CHAPTER X. Transmission Capacity of ad hoc Networks 1

1 Introduction

In this chapter, we address an important question on the optimal role of multiple an-
tennas in a wireless network. For a point-to-point channel with no interference, from
Chapter ??, we know that employing multiple antennas at both the transmitter and the
receiver either linearly increases the capacity, or exponentially decreases the error rate
with SNR. In contrast, in a wireless network, where interference is the performance
limiter, finding how to best use the multiple antennas is a fairly complicated issue.

The problem is challenging because in the presence of interference, multiple anten-
nas have dual roles at both the transmitter and the receiver side. On the transmitter side,
multiple antennas can be used to beamform the signal towards the intended receiver or
to suppress transmission (construed as interference) towards other receivers. Similarly,
on the receiver side, each receiver can use its multiple antennas to improve the SNR
from its intended transmitter or cancel the interference coming from other transmitters.
To further compound the problem, the roles of multiple antennas at both the transmitter
and the receiver side are inter-dependent on each other.

In this chapter, we derive results on the scaling of the transmission capacity with the
number of antennas for two cases; i) CSIR case, where only the receivers have channel
coefficient/state information (CSI), and ii) CSIT case, where in addition to CSIR, each
transmitter also has CSI for its intended receiver. We derive upper and lower bounds on
the transmission capacity with multiple antennas that do not match each other exactly,
but have a negligible gap for path-loss exponent values close to 2.

We show that with linear decoders, e.g. zero-forcing or MMSE, the transmission
capacity scales at least linearly with the number of antennas for both the CSIR and
the CSIT case, and sending only data stream from each transmitter achieves the linear
scaling of the transmission capacity in both cases. The derived upper and lower bounds
are identical for both the CSIR and the CSIT case, thus, we conclude that the value of
CSIT is limited in a wireless network. We obtain exact scaling results for transmission
capacity with respect to the number of antennas for two important special cases: having
only a single antenna at each transmitter/receiver, and a simplified receiver with no
interference cancelation capability.

We close the chapter by characterizing the effect of the interference suppression
capability of multiple antennas at the transmitter. For this end, we consider a cogni-
tive/secondary wireless network, that is overlaid over a licensed/primary wireless net-
work, that is allowed to operate under an outage probability constraint at each receiver
node of the primary wireless network. The secondary nodes are equipped with multiple
antennas, and use them at the transmitter side to suppress the interference they cause
to any primary user, and at the receiver side to cancel dominant interferers. We obtain
explicit results on the scaling of the transmission capacity of the secondary wireless
network as a function of the number of transmit and receive antennas available at the
secondary nodes.
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2 Role of Multiple Antennas in Ad Hoc Networks

In a point-to-point channel with no interference, the only objective with multiple anten-
nas at both the transmitter and the receiver is to improve the received signal strength.
In an ad-hoc network, however, the role of multiple antennas is more diverse because
of the presence of interference. For example, each transmitter could attempt to increase
its own data rate by transmitting multiple data streams, or in the presence of CSI, could
improve the signal strength by steering its beam towards the direction of the receiver,
or suppress its interference towards other receivers by nulling its signal towards them.
Similarly, each receiver could decode its signal of interest after mitigating interference
using its multiple antennas. So inter-dependent questions like, how many data streams
to transmit, how many interferers to cancel at receiver, are critical in finding the optimal
role of multiple antennas in a wireless network.

One way to frame these questions more concretely is by defining the spatial trans-
mit (receive) degrees of freedom (STDOF) (SRDOF). The STDOF refer to the signal-
ing dimensions used at the transmitter for either transmitting to the intended receiver
or to suppress interference towards other receivers. For example, with N transmit
antennas there are total N STDOF, out of which possibly k can be used to send k in-
dependent streams, leaving the remaining N — k STDOF for interference suppression
in the presence of CSI at the transmitter, or not using the NV — k£ STDOF at all to de-
crease the overall interference at all other receivers. Similarly, the SRDOF refers to the
number of spatial dimensions, that through linear processing (linear decoder/receiver),
can be used to separate multiple source symbols at the receiver. For example, with N
antennas at the receiver, the total SRDOF is equal to N, out of which m can be used
for interference mitigation/cancelation and leaving the remainder of N — m SRDOF
for decoding the signal of interest.

When k£ STDOF are used by each transmitter to send & independent data streams,
the number of interferers that can be canceled at any receiver using its m SRDOF is at
most L%J Larger STDOFs help in improving per-user transmission rates by sending
more data streams but limit the interference suppression ability of any receiver. In this
chapter, we find the optimal values of STDOF used for transmission & and SRDOF m
used for interference cancelation that maximize the transmission capacity with linear
decoders under different CSI assumptions. The choice of linear decoders is made for
both their analytical tractability and low-complexity implementation.

3 Channel State Information Only at Receiver

We consider the fixed distance model of Section ??, where each transmitter-receiver
pair is at a fixed distance of d from each other. The transmitter locations {7},} are
assumed to follow a PPP distribution with density Ag. Each transmitter is assumed to
transmit independently with probability p using an ALOHA protocol. Consequently,
the active transmitter density is A = pAg. We let ® = {T,, : T, is active} to represent
the active transmitter locations that is a PPP with density A.

In this section, we consider the practically efficient model where each receiver has
instantaneous channel state information (CSI), while no transmitter has any instanta-
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Figure 1: Transmit-receive strategy with no CSI at the transmitter

neous or delayed CSI. We refer to this scenario as CSIR (CSI at the receiver). The case
with CSI at the transmitter (referred to as CSIT) is dealt in Section 4.

With no CSI at any transmitter, we assume that each transmitter uses any k, k =
1,2,..., N, of its IV antennas to transmit & independent data streams to its receiver
with equally distributing the power over all the £ antennas. In terms of STDOF, this
means that each transmitter uses £ STDOF for transmission out of its total N STDOF.

Since CSI is not available, the choice of which antennas to use does not impact the
performance. Each receiver is assumed to have CSI for the channel from its intended
transmitter as well as from all the other interferers that are canceled/suppressed at that
receiver.

Let x,, = [xn(1) %,,(2)...%,(k)]T be the k x 1 signal sent from transmitter T},,
where each element x,,(¢), £ = 1,2, ...,k is independent and CA (0, 1) distributed,
so that the total power transmitted through x,, is unity. Then, the multiple antennas
counterpart of received signal (??) at the typical receiver Ry is

Yo = d_a/2H00X0 + Z Cl,,_La/QH()an7 (1)
Tne®\{To}

where d,, is the distance between T}, and Ry, Ho,, € CN** is the channel coefficient
matrix between 7}, and Ry, such that the i, j*" entry Ho,, (i, j) of Hy, is the channel
coefficient between the i*" receive antenna of Ry and j*” transmit antennas of T},. Each
entry of Hy,, is assumed to be independent and Rayleigh distributed. We consider the
interference limited regime and ignore the AWGN contribution. For analysis, we will
consider the typical transmitter-receiver pair (7o, Rp).

Interference cancelation: To cancel interference, each receiver multiplies its re-
ceived signal with vector q' that lies in the null space of the channel matrices cor-
responding to the interferers that are chosen for cancelation. Thus, if C € @ is the
subset of interferers to be canceled, then q € O(Hc¢), where O(Hc) represents the
null/orthogonal space of matrix H¢ = [Hoy,],n € C.

Which interferers to cancel: Each receiver R,, with multiple antennas has to
make a judicious choice of which interferers it should cancel before decoding its signal
of interest x,,. The most natural choice it to cancel those interferers that maximize the
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post-cancelation SIR, i.e. to find subset C that solves

GZ_O‘quoH(T)oCIT
ZTnecb\{To,c} dﬁaqHOnH(qu*

@)

mcax SIR = max

Solving (2), is however, complicated and also the performance analysis is difficult.
As we have seen in Chapter ??, typically, the closest interferers dominate the total
interference seen at any receiver. This motivates the choice of canceling the nearest
interferers in terms of distance from each receiver R,,. Canceling the nearest interferers
is also efficient in terms of CSI requirement, since CSI from only the nearest interferers
to be canceled is required, in comparison to the global CSI requirement for solving (2).
Since any receiver with N antennas can cancel at most N interferers, CSI is only
needed from at most N nearest interferers. Throughout this chapter, for analyzing the
transmission capacity with multiple antennas, we assume that each receiver cancels its
nearest interferers.

Another choice for interference cancelation is to cancel those interferers that have
the largest interference power at the receiver. With this choice, some of the nearby
interferers may not be canceled if their channel gains are very low. After multiplica-
tion by the cancelation vector qf, however, the situation might change, and the post-
cancelation channel gain values of the nearby uncanceled interferers could become
moderately high, and they could start dominating the performance. We discuss this
choice briefly in Remark 3.11 from the transmission capacity point of view.

Choice of Decoder: To decode x( from (1), the optimal decoder is the ML decoder,
that finds x¢ that maximizes the likelihood P(yq|xo). As discussed in Chapter ??, the
complexity of the ML decoder is quite high since it finds the jointly optimal vector xg.
Moreover, for the transmission capacity analysis with the ML decoder, we need to be
able to analyze the outage probability P(1(xg;y0) < ), where I(xX0;Yyo) is the mu-
tual information between input x, and output yo. The exponent of outage probability
P(I(x0;y0) < B) for the MIMO channel is only known for the high SNR regime [1]
and that too in the absence of interference. Thus, in the presence of interference, mean-
ingful analysis of transmission capacity is not possible with the optimal ML decoder.
The obvious other choice is to consider linear decoders, such as ZF or minimum mean
square error (MMSE) decoder. As discussed in Section ??, with linear decoders, each
element of the input signal vector xq is decoded separately allowing the use of scalar
outage probability expressions, while incurring linear decoding complexity in the size
of vector xy. For detailed analysis purposes, we will consider the ZF decoder, and
point out that identical results can be obtained for MMSE decoder as well in Remark
3.7. In particular, throughout this chapter, we consider a general ZF decoder called the
partial ZF decoder, that allows the flexibility of choosing how many SRDOF to use for
interference cancelation and leaving the remaining SRDOF for decoding the signal of
interest.

3.1 Transmission Capacity With Partial ZF Decoder

With £ data streams sent from each transmitter, and each receiver using m SRDOF for
interference cancelation, let Neyne = L%J be the number of nearest canceled inter-
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ferers. To cancel the nearest interferers, let the indices of the interferers be sorted
in an increasing order in terms of their distance from the typical receiver Ry, i.e.
di <dy <...<dn,. <dn.,.+1 < .... Then the received signal (1) is

canc —

k
Yo = d *PHo(O)xo(t)+ Y d */*Hyo(j)xo(j)
i=Li#t

e’ k
+D 0 d Y Hon(3)xa (), 3)
n=1 j=1

where we have intentionally separated the data stream xo(¢) and the rest of the data
streams Xo(1),...,x0({—1), xo(£+1),...,%0(k), sent by the typical transmitter Tj.

