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Limits of Approximation Algorithms

Why Approximations

NP complete problems cope of hardness

Heuristics

Approximation Algorithms

Tale
Vertex Cover

Instance Undirectedgraph G YE

w V Ryo possibly
Output WE V cover

Cre f Ca eE we Wor ve w

Goal Output a W of minimal of
Ce Ewa is minimized

NEW

Vertex Cover is NP hard
w unweighted case

Clay If M is a maximal matching in G

then We Ever r is an endpointof aedge in M3
satisfies w vertex cover



IWI I 2 opt vertex cover

M AX3SAT
Instance n Boolean variables

09 kn

m Clauses of width
3

G G Cm
Cee Ke voids

Output Assignment a In 6.1
Goal Maximize clauses satisfiedg

d

MAX BSAT is NP hard

Approximation Algorithm Random assignment

C clause of k variables Cdishnet

Pfc's satisfied 1 Ie
G Cm m clause

If clauses satisfed I 124
JEET

where by vars g

Im



Easy exercise to derandomge the above

algorithm

Approximation Algorithm de Coe

I Optimization Problem Maximization a

Minimization

p Its Ace

2 OPT 9 AG I OPT CP Maximyaton

OPTCp s ACE 4 OPT 9 Minimyako

How good can we approximate a problem

FPTAS Folly polynomial time approx scheme

fee coil there is a Cte approx alg
runs in time poly n Ye

eg KNAPSACK

PTAS Kee Co there is a Ci g approx alg
leans in time poly Cn

eg MIN MAKE SPAN



APX Constant factor approximation

eg
Vertex Cover MAX3SAT MAXCUT

log APX log factor approximation

Eg SET COVER

poly APX poly factor appax

eg
CLIQUE Chromate Number

Question
Given a problem what is the best

approximation one can achieve

Work w a specific problem MAX3SAT

Vertex Cover Ind VC
of minimum.ge

VERTEX COVER Gk Fa vertex cover
WE VCC at
IWI Ek

VERTEX COVER decisionproblem
off answer

Equivalent to the originalproblem
SAT E VERTEX COVER



Similar to above
Decision problem counterpart for

a approximating MAX3SAT

Cap Problems Decision Problem
LanguageCES No

C YES ONO p

tut
Gap problem corresponding to d approximation

CLE CO MAX3SAT

gap MAX3SAT YES NO

YES CG k p is a 3cm formula

F an assignment satisfying
k clauses

NO Gk q is a JNF formula

F assignments ak

clauses are satisfied

Proposition Fae Con
an d approximation alg for MAX3SAT exists

I
F a ptime alg that solves gap MAX SAT



Pf 1 Suppose A is a appax alg for
MAX3SAT

B On input Lyk
1 Ran A on p a left g

2 Accept off k a

Claim B solves gapf MAX3SAT
Pf GK EYES

OPTO k

K ACE 7 a OPTCp Sak

B accepts
G K E NO

OPT H ak

K ACO E OPTO xk
B rejects

Suppose B solves gapL MAX3SAT

A On caput p
1 Ron B on 29,17 4,23 19,5
2 Let kmax le BCC ks ay
3 Output at

B rejects 4,12 1 GRID YES OPER
accepts Lgbt 26,127 No opto at



le a OPT E LK E OPTO
Hence A is an dapproximation algorithm

Q What is the hardness of gap MAX3SAT

PCP Theorem F Le Co and a poly time
determinists red R from SAT to

gopi MAX3SAT
ie HE SAT RG O K EYES

44 SAT RLY G K E NO

For the same x as in the above them

there is no a appoex for MAX3SAT

unless NP P

gap MAX3SAT

YES a p is a BCNF formula

g ESAT

NO 29 q is a 3CNF formula

every assignment satisfies

less than dm clauses



Th

i
eo and a post.me

determinists rede R from SAT to

ie HE SAT RG Y EYES

44 SAT RLY G E NO

Part 2

Proof Checking

NP Proof verification viewpoint of NP

A language LEAP if there exists

a deterministic verifer V and two

polynomial E m st

seel It Akmal

ÉI

VG I ace

Guns in time x VI Ahmad
ECoa VG rej

runs in time E



Various variants of this proof
renefcation

viewpoint
randomized
interaction w proven instead

ofjusta proofread only few locations of proof
Led to notions

Interactive Proofs IP PSPACE

Zero knowledge

Maltiprover Interactive Proofs MIP NEXP

PCP Theorem

Restricted notion
of renter

For K q m t ININ an Crg m t restricted
Vercher V is a randomized algorithm
that operates as follows

