm First attempt
Parameter n 1231 E agreementparameter

e

Step 1 Find a nonzero polynomial 06.4 s.f

deg Ca s l

deg a e re
Cai e o f ee In

Step 2 Find all poly PG E IFE of
Cy PCN is a factor of Q x Y

and output list of all such P at

e deg G k

ii ien PC pi t



Requirements
Can And a nonzero solo ly interpolator
for any input data set

Every P that has agreement at least t

of data must appear as a factor CY PAD

of QE Y

Interpolation Requirements
Nonzero

Soen exists if

vans eqns
vars monomial x'y s f oeil aging

etc Ets
eqns n

Since Ceti etc n ke

a nonzero solution exists

Claim If E lackDI then the following is true
PG satisfies ieGJ PC pig at

QCx PA EO

Pf Rex X PCH

If PCA pi Ge point of agreement
then RCA o

Hence IT CX a
cplate

s a factor of RA



deg R E l Ck Dae

So if E It CkDre REO 8

Set e Fck t 2inch

Tem Can list decode if age 2

Balance the imbalance in X Y degree

Ca b weighted degreeof x'y ait by

D 1 k s weighted degreeof Q
If E D then QCX.PE O for

every P of agreement at least
E

Sudan's Algorithm Secondattempt
Parameter n 1231 E agreementparameter

D

Step 1 Find a non zero polynomial 06,4 St

Ce k d weighteddegof Q
D

Q Cai e
0 Feed

Step 2 Find all poly PG E IFI sf

C 11



CY PAD is a factor of Q x Y

and output list of all such P at

e deg CP s k

ii ien PC pi E

Step 2 Requirements D E

Step 1 interpolation Requirements

eqns n

vans Ce j Otey etc Dj D

ÉÉÉ t e LE

Elder Cady
1 etc CK i Éj

Dti etc CK DCI
C 120 2 CkDe

E Dt2 since lip
Daggs

since l By 1



If we choose D s.t DEEP n then

Interpolation conditions are met

Set D Tact

E Fin

Thm Sudan Can efficiently listdecode RS code

of f agreements siren
Ge p 1 Er

Guruswami Sudan Improvement

Idea Incorporate multiplicities

Step 1 Adding more restrictions

re QQ Y has re roots at Cape

egos are
increasing D must be larger

Every pf of agreementgiven m roots

g RCH QG.PH

rt D

Def C QCx Y has a roots at o.o

if coeffts of x'y for any G j satisfying
cigar is zero



QUY has a roots at xp
if Qa X Y I QCxtx YTB has a roots

at 0,9

Curaswami Sudan Algorithm
Parameter n k 31 E agreementparameter

D r

Step 1 Find a nonzero polynomial 06,4 St

Ski weighted degree of QED

XY has re roots at Gpi feed

Step 2 Find all poly PG E IFI of

Cy PCN is a factor of Q x Y

and output list of all such P at

e deg G k

ii ien PG pi t

Step 1 Requirements vars DIE
eqns n Coj lose.y cycad

n C



BEEF not

Set D TCkDnrf to satisfy interpolate
requirements

Claim If D Er and P has E agreements
w data then RA QCX.PH 0

E Da i D Tech

Mine
Set a ack Dn E fend Fan

TimGaraswami Sudan can listdecode RS code
if agreements Tin Ge p c A

Proof of Claim

Suppose we show
For every point of agreement he PA p
we have x x is a factor

ofRA QA PAI

then we are done



Special case when Cap 6,0

Since PC p constant term PG s 0

RG QI PAI QQ axe

least deg team in R I r

le XM RA in this case

General cx.pl xx Ra a