To decode the x(¥¢)t" data stream sent from transmitter T, £ = 1,2, ..., k, re-
ceiver R uses partial ZF decoder to remove the inter-stream interference from all the
other data streams

Xo(l), ce ,Xo(f - 1), Xo(f + 1), ce 7Xo(k‘)

sent by transmitter 7, and all the k data streams transmitted by the N, nearest
interferers x,,(5), n =1,2,..., Neanc, 5 =1,2,... k.
Let

H= [Hoo(l) ce Hoo(g — ].) H00(€ + ].) ce Hoo(k) H()l H02 ce HONcanc] s

where H € CV>*™+k=1 be the channel matrix corresponding to the k — 1 inter-stream
interferers, and the N, nearest interferers in (3), where Hy,, € CV** is the channel
matrix corresponding to the n'” nearest interferer, N > m + k — 1. Since each channel
coefficient is i.i.d. Rayleigh distributed, the rank of matrix H is m + k& — 1 with
probability 1. Let S be the orthonormal basis of the null space O(H) of the matrix H,
where S has dimension N — (m + k — 1). To decode stream x(¢), the receiver R
multiplies qz, qz € O(H) to the received signal (3) to get

oo k
ajyo = d"*aiHoo(Oxo(t) + Y d,** Y alHou(5)x%a (), )
n=Ncanc+1 j=1
¢ =1,2,...,k. Similar to the choice of which interferers to cancel, there is choice

for selecting the interference cancelation vector qZ. The obvious choice is the one that
maximizes the SIR, however, that leads to analytic intractability.

So we consider the next best option of choosing qZ € O(H) that maximizes the
signal power s = \q}tHgo(é)\Q. In Lemma 3.1, we show that the optimal q, that
maximizes the signal power s is given by

_ Hgo(0)tsSt
4 Hoo (0)7SST]

and the signal power s = |q/Hoo(¢)|? is x2(2(N — m — k + 1)), since the dimension
of Sis N — k — m + 1. Moreover, since q} is chosen to maximize the signal power
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5 = |qZHUO (€)]2, it does not depend on the uncanceled interferer’s channels Hy,,
for n > Neanc + 1 in (3). Hence the power of the jth stream of the n'”* interferer,
n > Neane + 1, |ngo,,L(j)|2 is x2(2), since each entry of Hy, is independent and
Rayleigh distributed. Adding the contribution from k independent data streams of each
interferer, the total interference power of the n" uncanceled interferer from its k data
streams in (3) is pow,, = Zle lajHoy, (5)]? that is x2(2k) distributed.

Lemma 3.1 Let Q € CV*, Q'Q = I Then

2 2
arg max |[vihg|? = |QThg|?
vEQ,|v[?=1
and |Qthg|? is x2(20) ifhg € CV* is complex Gaussian distributed with independent
entries that have zero mean and unit variance.

Proof: Without loss of generality, let v = |8—;| From Cauchy-Schwarz inequality,

<h},Qz >=<h{Q,z> < hiQP,
and the maximum is achieved by = Q'hg. Thus, we get that

max |vJ‘h0|2 = \thQThOL
veQ,|v|?=1

which is the norm of vector th.

Since the columns of Q are orthonormal, the covariance matrix of vector th of
length ¢ is diagonal, where the expectation is with respect to entries of hy. Thus, the
elements of th that are Gaussian distributed are uncorrelated, and hence are indepen-
dent. Since the norm of a /-length independent Gaussian vector is x?(2¢) distributed,
the result follows. More details can be found in [2]. O

Lemma 3.2 Let xq,...,X%y be a set of m n-length Gaussian vectors, whose each el-
ement is independent with zero mean and unit variance. If vector'y of length n is
independent of x1 . . . X, then |y'x;|> ~ x%(2), Viand 31" |yTx;|? ~ x*(2m).

Definition 3.3 With partial ZF decoder, from (4), the SIR for the (" stream is given by

SIRy = — 4" 5)

Z"L:]\/v<:aln::'~‘1 d’r_lapown ’
where from Lemma 3.1, signal power s = |qZH00 (02 ~x*(2(N —k —m+1)), and
Sfrom Lemma 3.2, interference power pow,, = Z?:l |qZH0n ()? ~ X2 (2k).

Note that the same decoding strategy is used for each stream ¢ = 1,2,..., k sent
by any transmitter 7;,, therefore the SIR for each stream / is identically distributed.

Henceforth we drop the subscript ¢ from SIRy, and represent it as SIR. Thus, for each
stream ¢, £ = 1,2, ..., k, the outage probability at rate B bits/sec/Hz is given by

Pout(B) - P(log<1+S|R) gB)a
P(SIR<2%—1). (6)
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Let 28 — 1 = 3. Since k streams are transmitted simultaneously, the transmission
capacity is defined as
C = kX1 — €) B bits/sec/Hz/m?, (7

where ¢ is the outage probability constraint for each data stream, and X is the maxi-
mum density of nodes such that P,,;(B) < € in (6). Here C represents the average
successful rate of information transfer across the network when each transmitter sends
k independent data streams.

From (5, 6),

d—
Pout(B) = P( - S§ﬁ>, ®)

where I, = > 07 4+1d,“pow,, is the total interference from uncanceled interfer-
- canc

ers, d, < d,,, n < m, where d,,’s are ordered in increasing distance from the receiver

Ry.

Remark 3.4 For the case of k = 1 (single data stream transmission), the outage prob-
ability expression (6) and consequently the transmission capacity expression (7) is also
valid for the ML decoder. Thus, the performance of ML decoder and ZF decoder is
identical for k = 1. We will show in Theorem 3.5, that the optimal k* = 1 with the ZF
decoder and the transmission capacity scales at least linearly with N. Thus, the same
conclusion holds true for the ML decoder. What is left open is the fact whether k* =
for ML decoder or not? The simulation results (Fig. 3) point out that k* = 1 even for
the ML decoder.

To find the transmission capacity expression (7), and to maximize that with respect
to the number of transmitted data streams k, and the number of SRDOF m used to
cancel the nearest interferers, we need to find a closed form expression for the outage
probability (8). Unfortunately, that is hard to find since the distribution of I,,. is un-
known. We thus rely on deriving upper and lower bounds on the outage probability
that allows us to find the optimal values of k£ and m that maximize the transmission
capacity.

The main result of this section is as follows that is derived from [3] and [4].

Theorem 3.5 The transmission capacity with multiple antennas and partial ZF de-
coder receiver scales as

C =Q(N)and C = O(N'ta—ar),

with the number of antennas N. The optimal lower bound is achieved by sending a
single data stream from each transmitter, k* = 1, and using m* = (1 - %) N SRDOF
for interference cancelation to cancel the (1 - %) N nearest interferers.

Theorem 3.5 tells us that similar to point-to-point channels without interference, the
transmission capacity of wireless network scales at least linearly with the number of
antennas N. The derived upper bound does not match with the lower bound, however,
the gap is negligible for path-loss exponents « close to 2 and the maximum gap is
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N'*ata = 4 forany 2 < a < 4. The simulation results, however, suggest that
this gap is only a manifest of the proof technique, and not the underlying principle and
transmission capacity cannot scale faster than order /N. Using simulations, we show
that the transmission capacity can at best scale linearly with IV by checking for many
different combinations of k£ and m. Thus, a more finer analysis is required for exactly
characterising the scaling of the transmission capacity with multiple antennas. For the
special case, when each transmitter has a single antenna or chooses £ = 1, we can
obtain the exact results for the scaling of transmission capacity with respect to number
of antennas N in Theorem 3.6.

A more important conclusion from Theorem 3.5 is that to maximize the lower
bound, i.e. to achieve linear scaling with IV, £* = 1, and m* « N, i.e. one should only
transmit a single data stream from each transmitter, while linearly scaling the SRDOF
dedicated for interference cancelation. To interpret this result, note that the number of
transmitted data streams are directly related to the interference power, and the number
of interferers that can be canceled by each receiver. Thus, in an interference limited
network such as a wireless network, minimizing the number of data streams transmit-
ted by each node keeps the interference power low and at the same time leaves enough
room for canceling significant number of nearest interferers at the receiver. Moreover,
by scaling the SRDOF used for interference cancelation linearly with N, the number of
nearest interferers that can be canceled scales linearly with [V, while leaving sufficient
SRDOF (that also scales linearly in V) for decoding the signal of interest.

For the special case when each transmitter is equipped with a single transmit an-
tenna, or chooses k = 1 irrespective of IV, the proof of Theorem 3.5 can be used to
obtain the exact scaling of transmission capacity with the number of receiver antennas,
as follows.

Theorem 3.6 With a single antenna at each transmitter or fixed k = 1, the trans-
mission capacity with partial ZF decoder scales linearly with the number of receive
antennas N, i.e.

C =6(N),
and the optimal SRDOF for interference cancelation is m* = (1 — %) N.

Theorem (3.6) shows that linear scaling of transmission capacity is possible even
if each transmitter has a single antenna. Thus, in a wireless network, the role of mul-
tiple antennas at the receiver side is more important than the transmit side. This result
is in contrast to a point-to-point channel where the capacity scales linearly with the
minimum of the transmit and the receive antennas.

Remark 3.7 An alternate choice of linear decoder is the MMSE decoder, where to
decode the data stream xo({) from received signal (1), Eleoo (€) is multiplied to the
received signal, where Hog (¢) is the £*" column of Hoo, and

k
Se= Y d"Ho@Ho@) + Y d," HyHj,
i=1,iL T, €@\{To}

is the spatial covariance matrix of the inter-stream interference and interference caused
by other transmitters. The MMSE decoder is known to maximize the received SINR,
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and hence the lower bound derived for the transmission capacity in Theorem 3.5 with
partial ZF decoder also holds for the MMSE case as well.

To upper bound the transmission capacity with MMSE decoder, we can let the sig-
nal power with the MMSE decoder to be distributed as x*(2N ), which is clearly an ide-
alization since after canceling interferers by multiplying E[lHOO (), the signal power
is H(];o (€)%, "Hoo (¢) which is less than the norm of vector Hoo () that is distributed as
X2(2N). Moreover, by selecting r = N (where 1 is the number of uncanceled nearest
interferers used for lower bounding the outage probability in Theorem 3.5) an upper
bound identical to Theorem 3.5 on the transmission capacity can also be found for the
MMSE decoder as well [5]. Thus, results obtained for the ZF decoder also hold for the
MMSE decoder as well.

Towards proving Theorem 3.5, we first upper and lower bound the outage proba-
bility (8) as follows.

Theorem 3.8 The outage probability (8) when the transmitter sends k independent
data streams, and the receiver cancels the Ncanc nearest interferers using the partial
ZF decoder, is lower bounded by

N—-m-k+1

a\ 2
Pot(B) > 1- — (Neane +7+ 27,
+(B) (krfl)daﬂ(w)\)f( 2)

for any r € NT such that kr > 1.

