ALGEBRAIC CircUIT COMPLEXITY

PROBLEM SET 3

h

Due date: November 12", 2017

INSTRUCTIONS

e The problem set has 6 questions with a total score of 100 points.
e You are expected to work independently.
e Solutions are expected as a IXTEX document.

e The deadline is 12th November 2017. You can also submit answers to
some (or all) of the questions any time after the deadline (a little before
the course ends, of course; they need to be graded) for half the credit.

This is to encourage you to solve all the question in these problem sets,
even if it is past the deadline.

QUESTIONS

Question 1. (10 points) Let f(x) € Q[x] is an n-variate degree d polynomial.
Suppose you are told that dim {0=*(f)} < r (the dimension of partial derivatives of
all orders). Prove that for any partition x = y U z, the partial derivative matrix with
respect to this partition has rank at most poly(n,d,r).

What can you say about the converse?

Question 2. (10 points) Suppose you are given two sparse n-variate polynomials
f(x) and g(x) and you are promised the individual degree of f and g with respect to
each variable is at most 42. Construct a deterministic polynomial time algorithm to
check if f and g have a non-trivial gcd.



Question 3. (10 points) Say we have an algebraic formula (possibly non-homogeneous)

of size s computing a homogeneous n-variate degree d polynomial f(x). Show that
f(x) can also be computed by a homogeneous algebraic formula of size at most

boly (S/ (d + Lliogs> ) |

Conclude that the polynomial ESYM,(x) for d = O(logn) has a polynomial-
sized homogeneous algebraic formula computing it.

Question 4. (10 points) Suppose you are given a blackbox that computes an n-
variate degree < d polynomial f(x1,...,xn) € Q[x|. You are told that this polyno-
mial has at most s monomials.

Using just poly(s,d, n) evaluations, reconstruct the polynomial f(xq,...,%n)
(i.e. figure out each non-zero monomial of f and its coefficient).

Question 5. (20 points) In class, we looked briefly at Kayal’s lower bound for
S AZI circuits computing a monomial xy ... x,. For this, we worked with the
dimension of shifted partial derivatives,

To(f) = dim {x~"‘a7%(f) }
and proved in class that for any k, £ we have:

T (Q) < (n +£+n(t - 1)k> , ifdeg(Q) =t,

n\ /n—k+/¢ )
I“k,g(xil...xf[’)z(k)< "k > , difer,...,en > 1.

1. (10 points) Prove that if { = tn, there we can choose k = en/t for suitably
small constant € > 0 such that

W) _ o
(n+€+(t*l)k) - :
n

You might want to use the fact that (n — b)”“’ < ((xf{[ij: < (n+ H)”‘[? for any
a,b>0.
2. (10 points) Formally prove that if 0 # f = Q4 + - + Q7 with deg Q; = t

for all i, then there must be some non-zero monomial of f of support-size at
most O(tlogs).

Question 6. (40 points) In this problem, we’ll extend the previous problem from
S A\ S circuits to circuits of the form

S
c=Y m Qf
i=1

Prior to this result,
it was conjectured
that ESYM, cannot
have  polynomial-
sized homogeneous
formulas  for any
non-constant d.



where each m; is a monomial, and deg(Q;) = t. These are also referred to as Xm |\ pg(l
circuits.

For any i € [n], define the operator A; : F[x] — F[x]| as A;j(f) = x; - %" We
shall use A=* to refer to the span of k-th order operators using these A;’s. That is,

ATF(f) =span {A; 0 0N (f) i, ik € [1]}.

For parameters k, £, define T'y ;(f) = dim {x:éA:k (f) } Some of  these
expressions are

. i . . slightly  different

1. (15 points) Suppose Q is a homogeneous polynomial of degree t, and m is an  from the previous
arbitrary monomial. Show that for any d > 0, problem as - A ‘

also accounts for a

degree k monomial,

n-+£0+kt but this should not
. drastically ~ change
n any calculations.

Tio(m-Q7) < (

Also show that if f = (x1+1)% -+ (x, + 1) where eq,...,en > 1, then
- n\ (n—k+4¢
T > .
k,f(f)—<k>( n—k )

2. (5 points) Construct an explicit hitting set of size poly(n,d,s)°(t1°8%) for the
class of Zm \ EITU circuits.

3. (20 points) Show that the task of checking if a given degree t polynomial Q(x)
divides a given sparse polynomial f(x) reduces to PIT of circuits as above.

Formally, suppose you are given a polynomial f(x) that has at most s mono-
mials, and a polynomial Q(x) that has degree at most t. Construct a circuit C
of the form Ym A\ XI111, in polynomial time, such that C = 0 if and only if Q
divides f.

(Hint: Strassen)