II 6 V has exploit access

E Tosses RE 0,13
4
come

e Deterimes Q QGERIELD
T.IE

fIi.camcan

s E 101 961

C CER
Trans in time t.at



V has implicitoracle access to

proof I of length m

Reads Ilg and acclrey
based on CCA

Zomplexity class
Output is written as

V'Le D CGI

PCP a q m t a g mt IN SIN

c s in Lo
Co a sci F EN

L E PCPasfr.am
if I Cram t restrictor verifier such that

Completeness
KEL FI Fm Cal

Pe
Reggae

VER accycan

Soundness
FI H mCKD

RIVER
ace scad

Remarks C If E m poly a we drop
these parameters



I P PCR Lo I
NP PCP Lo poly

BPP PCB poly OJ

I CE CoD
c l perfect completeness

4 Above def is non adaptive deal
can also define adaptive version

PCP Theorem I
F Q E Z a de Con

F L E NP F C

Le PCP
a Clogn Q

ÉTIgfÉÉ

Guns in time
ECoa



Observation PCP Theorem I PCP Theorem I

Cal PCP Theorem I PCP Theorem I

Suppose I a redn Pa from
SAT to gap MAX3SAT

Need to construct a restricted verite
for every language L in NP

L SAT gap MAX SAT

x p p

V On input x a R

1 Run PG to obtain 3CNF

9
Expect 2 Use R to pick a random
asproofI clause of 9the assignment

3 Set Q vars of
C

for p C predicate C

Kel GE SAT IT V'Go R acify
Scott OPT g am AT ELVER a Day



b

PCPTheoeg.fi
ePTheanI

For there is a clogn Q pay
poly

verifies
t

Construct a reduction from SAT

to gap
MAX3SAT

On input of
it For each peg yoga

let he be the predicateofthe verifer

2 Construct Vance
are proofbit

I be a additional
variables

almost what we want except that

I is not a 30nF but rather
a g Cst

Observation For every g there exist 9 lg
s for every fr h 0,139 o

there is a BCF formula go



129 clauses

9 19 variables sit

564 1 F eyed q 644 1

264 0 42010,19 p x2 o

Modify 2 to the following

2 Construct

19hr
R

Ge SAT FESAT

9 SAT Fit ELECTED I a

Fix any t

satisfied clauses in

a 2 k 6 4.2 6 1

12.2 at G a C E
12.2 1 94
12.2 I DX



Inapproximability of Clique Feige Goldwasser

Lovey Safra Jededy
a econ

gap CLIQUE

YES G k F a clique ofsize king
No G k 1 Every clique in G is ok

Lemma Le PCR G a then there is

a 92k time reduction from L to

gape CLIQUE

Cq Fae 0,1 a approximating CLIQUE is NP hard
of PCP That Lemma

Proof of LemmaXel L has a restricted reacher

I
a

Gc Vertices ECR Kew Rego
d

Kew e 0.19
1

I 2 29



00
O

R Ra Ra

Edges CR Kew CR Views

ifc Re Keane are accepting views

for both e z z

Ce CrChew

Gi View a View must be consistent

Teel Pa V'Gar ace c

W CR Al records
GCHQ accy

IN 3 C 2

x L If W is a clique of size s 3

F T Py V'Cair ace s

by constructing it by sewing together
all the consistent news in W

Hence s as

19 any clique in G is of size 8.29



Reduction
a Go 2

I
1

SAT
gapsE

CLIQUE

Improving the Inapproximability

PCP 9,9 E PCPcr.sk ka kg
sequential repetition
SAT E PCR.alclogn.QJEPCB.arfkclogn.IQ

Cor A deco
gap

CLIQUE is NP hard

By using
randomness efferent repetition
walk on an expander

graph
PCP 9.9 E PCP zk atoll kg

F SECO i gapy CLIQUE is NP hard

Recycles queries
Thm Has NZ Keelan gopy CLIQUE's

NP hard