To derive this lower bound, we consider the interference contribution from only the
r nearest uncanceled interferer (the Neane + 157 interferer to Neapne + 7" interferer) and
consider their aggregate interference

-
L= dye pown. ;. )
j=1
Since I" . < I,,., from (8), we have

d=%s d~“%s
Pout(B>:P<I §ﬁ>ZP<1r Sﬁ)

nc nc

For any r, we can efficiently bound the outage probability P (d;;s < ﬁ) using the
Markov’s inequality as follows.

Proof: Consider the interference contribution from only the r nearest uncanceled
interferers, I .. Fig. 2 illustrates this scenario, where the Ncane (squares) have been
canceled, and only the interference coming from the r nearest uncanceled neighbors
of receiver Ry are considered towards computing the outage probability. To derive
the lower bound, we use the Markov’s inequality with s (signal power) as the random
variable and compute the expectation with respect to the interference power I .. From

®),

1—Pou(B) = P(s>d*Bl,.)
< P(s>d*pI;.), since I, < I, from (9),
E
< E{ {s} }, from Markov’s inequality. (10)

deply,
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Figure 2: Squares represent the N, nearest canceled interferers with dashed lines,
colored circles represent the  nearest uncanceled interferers whose interference contri-
bution will be used to derive the lower bound on the outage probability, and uncolored
circles are all the other uncanceled interferers.
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Since interferers are ordered in increasing distance from the receiver Ry, dn., +; <
ANepotrs 5= 1,...,7 — 1, we have I, > I" ., where

nc?

dn Z POW 45 (1)

is obtained by substituting for each of the path-loss term d ™ in I] . by the path-loss

Necanc+3j
term of the farthest interferer d Na e Hence, from (10),

E{s} }
1-P(B)<E . 12
t( ) {daﬁl,,fl‘c ( )

There are three random variables involved in the analysis : signal power s, chan-
nel power of uncanceled interferers pow Neareb j’s, and the distance of the farthest un-
canceled interferers dy., .4, considered for deriving the bound. From Definition 3.3,
s~ x?(2(N —m—k+1)), and powy,_ ., ;’s are independent and x?(2k) distributed,
hence their sum pow = 22:1 powy, +j ~ X°(2kr). Moreover, from Lemma 3.9,
we have mAd%, .~ x*(2(Neanc +7)).

Lemma 3.9 Let d,, be the distance of the n'" nearest node of a PPP ® with density A
from the origin. Then TAd% ~ x?(2n).

Proof: The result follows from the direct computation of the distribution of wAd2 b
finding the distribution P(d,, > r) using the void probability of PPP & with density .
O

Hence from (12), we have

1P 2 Elstg)l 1 gl

) N—k—m+1 [ gNeanctrtge—z 2 powhr—2e—Pow
C deB(nN)® /0 Neanc + 7! /0 kr — 1!
N—k—m+1T (Neanc+7+1+%) 1

dBg ()2 T (Neanc+7+1) (kr— 1)

]

dpow,

< 13)

where in (@) we have substituted for I}, from (11), and (b) follows since s ~ x2(2(N—
m—k+ 1)), pow = Z;:1 pown. 1 ~ X>(2kr), and mAdy, ., ~ x*(2r).

1—s
From Kershaw’s inequality [6], that states that }:Eiii; < (:c — % +4/5+ i)

forx > 0,0 < s < 1,since I'(x + 1) = 2T'(z) we have

I (Neanc +7r+1+%) a5
< (Ne 1 f) .
T (Newe +7 +1) *( canc 7+ 143

Hence from (13), we have,
N—-k—-m+1

(6%
l—Pou B ~ o Ncanc 5
!(B) < (m—l)daﬁ(m)f( e 2)

fe3
2
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O

Next, we derive an upper bound on the outage probability (8) using the Markov’s

inequality with I,,. as the random variable. For that purpose, we compute an upper
bound on E{I,,.} using the Campbell’s Theorem (Theorem ??).

Theorem 3.10 When each transmitter sends k independent data streams, and the re-
ceiver uses m SRDOF for canceling the Ncanc nearest interferers using the partial ZF
decoder, the outage probability (8) is upper bounded by

2% (a -1
TR (8 = 1) (Nane — [

< o 2
= —d ﬁQk(T(A) Ncanc_[%]
1 —exp (%(71) )

])1_%, k+m <N,

o
2

a

2

Pout(B) 1=
, k+m=N.

e 111 d_as b
Proof: To upper bound the outage probability PP <ﬁ < ﬁ) (8), we use Markov’s

inequality with I,,, = > Newot1 7 “POW,,, as the random variable. To apply Markov’s
inequality on P(1,,. > d_}:‘q), we need to bound the expected interference from un-
canceled interferers E{I,,.} as follows. From (8),

E{l,..} = Eq Y d;“ow, ¢,
jZNcanchl

W oEl S de

J2Neanc+1

e J=1 e (—
© o Z (77)\)5/ gro/2l SPATE) exp( x)d:c,

3> Neanc+1 0 (7 -1

= 2k(mN)E D M (14)

iy FO)

where (a) follows since the power of j" interferer pow; ~ x?(2k), and (b) follows

from Lemma 3.9 where wAd3 ~ x?(2;). Note that T (j — §) is finite only for j > §,
thus we at least need to cancel at least $ nearest interferers. Since, typically, 2 < @ <

4, this is not much of a restriction. Using the Kershaw’s inequality [6], F(12(_]‘)%) S
(j — [%])7% from (14), we get
@ « _%
B < went Y (-2
< et Y (5[0
J2Neanc+1
(d) o -3
< 2k(ﬂ')\)5/ (:177 [%—D * dr,
o [ -1 al\1-%
= 2% (5-1) (Nan—[5]) 7 (15)

—a/2

where (d) follows since is a decreasing function.
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Using (15), we now derive the required upper bound. From (8), P,,:(B) =

d s d %s
IP) Inci ES ]P) Incf )
( =73 > { ( =75 >}

E{I. 1 . .
< %E {} , from Markov’s inequality.
« s
From Definition 3.3, signal power s ~ x%(2(N —k—m+1)). Thus, for N > k+m,
we have E{1} = ——1—_ Thus, substituting for the upper bound on the expected

interference from (15),

(1> 552) < Bl (5-1) 7 (M- [5])

Since s ~ x3(2(N — k — m + 1)), with N = k + m, s is an exponential random
variable with parameter 1, and hence

Pout(B) - ]P)(S < daﬁjnc)v
= E{l—exp(—d*Bl,.)},
= 1—exp(—d“BE{IL..}), (16)

since exp is a convex function. Thus, we get the required bound by plugging in the
upper bound on E {I,,.} from (15).
O

Using Theorems 3.8 and 3.10, we prove Theorem 3.5 as follows.

Proof: (Theorem 3.5) Recall that the number of nearest canceled interferers are
Neane = L%J Using the definition of transmission capacity C' = (1 — €)AB, and
fixing Pyy:(B) = e, from the lower bound derived on outage probability in Theorem
3.8, for any r € N such that kr > 1,

«
+r+§). (17

o o kRO-9E (N—m—k‘—i—l)i(th

T (kr —1)def3 k

In terms of scaling with IV, the upper bound is increasing in m, the SRDOF used for
interference cancelation, as long as the total SRDOF do not exceed NV, i.e., k+m < N.
Thus we fix m = ©O(NV), the largest scaling factor with respect to N. Let the number
of data streams to transmit & = ©(N*). We will find the tightest upper bound as a
function of . Recall that we can choose the parameter 7, the number of uncanceled
interferers whose aggregate interference we accounted for while deriving the upper
bound in Theorem 3.10. We let r = N2/.! Then, for 1 — x < %, the upper bound

(17)is O (N“(l_%)J“%_;%), for which the optimal & = 1, and yields

C=0 (NH%—ﬁ) .

1One can can take ceil or floor function if N2/ is not an integer
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For the other case of 1 — k > % the upper bound (17) is O (le%(lf"*%)) and the
optimal £ = 0 and upper bound is

C=0(N"*EE),
Thus, for any «, we get

C=o (Nt

Moving on to the lower bound, from Theorem 3.10, we consider the case of k+m <
N which provides a better lower bound than k + m = N. Equating P,,;(B) = ¢, we
have

¢z B (UHE) (DT e

Clearly, k = 1, m = 6N, 6 € (0, 1], yields C = Q(N). Finding the best constant 6,
that maximizes the lower bound (18), is equivalent to solving,
meax(l - 9)%91_%.

By setting the derivative to zero, the optimal value of 6* = 1 — % Note that the
lower bound on the transmission capacity is concave in m. Thus, to enforce the integer
constraint on m, m should be chosen as | (1 — 2) N| or [(1 — 2) N| depending on
whichever value maximizes the lower bound. (]

Theorem 3.5 shows that with single data stream transmission, k¥ = 1, and using a
linearly increasing (with N) SRDOF for interference cancelation, m = 6N, transmis-
sion capacity scales linearly with the number of antennas V. To interpret the optimal-

2
ity of k£ = 1 and m = 6N, we need to look at (18), where the term (W) °

corresponds to the gain obtained by coherently combining the signal of interest using

N —k—m SRDOF, while the term (| 2| — [$]) 1=% is attributed to the gain obtained
by canceling the m nearest interferers. Thus, using & = 1 and m = 6N, allows the
two terms to balance out each other and allows a linear increase of the transmission
capacity with number of antennas V.

To illustrate the scaling behavior of the transmission capacity with respect to the
number of antennas N, we plot the simulated transmission capacity with different
transmit-receive strategies, e.g. (k = 1,m = N — 1), (k = N/2,N —m = N/2),
and (k = 1,m = (1 — 2/a)N) in Fig. 3 with increasing N. We plot the transmission
capacity with both the partial ZF decoder as well as the ML decoder. Since for k = 1,
both the ML and partial ZF decoder are identical, their transmission capacities are also
the same. As expected from our derived results, sending a single data stream and using
a constant fraction of SRDOF for interference cancelation, k = 1,m = (1 — 2/a)N,
achieves a linear increase of transmission capacity with increasing N, in contrast to
sub-linear increase for the other two cases. More importantly, Fig. 3 shows that the
upper bound derived in Theorem 3.5 where transmission capacity scales super-linearly
with NV is loose, and at best only linear increase in N is possible for transmission ca-
pacity. Fig. 3 also shows that performance of partial ZF decoder is very close to the
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Transmission capacity with CSIR while canceling the nearest interferers with d=1m, =1, a=3, €=0.1
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Figure 3: Transmission capacity versus [N with CSIR while canceling the nearest in-
terferers fork = 1,d = 1m, 8 = 1 bits, « = 3, ¢ = 0.1

ML decoder and all the conclusions we draw from Theorem 3.5 hold reasonably well
for the ML decoder as well.

An important lesson from Theorem 3.5 is the utility of using Markov’s inequality.
Typically, bounds obtained by Markov’s inequality are fairly loose, but for transmission
capacity purposes this seems to be a handy tool for obtaining tight enough scaling
bounds. Next, we indicate how to obtain the exact scaling results of Theorem 3.6,
when each transmitter has a single antenna or chooses k = 1.

Proof: (Theorem 3.6) For a single transmit antenna or single stream transmission
k = 1, we know from Theorem 3.5 that C = Q(N) by using m = 6N. Moreover,
from (17), for k = 1, choosing r = N with m = O(N), we get C = O(N), thus
finishing the proof. O

Remark 3.11 In this section, we have analyzed the case when each receiver cancels
the nearest interferers using its multiple antennas. Another logical choice is to cancel
those interferers that have the largest interference power at the receiver. With a single
transmit antenna and N receive antennas, the scaling behavior of transmission capac-
ity while canceling the N — 1 strongest interferers has been analyzed in [7], and it is
shown that the transmission capacity scales as €'/N, where ¢ is the outage probability
constraint. Thus, using multiple antennas for canceling the strongest interferers leads
to diminished gains compared to canceling the nearest interferers, where the transmis-
sion capacity scales linearly with the number of antennas.

This might appear counter intuitive, however, it can be explained by nothing that
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while canceling the strongest interferers, some of the nearby interferers may not be
canceled if their channel gains are very low. Post-cancelation, i.e. after multiplica-
tion by the cancelation vector, the situation might change, and the interference power
[from some of the nearest interferers could become moderate, in which case the nearby
interferers dominate the performance.

Next, using the results of this section, we find exact transmission capacity scaling
result with respect to the number of antennas when no no CSI about other interferers’
channels is available at any receiver, thereby precluding the possibility of interference
cancelation.

3.2 No Interference Cancelation

In this section, we consider the case when no receiver employs any interference cance-
lation and uses all its SRDOF for decoding the data streams transmitted by its intended
transmitter. This scenario is motivated for two important practical reasons. First, inter-
ference cancelation requires the knowledge of channel coefficients between the inter-
ferer and the receiver which is typically hard to get, especially in a wireless network.
Secondly, the hardware complexity of the receiver is fairly low without the interference
cancelation capability. We next show that there is no loss in terms of transmission ca-
pacity with or without interference cancelation in terms of scaling with respect to the
number of antennas. Thus, the restricted receiver design has no effect on the transmis-
sion capacity performance, though the optimal transmit strategy used at each transmit-
ter differs significantly with respect to the interference cancelation case. The advantage
of CSI shows up in simplified encoding/decoding, since with CSI only 1 data stream
needs to be transmitted and decoded to achieve linear scaling of the transmission ca-
pacity with multiple antennas, in comparison to a constant fraction of N data streams
that are transmitted and decoded without CSI.

Theorem 3.12 The transmission capacity with multiple antennas when receiver uses
ZF decoder and does not employ any interference cancelation, scales as C = ©(N),
and the optimal number of data streams to transmit, k, scales linearly with N.

Proof: When no interferers are canceled, the SRDOF used for interference cancelation
is m = 0 or Negne = 0. Then from Theorem 3.10, for any r such that kr > 1, the
transmission capacity is upper bounded by

kR1—e)'"2 / N—k+1\*/ «
¢ < T <(kr—1)d“6> (T+§)' (19)

Since we have the freedom to choose r in the upper bound (Theorem 3.10), let r be
a constant independent of N. Then for number of transmitted data streams k = N7,
from (19), we have

C=0(N*NET) — o (NE0-)) — o),

for the optimal value of k = 1.
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For the lower bound, similar to (18), for £ < N with no interference cancelation
m =0,

KR(1—¢) (e(N —k)\ =«
c > - ( D ) : (20)

Letting &k = ©(N), immediately from (20), we get C' = Q(N), finishing the proof. [

Remark 3.13 If we fix single data stream transmission k = 1, then from (19) and
(20), we get that with no interference cancelation, the transmission capacity scales

only sub-linearly as © (Nl> This result was originally found in [8] using a direct

outage probability computation. Thus to obtain linear scaling we have to scale the
number of transmitted data streams with N.

Remark 3.14 Theorem 3.12 has been independently derived in [9] by explicitly com-
puting the outage probability, rather than finding tight lower and upper bounds.

Comparing Theorem 3.12 with Theorem 3.5, interestingly, we conclude that with
or without interference cancelation, the transmission capacity scales linearly with /V,
and only the transmit-receive strategy changes. When no interference cancelation is
employed, the number of data streams sent from each transmitter should scale with the
number of antennas, as opposed to the case of interference cancelation where only sin-
gle data stream should be transmitted. With no interference cancelation, if the number
of data streams is not scaled with [V, the transmission capacity scales only sub-linearly
with V (Remark 3.13). Thus, with single data stream transmission k£ = 1, the maximal
ratio combining (MRC) gain available at the receiver for decoding the only data stream
scales as N2/, and to achieve a linear growth of transmission capacity, we need to
linearly scale the number of transmitted data streams with N.

From (20), one can easily show that using a (1 — 2) fraction of the total transmit
antennas N maximizes the lower bound on the transmission capacity with no inter-
ference cancelation. Thus, for small path loss exponents « i.e. when the interference
is dominating, only a small number of data streams should be transmitted, while, for
large path loss exponents which corresponds to the weak interference regime, almost
all transmit antennas should be used to maximize the transmission capacity.

Remark 3.15 For a cellular communication network, when each transmitter sends k
independent data streams with equal power allocation, and no interference cancela-
tion is employed at the receiver, using a single transmit antenna is shown to maximize
the ergodic Shannon capacity in the presence of small number of strong co-channel
interferers in [10—13]. Thus, the results obtained in this section with no interference
cancelation for PPP distributed transmitter locations in a wireless network match with
results on cellular networks only for small path loss exponents c.

After discussing the case of having no CSI at any of the transmitters in this section,
we move on to the more general (put practically challenging) scenario in the next sec-
tion, when each transmitter is also assumed to have CSI for its corresponding receiver,
and find the impact of CSI availability at each transmitter on the transmission capacity.
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4 Channel State Information at Both Transmitter and
Receiver

In this section, we consider the case when in addition to each receiver having the CSI
for all the channels (Section 3), the transmitter also has CSI for the channel between
itself and its intended receiver. We refer to this as the CSIT case. From a transmission
capacity perspective, the CSIT case is fundamentally different than the CSIR case,
since with CSI, each transmitter can increase the signal power at its intended receiver
by steering the beam towards it, and possibly the role of multiple receiver antennas and
consequently the transmission capacity scaling is different from the CSIR case.

Remark 4.1 With global CSIT, each transmitter could also use its multiple antennas
for interference suppression by nulling out its signal towards unintended receivers. We
consider the interference suppression role of multiple transmit antennas in Section 5
together with a cognitive radio network.

We begin with a brief background on using CSIT for a point-to-point multiple an-
tenna channel without interference. Lets consider a point-to-point multiple antenna
channel, where H € CV*¥ is the channel matrix between the transmitter-receiver pair
with IV antennas each. If X is the transmit signal, then the received signal is given by

y = Hx +w, 1)

where w is the AWGN vector with independent entries that have zero mean and unit
variance. Let H = UDV be the singularvalue decomposition of H. To maximize the
mutual information, the transmitter sends its signal over the strongest singular values
of the channel H [?]. Let V* be the matrix consisting of the first £ columns of V
corresponding to the k strongest eigenvalues of HH. Thus, if x € C**! is the input
signal, then the transmitter sends X = VEx through its N antennas, and the received
signal is

y = UDVIVFfx + w. (22)

The case of k = 1 is referred to as beamforming, while the case of £ > 1 is called
multi-mode beamforming. With multi-mode beamforming, if the receiver multiplies
the received signal (22) with U, the equivalent received signal is given by

y(0) = DL, )x(£) + w(), (23)

for ¢ = 1,...,k, where noise contributions w(¢) are Gaussian and independent V ¢,
since UT is unitary. Thus, with CSIT, the received signal gets decouples into % inde-
pendent signals, where the signal power of the /! channel is equal to the /" eigenvalue
of HH'. Thus, the knowledge of H not only helps in increasing the received SNR, but
also simplifies the decoding since each element of the input signal x can be decoded
independently.

Now we look at our model with interference. We assume that each transmit-
ter uses multi-mode beamforming even in the presence of interferers. As before,
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Figure 4: Transmit-receive strategy with beamforming at the transmitter.

H,,, € CY*Y represents the channel matrix between transmitter 7},, and receiver
R,,. Transmitter 7;, is assumed to only know H,,,,, the channel between itself and its
corresponding receiver.

Consider the typical transmitter-receiver pair (7o, Ry). Let the singularvalue de-
composition of Hyg € CN*N (channel between Tj, and Ry) be UgoDgoV{,. Let
k, k € [1,2,..., N] denote the number of independent data streams (STDOF) sent
by each transmitter to its receiver. Then with multi-mode beamforming, transmitter
Ty sends V& xo, where VE, be the matrix consisting of first & columns of Vg corre-
sponding to the k strongest eigenvalues of HOOH(T)O, and xq € CF*! is the data vector
consisting of k independent streams, where each stream is CA/ (0, 1) distributed. Note
that in contrast to the CSIR case, with CSIT, the k data streams are transmitted by all the
N transmit antennas via processing through V%,. For keeping the analysis tractable,
we consider equal power allocation among the k& transmitted streams.

Similar to the case of point-to-point channel with no interference (23), we will show
in (27) that even in a wireless network, with multi-mode beamforming, the channel
between each transmitter-receiver pair is equivalent to k scalar parallel channels with
no inter-stream interference in contrast to the CSIR case. Thus, we assume that each
receiver uses k& SRDOF to receive the intended signal, while the remaining N — k
SRDOF are used for canceling the ¢(k) = L%J — 1 nearest interferers.

To cancel the ¢(k) interferers, the receiver projects the received signal on to the null
space of the ¢(k) interferers. A block diagram depicting the transmit-receive strategy
is illustrated in Fig. 4.

Using multi-mode beamforming at each transmitter, the received signal y, € CV*1
at receiver Ry is

yo = dHeViyxo+ Y d,**Hon Vi, x,, (24)
Thn:@\{Tov}

where V,,, is the matrix of the right singular vectors of the channel between transmitter
n and receiver n, me are the first k¥ columns of V,,,,, H,,,, = UnnDnnVIm. Let the
indices of the interferers be sorted in an increasing order in terms of their distance from
Rp,ie. dy <dy <...< dc(k) < dc(k)+1 < .... Let S be the basis of the null space
of the channel matrices [Hoy . .. Ho.(x)] corresponding to the c(k) nearest interferers
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to be canceled. Since N — k SRDOF are used for interference cancelation, S € CF* .,
Multiplying S to the received signal (24),

Sy, = d_a/QSUOODO()VgOVgO X0+ Z d;a/QSHOanmxnv
n=c(k)+1

= d*/*SU{Dexo+ Y d,*/*SHo, VE, x,, (25)
n=c(k)+1

where U}, is the N x k matrix consisting of the first k& columns of Ugg, and Df, €
C#*F is the diagonal matrix consisting of the first k entries of Dgg. Since S, and U,
are both of rank k, and are independent of each other with each entry drawn from a
continuous distribution, SU%, is full rank with probability 1. Multiplying (SU’go)f1
to the received signal (25)

N —a > —a -1
Jo = d*Dgxo+ Y. d,;*?(SUf)  SHe,VE,x,.  (26)
n=c(k)+1

Note that D is the diagonal matrix of the eigenvalues of HOOH(];O. Denoting the
ot eigenvalue of HOOH(T)0 by g¢(Hpo), the received signal (26) can be decomposed
into k parallel channels as

oo k
S/’O(f) :dia/z\/o—é(HOO)XO(Z)‘F Z d;a/2zgn(£aj)xn(])a = 1723"'7ka
n=c(k)+1 j=1
27

where x,,(5) is the j*" element of the transmitted vector x,,, g,(¢,7) is the (¢, j)*"
element of (SU§,) S AV

Thus, with multi-mode beamforming, as shown in (27), the received signal can be
decomposed into k parallel channels, with the /! channel corresponding to the data
stream X (¢) having no contribution from data streams x¢(1),...,x0(¢ — 1),x0(¢ +
1),...x0(k). Therefore, with multi-mode beamforming, there is no inter-stream inter-
ference from the other k£ — 1 data streams sent by the same transmitter. Thus, using
N — k SRDOF for interference cancelation, ¢(k) = L%J nearest interferers can be
canceled at each receiver.

Since S, U’go, and V,,,,, are independent of Hy,,, g, (¢, j)’s in (27) are independent
for j = 1,...,k, and each g, (¢,5) ~ x?(2) from Lemma 3.2. Thus, the interference
power of the /*" data stream of the n*" interferer

2

k
pow,, (£) =E S D" gn(C,5)xn(5)| p ~X*(2K).
j=1

Let
I, (€) = d;,*pow,, ()



CHAPTER X. Transmission Capacity of ad hoc Networks 21

be the interference power of the n'" interferer for the ¢t channel in (27). Since S and
Uk, are independent of Hy,,, g,(¢,7)’s and consequently pow,,(£)’s are identically
distributed for all £, and it follows that I,,(¢) is identically distributed for all £. Then the
total interference power seen at receiver R for the £/ channel corresponding to signal
x0(¢) in 27) is I,.(¢) = Z?:c(k)+1 I,,(¢). Since I,,(¢) is identically distributed for
all ¢, it follows that I,,.(¢) is also identically distributed for all £ = 1, ..., k channels.

We assume an uniform data rate of B bits/sec/Hz on each of the k transmitted data
streams.” By combining the k streams, the total rate of transmission between a source
and destination is kB bits/sec/Hz. To define outage probability, we consider the outage
event of the data stream with the worst channel gain, which in this case is the k" data
stream, since the eigenvalues of HOOHI)O are indexed in the decreasing order. Thus,
the outage probability for any channel in (27) is at most

d_aUk(Hoo)
P,w(B) = P[l1 1+ ——— | <B),
) = % (g (14 2
d_aO'k(H()U) B >
= P|——— <27 -1, (28)
< Ine(k)
where o, (Hog) is the k' eigenvalue of HOOH(JSO. Since, I,.(¢) is identically dis-
tributed for each ¢ = 1,2,...,k, from here on we drop the index ¢ and represent
I..(¢)as I, foreach ¢ = 1,2,... k. Thus, with 28 — 1 =3
d %o, (H
Pou(B) =P (“}’“(OU) < 6) , (29)
nc
where

o0
Lie= Y dy%pow,,d; <dj, i <j,
n=c(k)+1

and pow,, are i.i.d. with x2(2k) distribution.

This definition of outage probability (29) implies that if P,,;(B) = e, then all the
k streams can at least support a data rate of B bits/sec/Hz with probability 1 — ¢, and
the transmission capacity is defined as

C = kX(1 — €) B bits/sec/Hz/m?,

by combining the contribution from all the k transmitted data streams. Deriving a
closed form expression for the outage probability requires the distribution of I,,., and
o1 (Hoo), the k" maximum eigenvalue of the Wishart matrix HOOH:SO. Unfortunately,
both these distributions are unknown, and hence finding an exact expression for the
outage probability is difficult. To facilitate analysis, we use upper and lower bounds
on the outage probability derived in Theorems 3.8 and 3.10, and then find the optimal
number of data streams & that maximize the transmission capacity.

%In general with multi-mode beamforming, data rates can be a function of the magnitude of the eigen-
values, however, that requires finding the optimal rate allocation that minimizes the maximum of the outage
probability on k different streams, which is an unsolved problem.
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Figure 5: Empirical expected value of the reciprocal of the largest eigenvalue of
HooHY),.

Use of Theorems 3.8 and 3.10 also allows us to circumvent the problem of re-
quiring a simple closed form expression for the probability density function (PDF) of
o (Hoo). For our analysis, it will suffice to know the expected value of the maximum
eigenvalue of HOOH&J, 01(Hoo), and the expected value of the reciprocal of o1 (Hg).
For large N, the maximum eigenvalue of H00H$0, o1(Hgo), converges to 4N [14],
and E{c1(Hgo)} ~ 4N. With extensive simulation results, Fig. 5, we observe that
E{m} ~ ﬁ, however, an analytical proof for this result cannot be found read-
ily in literature. Note that the constant 1/3.5 is immaterial for us, we are only interested
in the scaling of the mean of the reciprocal of the maximum eigenvalue of Wishart ma-
trix with N and our simulations show that mean of the reciprocal of the maximum
eigenvalue of Wishart matrix does not decrease faster than N~!. We will use both
these large N approximations on E{c; (Hqg)}, and E{m}, for our analysis.

The main result of this section is as follows that characterizes the scaling of trans-
mission capacity with multiple antennas using multi-mode beamforming.

Theorem 4.2 With multi-mode beamforming and ZF decoder, the transmission capac-
ity scales as
2 4
C =Q(N), and C = O(N'=73a7)
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with the number of antennas N. The optimal lower bound is achieved by k* = 1 and
c¢(k) = N — 1, i.e. sending only one data stream on the strongest eigenvector, and
canceling the maximum number of interferers N — 1, is optimal.

Proof: With the number of nearest canceled interferers to be c¢(k) = L%J -1,
from Theorem 3.10, for any 7 such that kr > 1,

o o e (et} (3] rnt). oo

I

where we have replaced the expected signal power E{s} = N —m — k + 1 of the
CSIR case with E{o(Hog)}, the expected signal power of the k' data stream with
multi-mode beamforming (26). Recall that we have ordered the eigenvalues o (Hop)
in decreasing order, o, (Hoo) > 0, if & > m. From [14], E{c1(Hgg)} = 4N, hence
E{ox(Hq)} < 4N for k > 1. Hence, from (30), similar to the proof of Theorem 3.5,

we can show that
C=o(Nisa)
with » = N?/® by parametrizing k£ = N* and finding the best .

For the lower bound, by substituting E {1} = E {m} in Theorem 3.8 for
k < N, we have

c > kR(;*E) m{:}ﬂda <“§J1[‘;‘Dl_ G1)

ox(Hoo)

As pointed out earlier, E{ ;—gr—} = 555 E{ 5oy} > sy for k > 1. Thus,
evaluating the lower bound (31) at k = 1, we get C' = Q(N).
O

With multi-mode beamforming, the lower bound on the transmission capacity is
maximized by using single stream beamforming (k = 1) together with canceling the
N —1 nearest interferers, and the lower bound scales linearly with N. Thus, comparing
the CSIT and CSIR cases, the transmission strategy remains identical, but the reception
strategy is completely different (with the CSIR case m = ©O(INV) nearest interferers
are canceled). This difference is because in the CSIT case, the average signal power
(strongest eigenvalue) scales linearly with N without any processing at the receiver,
while in the CSIR case, it is independent of NV if signals received at multiple receive
antennas are not combined at the receiver. Thus, in the CSIR case, to boost the signal
power so that it scales with N, ©(/N) SRDOF are required for decoding the signal of
interest allowing only m = ©(NV) nearest interferers to be canceled.

The derived bounds on the transmission capacity in both the CSIR and CSIT cases
are identical, implying that the value of channel feedback (which is generally costly)
is fairly limited. There is, however, a constant multiplicative gain of 4 in terms of
signal power with CSIT, since with the optimal mode of £ = 1, the signal power
E{o1(Hgo)} = 4N in comparison to order N for the CSIR case. The real advantage
of CSIT is the simplified encoding and decoding, since with CSIT, the multiple data
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Transmission capacity with multi-mode beamforming and canceling the
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Figure 6: Transmission capacity versus the number of antennas N with multi-mode
beamforming and canceling the nearest interferers with single stream data transmission
k=1,d=>5m,3 =1 (B = 1bits/sec/Hz), « = 4,¢ = 0.1

streams sent by the transmitter can be resolved as parallel channels at the receiver
resulting in independent decoding.

To illustrate the scaling behavior of the transmission capacity with CSIT as a func-
tion of the number of antennas N, we plot the derived lower and upper bound, and
the simulated transmission capacity in Fig. 6, for k¥ = 1, d = bm, path-loss exponent
a = 4 and outage probability constraint of ¢ = 0.1 with increasing N. We see that
the transmission capacity grows linearly even for a = 4, for which the upper bound
suggests super-linear scaling of N1*+1/4, Thus, the derived lower bound that scales lin-
early NV is tight, however, some more analytical work is required to tighten the upper
bound to make it scale linearly with N. To show the optimality of using a single data
stream from each transmitter %, in Fig. 7, we plot the transmission capacity as a func-
tion of k for total N = 8 antennas. Fig. 7, clearly shows that the transmission capacity
with multi-mode beamforming is a decreasing function of k, and sending a single data
stream is optimal in a wireless network.

Similar to the CSIR case, for the CSIT case, we can get the exact result for the
special case when each receiver employs no interference cancelation. We show that
with no interference cancelation, the transmission capacity scales as @(N) and the
optimal number of data streams to transmit is k¥ = O(N). Further, if the number of
receive antennas is 1, then we show that the transmission capacity is © (N a ), i.e. scales
sub-linearly with N.
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Transmission capacity with multi-mode beamforming and canceling the nearest interferers
with N=8 antennas d=5m, p=1, o=4, €=0.1
3 T T T

Transmission Capacity

~H

4 5
Number of transmitted data streams k

Figure 7: Transmission capacity versus the number of transmitted data streams & with
multi-mode beamforming and canceling the nearest interferers with d = 5m, § = 1,
o = 4, e = 0.1, total number of antennas N = 8.
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Theorem 4.3 Without interference cancelation at any receiver, with multi-mode beam-
Sforming, the transmission capacity is C = O(N), and the optimal number of data
streams to transmit is k = ON,0 € (0,1]. If the number of receive antennas is 1,

then the transmission capacity is C = ©O(N %) where N is the number of transmit
antennas.
Proof: Follows similarly to the proof of Theorem 4.2 (]

Remark 4.4 In this section, even though we have assumed the availability of CSI at
each transmitter, we have not accounted for resources required for feeding back CSI
from each receiver. In general, it is a hard problem to quantify the effects of feedback.
In Chapter ??, we present some results in that direction.

5 Spectrum-Sharing/Cognitive Radios

After considering the dual role of multiple antennas in previous sections, sending mul-
tiple data streams from the transmitter and canceling interference at the receiver, in this
section, we look at the third possible role of multiple antennas in a wireless network:
using them at the transmitter for suppressing interference towards other receivers. To
highlight this feature, we consider a cognitive/secondary wireless network that is over-
laid over a pre-existing/primary wireless network that consists of licensed/primary
nodes.

In particular, we consider two co-existing networks, one primary and other sec-
ondary, where primary network is oblivious to the presence of the secondary network,
while the secondary network is aware of the primary network. For the primary net-
work, we assume the same model as in Section 3, where each primary transmitter has
a primary receiver associated with it at a fixed of fixed distance d,,, with SIR threshold
Bp, and under an outage probability constraint of €, at each receiver, except that each
transmitter and receiver has a single antenna. Thus, from Theorem ??, the maximum
density of primary network is

_ In(1 —¢,)

)\*
T

I

for a constant c.

The secondary network is overlaid on top of the primary network, where each sec-
ondary transmitter has a secondary receiver associated with it at a fixed of fixed distance
ds, with density A and SIR threshold 3,, under an outage probability constraint of €
at each secondary receiver. Clearly, the presence of secondary transmitters increases
the interference seen at any primary receiver, thus, if A\; # 0, the primary outage prob-
ability constraint of €, cannot be met if the primary network is operating with density
Ap- Thejref'ore, As = 0, if primary network density is A and primary outage probability
constraint 18 €.

To make the problem non-degenerate, we relax the primary outage probability con-
straint of €, to €, + A, while keeping the primary network density to be A%, and find
the maximum value of A4 such that the relaxed primary outage probability constraint
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of ¢, + A, and the secondary outage probability constraint of € is satisfied simulta-
neously.

We assume that the secondary nodes are equipped with multiple transmit and re-
ceive antennas. Multiple antennas at each secondary transmitter node are used for
interference suppression towards primary receivers, while multiple receive antennas
are interference cancelation at each secondary receiver Since the secondary network
has to operate under an outage probability constraint at each primary node, it is impor-
tant to control the interference that each secondary node creates, and this is where the
interference suppression feature of multiple transmit antennas comes to the fore.

We let the locations of primary and secondary transmitters to be distributed as two
independent homogenous PPPs with density A;, and A, respectively. We consider
an ALOHA random access protocol for both the primary and secondary transmitters,
with access probability p. Consequently, the active primary and secondary transmitter
processes are also homogenous PPPs on a two-dimensional plane with density A\, =
pA1, and A\g = pAg, respectively.

Let the location of the n'” active primary transmitter be Tpn, and the nt" active
secondary transmitter be T,,. The set of all active primary and secondary transmitters
is denoted by @, = {T},,,, n € N} and @ = {T,,, n € N}, respectively.

We assume that each secondary transmitter has /V; antennas, while each secondary
receiver has N, antennas. We also assume that each secondary transmitter has CSI for
its corresponding receiver, as well as for its V; nearest primary receivers that is used
to suppress interference towards them. Each secondary receiver is assumed to have
CSI for its intended transmitter as well as for its IV, nearest interferers (from the union
®, U ®,). The system model of overlaid wireless networks under consideration is il-
lustrated in Fig. 8, where the squares represent the primary transmitters and receivers,
while the dots represent the secondary transmitters and receivers, and a dashed line in-
dicates a suppressed interferer. We restrict ourselves to the case when each secondary
transmitter sends only one data stream using its multiple antennas to its intended sec-
ondary receiver.

Let the beamformer used by the n'”* secondary transmitter for interference suppres-
sion towards primary receivers is denoted by b,, € CV*1, Then, the received signal at
the primary receiver Ry is

Yo = \/Ed;a/zhooxpo + Z \/}Tpd;pcfy/LQhOnxpn

n:Tpn €2 \{Tpo}

PS —a/2
+ Z V stp,r{ gOnbnxsnv (32)

n:Tsp €Ps

where P, and P; is the transmit power of each primary and secondary transmitter,
respectively, ho, € C is the channel between the n'”* primary transmitter 7},,, and a
primary receiver Ry, Son € C™ N is the channel vector between the n'” secondary
transmitter T, with Ny antennas and Ry, dpy, , and dp ,, is the distance between T,
and Ry, and T, and R, respectively, x,,, and x,, are data signals transmitted from
Ty, and T, respectively, with zp,,, s, ~ CN(0, 1).

The second term of (32) corresponds to the interference received from primary
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transmitters at the primary receiver 2,9, while the third term corresponds to the inter-
ference received from secondary transmitters at the primary receiver R.

We consider the interference limited regime, i.e. noise power is negligible com-
pared to the interference power, and drop the AWGN contribution. We assume that
each hg,,, and each entry of g, is i.i.d. Rayleigh distributed.

Similarly, the CV~*1! received signal vy at the secondary receiver R is

P [P, .
vo = ﬁsds 2 Qoobozso + Z ﬁstS,T{QQOnbnxsn
TLZTSV,LG(I)S\{TSD}
LY R @)
n:Tpn €Py

where d, p, and d,; 5, is the distance between T,, and Ry, and T}, and Ry, respec-
tively, Qqg,, € CV»*¥ is the multiple antenna channel between the secondary transmit-
ter T, and secondary receiver Ry, fy, € CNrx1 ig the channel vector between Ton
and Rso. Each of the channel coefficients are assumed to be Rayleigh distributed.

Secondary Transmitter Interference Suppression: To minimize the interference
caused at primary receivers, the IV, transmit antennas at each secondary transmitter
are used to suppress interference towards its /Ny — 1 nearest primary receivers. Thus,
the beamformer (suppressing vector) employed by the n'”* secondary transmitter b,
lies in the null space of the channel vectors of the /Ny nearest primary receivers, i.e.,
[g{n . ~g}vt71n]’ to suppress the interference towards its N; — 1 nearest primary re-
ceivers.

Remark 5.1 Note that each secondary transmitter nulls/suppresses its signal towards
its Ny — 1 nearest primary receivers. However, from a primary receiver’s perspec-
tive this does not translate into not receiving any interference from its Ny — 1 nearest
secondary transmitters.

Let Ngypp be the random variable denoting the number of consecutive nearest sec-
ondary interferers that appear suppressed at the typical primary receiver 2. For ex-
ample, as shown in Fig. 9, each secondary transmitter tries to suppress interference
towards its 3 nearest primary receivers. A dashed line indicates suppressed interferer
while a solid line indicates non-suppressed interferer. In Fig. 9, we can see that the
primary receiver R, can still receive interference from its second nearest secondary
transmitter Ty, in which case Ny, = 1.

With Ny, = c nearest secondary interferers suppressed at primary receiver R,
the interference received from both the primary and secondary transmitters at the pri-
mary receiver Rpg in (32) is

Imimo(c) = > Ppdplhon®+ > Pudy?lgonbnl?. (34)
n:Tpn €Pp\{Tpo} nn>c, Tsp, €Dy
Ipp Igz)
Thus, with signal model (32), the SIR at 12, is
P,d=%|hgo|?
SIR, = M. (35)

Imimo(c)
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Figure 8: Transmit-receive strategy of secondary transmitters and receivers (dots) and
primary transmitters and receivers (squares), where each secondary transmitter sup-
presses its interference towards its /Ny — 1 nearest primary receivers.

Secondary Receiver Interference Cancelation: Similar to Section 3, we consider
the use of a partial ZF decoder at each secondary receiver, that uses its m SRDOF
for canceling the nearest interferers from the union of the primary and the secondary
interferers, and the remaining N — m SRDOF are used for decoding the signal of
interest. Since each primary and secondary transmitter sends a single data stream, the
number of interferers that can be canceled at each secondary receiver using m SRDOF
is m.

For interference cancelation, let the n'” secondary receiver multiply t, to the re-
ceived signal (33). Then t lies in the null space of channel vectors corresponding
to its m nearest interferers from {®, U ®,}\{T%,} chosen such that it maximizes the
signal power [t! Q,,,,b,,|? in (33).

Thus, from (33), the SIR at the secondary receiver Ry is

Psdga|t(T)Qoobo|2

T > Tt S
thOnbn| + ZniTpn€¢'p deps,n|t0f0n|

SIR, =

—
n:Tsn €2 \{Ts0} Psdssin

where the beamforming vector b,, used by secondary transmitter 7%, lies in the null
space of [g{n - g}vam] to suppress the interference from T5,, towards its N; — 1 near-
est primary receivers, and t,, lies in the null space of channel vectors corresponding to
the m nearest interferers of R, from {®,, U ®,}\{Ts, } chosen such that it maximizes
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Figure 9: Each dot (secondary transmitter) suppresses its interference towards its 3
nearest squares (primary receivers) denoted by dashed lines, but still a blue node can
receive interference from one of its 3 nearest red nodes.

the signal power [t'Q,,,,b,,|>. From Lemma 5.2, optimal

(Qnnu)SST

b = [(Quan)TSST]"

where S € CN-*Nr—m g the orthonormal basis of the null space of channel vectors
corresponding to the m nearest interferers of Ry from ®, U &\ {Ts, }.

Lemma 5.2 The signal power s = |tEr)Q00b0|2 in (36) at the secondary receiver with

tggt
t, = % is ~ X2(2(N,. — m)). The interference power at secondary receiver
On

from the secondary transmitter n in (36), powg, = |t8qonbn

power 2at secondary receiver from the primary transmitter n in (36), powggb = |t2;f0n|2
is ~ x*(2).

2, and the interference

Proof: The first statement follows from Lemma 3.1. The second and third state-
ment follows since tg, b,,, and qq,, are independent, and since each entry of qg,,, fo,, ~
CN(0,1). O

We next present an alternate way of representing the interference term in (36), that
allows both easy analysis and simpler notation.

Lemma 5.3 The interference term in (36)

_ —a Oon —« on
IS - E Psdss,npowss + E : deps,npowps
n:Tsn €Ps\{Ts0} n:Tpn €Pp
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received at the typical secondary receiver Ry can also be written as
- 0
Z P,d, “pow™",
n:Te®P\{Tso}

where pow"™ is ~ x2(2), ® = {®, U ®,}, and P, is a binary random variable which

takes value P, with probability )\/\ﬁ and value P with probability )\fx .
D s P s

Essentially, the Lemma says that the aggregate interference seen at a secondary receiver
can be thought of as interference coming for a single PPP & that is a union of the
primary and the secondary transmitter’s PPP, and where each node of PPP & transmits
with either power P, or P, with probability /\p% and ﬁ, respectively.

Proof: Since the superposition of two independent PPP’s is a PPP, consider the
union of @, and ®, that are independent as a single PPP & = {®, U ®,,}. Thus, the
interference received at the typical secondary receiver Ry is derived from the trans-
mitters corresponding to @ with channel gains pow?” or powgg", where both pow??
and powgg‘ are ~ x2(2), and is denoted as pow. Note that the primary transmitters
use power P, and the secondary transmitters use power Ps. The probability that any
randomly chosen node of ® belongs to @, is ﬁ, hence the power transmitted by
any node of ¢ is P, with probability ﬁ, and P, with probability /\:: - O

Thus, we can write the SIR expression (36) at the typical secondary receiver Ry
after canceling the m nearest interferers from ® = ®, U ®, at secondary receiver Ry,
more compactly as

P.d; [t} Qoobo|?

2onsm, Tued\{Tuo) Lndn " pOW™™
We assume that the rate of transmission for each primary (secondary) transmitter

is R, =log(1+ 3,) (Rs = log(1 + 35)) bits/sec/Hz. Therefore, a packet transmitted
by T0 (Ts0) can be successfully decoded at Rpo (Rso), if SIR, > 3, (SIRs > B5).
Without the presence of secondary network, the SIR at the primary receiver I is

de;a |h00|2
Zn:T€<I>p\{TSO} Pdy“pow?”
Primary Network Outage Model: For a given rate I, bits/sec/Hz and primary

outage probability constraint €, let A} be the maximum density for which the outage
probability of the primary network

Pre: =P (SIR)C <)) <ep (39)

SIRs = (37

SIRI =

(38)

M. We assume that the primary network operates at the

B d2
largest permissible density A7.
Allowing secondary transmissions to co-exist with the primary transmissions, in-
creases the interference received at R, as quantified in SIR,, (35) compared to SIRZC
(38), and thereby increases the outage probability from P, 4., (5,)™¢ (39) to

chout(ﬂp) =P (SIRP < ﬂp) : (40)

From Theorem ??, )\; =



CHAPTER X. Transmission Capacity of ad hoc Networks 32

Thus, if the primary outage probability constraint is fixed at €,, and the primary net-
work density is Ay, the density of the secondary transmitters cannot be non-zero.

To make the problem non-trivial, we consider an increased outage probability tol-
erance at the primary receivers of €, + A,.

Secondary Network Qutage Model: For the secondary network we consider the
usual outage probability constraint of Ps o,:(8s) = P (SIRs < 85) < €5. Thus, we
want to find the maximum density of secondary transmitters A, satisfying both the
outage constraint at primary receivers P, o,¢(08p) < €, + A, and secondary receivers
Ps out(Bs) = P (SIRs < ) < ¢ for primary nodes’ density A. Thus, the maximum
density of the secondary network is

s =

S

max A
Py out (Bp)<ep+Ap, Ps out(Bs)<es

Consequently, the transmission capacity of the secondary network is defined as
Cys = \5(1 — €,) R, bits/sec/Hz/m?.

In the following, we derive A% as a function of secondary transmit (/V;) and receive
(N,) antennas via computing the outage probabilities. To compute the outage proba-
bility P, o, and Ps o,:(0s), We once again consider a typical transmitter receiver pair
(Tpo, Rpo) and (To, Rso), respectively.

We next state the main Theorem of this section, on the scaling of transmission
capacity of secondary nodes with multiple antennas under a primary and secondary
outage probability constraint.

Theorem 5.4 When each secondary transmitter uses Ny — 1 STDOF for suppressing
interference towards its Ny — 1 nearest primary receivers, and each secondary receiver
uses m SRDOF for canceling the m nearest interferers from {®s U @, }\{Ts0}, then

Cs =0 (min{Nr7 Nt17%}> , and Cg = O (min{N, N, }),

and m = 0N, 0 € (0, 1] maximizes the lower bound on the transmission capacity of
the secondary wireless network.

Theorem 5.4 highlights the dependence of transmission capacity of the secondary
network on the number of transmit and receive antennas, when multiple antennas are
allowed to exploit their full capability; perform interference suppression at the transmit
side and interference cancelation at the receive side. It also identifies that increasing
only the transmit or receiver antennas is futile and to get non-vanishing gain, both the
transmit and receive antennas have to be increased simultaneously, which is expected
since there are two outage probability constraints.

Theorem 5.4 shows that if the number of transmit antennas is much larger than
the number of receive antennas N; >> N, then the transmission capacity increases
linearly with IV,., the number of receive antennas. With large number of transmit an-
tennas at the secondary nodes N; >> N,, each secondary transmitter can suppress
its interference towards a very large number of primary receivers and hence the outage
probability constraint at each primary receiver is always met. Thus, with N >> N,.,
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Figure 10: Density of the secondary network with respect to number of transmit and
receive antennas Ny, N, at the secondary nodes.

only the outage probability constraint at the secondary nodes is active, and the situa-
tion is identical to that of Theorem 3.5, where each transmitter has a single antenna and
each receiver has [V, antennas with a single outage probability constraint, and hence
the result is identical to that of Theorem 3.5.

When N, >> N, the transmission capacity is limited by the interference suppres-
sion capability of secondary transmitters, and Theorem 5.4 shows that the transmission
capacity scales at least as Nt172/ %, This result is intuitive since larger the path-loss ex-
ponent «, less is the interference caused by each secondary transmitter at any primary
receiver.

In Fig. 10, we plot the density of the secondary network with respect to the number
of secondary transmit and receive antennas [V; and N, for outage probabilities €, =
€s = .1. We see that for N; = N,., the density of the secondary network scales sub-
linearly with N;, however, for N; = 1 the density of the secondary network is constant
as expected.

Proof: Similar to the proof of Theorem 3.5, we will first find an upper and a lower
bound on the outage probability, but in this case we have two outage probabilities to
bound, one at the primary receiver, and the other at the secondary receiver. The outage
probability bounds for the secondary receiver follow from Theorems 3.8 and 3.10,
since the secondary receiver employs partial ZF decoder for interference cancelation,
similar to Section 3. Thus, we only need to derive the bounds for the outage probability
expression at the primary receiver in Theorem 5.5, when each secondary transmitter
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uses its N; — 1 STDOF for interference suppression.

Considering the relaxed outage probability constraint of €, + A, at any primary
receiver when each secondary transmitter uses £k = Ny — 1 STDOF for interference
suppression, from Theorem 5.5,

A =0 (Nﬁ%) ,and A% = O (V). 1)

Next, we consider the outage probability constraint of e, on each secondary re-
ceiver. From (37), the outage probability at the secondary receiver R is

—a|4t 2
Ps,out(ﬂs) = P PSdS |tOQOObO|_a 0 < ﬂ )
Zn>m, T, €\ {Tso} Prdn“pow’™

where ® = {®; U ®,}, and interference power pow’™” ~ x?(2) (Lemma 5.2) and
signal power [t Qoobo|? ~ x2(2(N, —m)) (Lemma 5.2). Thus, with m SRDOF used
for interference cancelation at each secondary receiver, from Theorems 3.8 and 3.10,
for ® = @, U P with density A, + A5, we get for any r > 1,° with a single data stream
transmission £ = 1,

2
o

(Np =m)(m+r+ %) < Ap + As >
(= DEE (e + A0 \BOp T A) | PO +A))

Ps,out(ﬂs) Z ]- -

P.
(42)
and
Py < TOREADIBG (5 1) T =[5])7F ¢ MB | MR
outiiel = Ny —m—1 A FAs At As )]

(43)
respectively, where we have taken the expectation with respect to power transmitted
P, by any node of ® = ®, U ®,, which is a binary random variable taking values P,
and Ps, with probability ﬁ and ﬁ, respectively.

From the lower bound on the outage probability (42), we get that

AL = O(Nr)7 44)

S

by choosing r = NTQ/(’, similar to Theorem 3.5, by fixing outage probability P 4, (8s) =
€s. Moreover, with m = N,., 0 € (0, 1], using the upper bound on the outage proba-
bility (43), we get
= Q(N,) 45)
Hence considering both the outage probability constraints together, from (41), (44)
and (45), we get

Ay =0 (min{Nr, Ntk%}) , and X} = O (min {N,, N¢}) .

s —

O

31 represents the number of nearest uncanceled interferers considered for bounding the outage probability.
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Finally, we prove a more general result than required by Theorem 5.4, where we
derive bounds on the outage probability at any primary receiver when each secondary
transmitter uses k STDOF for interference suppression towards its k£ nearest primary
receivers. The proof of Theorem 5.4 is slightly long and complicated. For Theorem
5.4, wefix k = Ny — 1 to get (41).

Theorem 5.5 If k STDOF are used for interference suppression at each secondary
transmitter, then

A =0 (kl—%) L and X = O (k).

Proof: Since we are interested in establishing the scaling behavior of the density of the
secondary network with respect to /Ny, we consider the case when both V; and k, the
number of STDOF used for interference suppression, are large enough. We bound the
outage probability (40) at a typical primary receiver, and find the density of secondary
network A, that satisfies the primary outage constraint of P, out = € + Ap.

Lower Bound: Recall that Ng,p, is the random variable representing the num-
ber of consecutive nearest secondary interferers suppressed at the typical primary re-
ceiver . Let Ng,pp = c, and recall the definition of interference received at I2,q,
Inimo(C) = Ipp + I‘gp from (34), where I, is the interference contribution from pri-
mary transmitters other than 7,0, and I5, is the secondary transmitters other than the c
consecutive nearest secondary interferers, at the primary receiver R.

From (40) and (35), the outage probability at primary receiver 12,0 is Py out

P d_a|h00|2
E P22 <By | s
Nsupp{ ( Imimo(c) P

dep_a|h00|2
= Ene (P 75 <8 | |Newp < [E/n] p X P(Nsupp < |k/n])

I’mimo (C)

de;a|h00|2
FENy ¢ P m_ﬂp Nowpp 2> [k/n] ¢ X} P (Nsupp > [k/n])

—~
S
=

¢ 5+ENW{ ( "““"2 <ﬁp)| supp>Lk/nJ} P (Naup > [k/n))

mzmo )

(<:') 5+ ENSUPP {1 { < /Bp mz;o(c)d/g> }‘Nsupp > Uf/WJ} ’
p

{1 exp (—By(Ip)d2) fr,. (s)ds

[ () 1

o+ ENSUPP {1 - EIPP (ﬁpd‘?j)

P,d>|hoo|?
L p pdp |00|7a <5,
Zn: n>c,Ts, €EPg PSdsPﬂLLqu'

> Lb/n)}.

C > Lk:/nj} , (46)
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where (a) follows by splitting the expectation over conditioning the event Ng,pp, <
| k/n] where n is a constant, (b) follows by letting 77 € N such that P (Ngypp < [k/n]) <
9, § < A, where A, is the additional tolerance of outage probability at the primary re-
ceivers, and 7) is 1ndependent of k. Existence of € N such that P (Ngypp < | k/n]) <
A, is guaranteed, since for large values of k, canceling only a few nearest secondary
interferers has a very small probability. Inequality (c) follows by taking expectation
with respect to |hgo|? ~ exp(1) and using P (Nsupp > [k/n]) < 1. Equality (d) fol-
lows since Iimo(c) = Ipp+I15,, and I, and I¢, are independent. Equality (e) follows
by defining £;(.) as the Laplace transform of I, and noting that

0o (e} —« 2
[ oo (2R flgmdt:]p(ww), )
0 p sp

since |hgo|? ~ exp(1), and where the expectation in the R.H.S. is taken only with
respect to |hoo|?. Thus, from (46)

(f) 2z
Pyowt < 0+En,, {1 — exp (—)\pclﬁﬁ dp)

(1@t ()8 (51) (6 [5])") o = ).

= 0+1—exp (—)\pclﬁp“ dp> + exp (_)\pclﬂp%d?;) (W)\s)%ﬁp
(5) (50 "o { (e [5D) mz w70 }).

< J+¢€+exp (_Apclﬂpgd;%) (TAs)% By ( ) d,

(G -0 wem50),

where (f) follows by using the lower bound on the success probability

Pyd; | hoo|?
p ol | 00|_a 5,
Zn: n>c,Tsp €Dy ]Dsdsp,n|gOn|
from Theorem 3.10, by substituting k = 1 data stream, and N, — k — m = 1, since
the signal strength |hoo|? ~ x?(2) in this case. Finally (g) follows since for Ngpp >
Lk/n)  ENg, { (c— {*-I 177|J\7supp Lk/TIJ} < (lk/n] - {%])177 for ov > 2.

From the primary outage probability constraint in the absence of a secondary wire-

less network (Theorem ??)

2
€p=1—exp (—/\;cﬁﬁ dﬁ) ,

where A7 is the largest density of primary nodes satisfying the outage constraint of €,,.
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Hence, equating (48) with the relaxed outage probability of P, ot = €, + A, at
each primary receiver, and substituting for ¢, we get

As 2

3|

exp (*/\201/8;0%> dgﬁp (If;) dg ((‘; — 1)71 (Lk/nj + 1)1—% + CS)

and

A =0 (kl—%). 49)

Upper bound: To find an upper bound on A, we consider the case when exactly
k consecutive nearest secondary interferers are suppressed at each primary receiver.
Clearly, when each secondary transmitter uses & STDOF for interference suppression
towards the primary receivers, at best k£ consecutive nearest secondary interferers are
suppressed at each primary receiver, thus yielding the upper bound. This can also
be seen from Fig. 9, where each secondary transmitter tries to suppress interference
towards its 3 nearest primary receivers.

Thus, from (40) and (35),

Pyd,, *|hoo|?
Pp,out(ﬂp) - IENS.J.Dp {P (“ < ﬂp ’
(@) deia‘ho(ﬂ2
> Pl -2 —— <
o < Imimo(k) - ﬂp ’

k «
© 1 E {exp (— Bp(Fplyp + Pl )y ) } ;

Py

= 1- /00 eXp (_ﬁp(lpp)dg) fI,,p (S)ds
0

[eS) k e
[ o [
0 Py ’

c > Bp(1L,) Ped™
(:) 1— ’CIPP (ﬂpdg)/ €xp <_p(;))> flsmp (t)dt,
0 p

@ Pyd,*|hool®
Dy (Bde) (1P L <60,
( g p) ( <2n>k,Tsne¢>S Psdspin|gon|? g

(k+r+%)*
deB(mAg)a

> 1—exp (—/\;clﬂp%df,)

)

where (a) follows from the fact that using ¥ STDOF for interference suppression by
each secondary transmitter, at best k consecutive nearest secondary interferers are sup-
pressed at each primary receiver, (b) follows by definition of I,,,;m,(k) (34). Equality
(c) follows since the Laplace transform of I, the interference contribution from PPP
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®,, with density A%, evaluated at (3,d3) is

L1,y (Bpdg) = exp (=0, (Lpp)d5) f1,, (s)ds = exp (~Ager 55 d2)

Equality (d) follows similar to (47), since |hoo|?> ~ exp(1), and finally (e) follows
from the lower bound on outage probability (Theorem 3.8), since the signal power is
~ X2(2) instead of N — m — k + 1 for Theorem 3.8 and N.,,. = k nearest interferers
are canceled at each primary receiver.

Thus, we get the upper bound

As = O(k). (50)

Combining (49), and (50),

S

=0 (1&*%) L and \* = O (k).

6 Reference Notes

The results presented in Section 3 and 4 can be found in [3]. The study of transmission
capacity with multiple antennas was initiated in [8], followed up in [4,5,7,9], and
mostly settled in [3]. Results on multiple antennas in cellular networks can be found
in [10-13]. Results on space-division multiple access with multiple antennas can be
found in [15], and impact of multiple antennas with scheduling can be found in [16].
The results of Section 5 with multiple antennas in overlaid networks are presented
from [17]. Transmission capacity result for single antenna equipped secondary nodes
can be found in [18-23,23-26].

References

[1] L. Zheng and D. Tse, “Diversity and multiplexing: A fundamental tradeoff in
multiple-antenna channels,” IEEE Trans. Inf. Theory, vol. 49, no. 5, pp. 1073—
1096, May 2003.

[2] R.J. Muirhead, Aspects of multivariate statistical theory. Wiley. com, 2009, vol.
197.

[3] R. Vaze and R. Heath, “Transmission capacity of ad-hoc networks with multiple
antennas using transmit stream adaptation and interference cancellation,” IEEE
Trans. Inf. Theory, vol. 58, no. 2, pp. 780 —792, Feb. 2012.

[4] N.lJindal, J. Andrews, and S. Weber, “Rethinking MIMO for wireless networks:
Linear throughput increases with multiple receive antennas,” in IEEE Interna-
tional Conference on Communications, 2009. ICC ’09., June 2009, pp. 1-6.

, “Multi-antenna communication in ad hoc networks: Achieving MIMO
gains with SIMO transmission,” IEEE Trans. Commun., vol. 59, no. 2, pp. 529—
540, 2011.



CHAPTER X. Transmission Capacity of ad hoc Networks 39

(6]

[7]

(8]

[9]

[10]

(11]

[12]

[13]

[14]

[15]

[16]

(17]

(18]

[19]

(20]

(21]

D. Kershaw, “Some extensions of W. Gautschis inequalities for the gamma func-
tion,” Mathematics of Computation, vol. 41, no. 164, pp. 607-611, Oct. 1983.

K. Huang, J. Andrews, D. Guo, R. Heath, and R. Berry, “Spatial interference
cancellation for multiantenna mobile ad hoc networks,” IEEE Trans. Inf. Theory,
vol. 58, no. 3, pp. 1660-1676, 2012.

A. M. Hunter, J. G. Andrews, and S. P. Weber, “Capacity scaling of ad hoc net-
works with spatial diversity,” IEEE Trans. Wireless Commun., vol. 7, no. 12, pp.
5058-71, Dec. 2008.

R. Louie, M. McKay, and 1. Collings, “Spatial multiplexing with MRC and ZF
receivers in ad hoc networks,” in IEEE International Conference on Communica-
tions, 2009. ICC ’09., June 2009, pp. 1-5.

M. Demirkol and M. Ingram, “Power-controlled capacity for interfering MIMO
links,” in Proc. IEEE Vehicular Technology Conference (VIC 2001), 2001.

R. Blum, “MIMO capacity with interference,” IEEE J. Sel. Areas Commun.,
vol. 21, no. 5, pp. 793-801, June 2003.

A. Lozano and A. Tulino, “Capacity of multiple-transmit multiple-receive an-
tenna architectures,” IEEE Trans. Inf. Theory, vol. 48, no. 12, pp. 3117-3128,
Dec 2002.

A. Moustakas, S. Simon, and A. Sengupta, “MIMO capacity through correlated
channels in the presence of correlated interferers and noise: a (not so) large n
analysis,” IEEE Trans. Inf. Theory, vol. 49, no. 10, pp. 2545-2561, Oct. 2003.

A. Edelman, Eigenvalues and Condition Numbers of Random Matrices. PhD.
Dissertation, MIT, 1989.

M. Kountouris and J. G. Andrews, “Transmission capacity scaling of sdma in
wireless ad hoc networks,” in Information Theory Workshop, 2009. ITW 2009.
IEEE, 2009, pp. 534-538.

A. M. Hunter, R. K. Ganti, and J. G. Andrews, ‘“Transmission capacity of multi-
antenna ad hoc networks with csma,” in Asilomar Conference on Signals, Systems
and Computers (ASILOMAR), 2010, 2010, pp. 1577-1581.

R. Vaze, “Transmission capacity of spectrum sharing ad hoc networks with mul-
tiple antennas,” IEEE Trans. Wireless Commun., vol. 10, no. 7, pp. 2334 —2340,
July 2011.

R. Zhang and Y.-C. Liang, “Exploiting multi-antennas for opportunistic spectrum
sharing in cognitive radio networks,” IEEE J. Sel. Areas Commun., vol. 2, no. 1,
pp. 88 =102, Feb. 2008.

M. Vu and V. Tarokh, “Scaling laws of single-hop cognitive networks,” IEEE
Trans. Wireless Commun., vol. 8, no. 8, pp. 4089 —4097, august 2009.

S.-W. Jeon, N. Devroye, M. Vu, S.-Y. Chung, and V. Tarokh, “Cognitive networks
achieve throughput scaling of a homogeneous network,” in 7th International Sym-

posium on Modeling and Optimization in Mobile, Ad Hoc, and Wireless Networks,
2009. WiOPT 2009., 23-27 2009, pp. 1 -5.

C. Yin, C. Chen, and S. Cui, “Stable distribution based analysis of transmission
capacities for overlaid wireless networks,” in International Conference on Wire-
less Communications Signal Processing, WCSP 2009., Nov. 2009, pp. 1 -5.



CHAPTER X. Transmission Capacity of ad hoc Networks 40

[22] C. Yin, C. Chen, T. Liu, and S. Cui, “Generalized results of transmission ca-
pacities for overlaid wireless networks,” in IEEE International Symposium on
Information Theory, ISIT 2009., June 28-July 3 2009, pp. 1774 —1778.

[23] K. Huang, V. Lau, and Y. Chen, “Spectrum sharing betwurln cellular and mobile
ad hoc networks: transmission-capacity trade-off,” IEEE J. Sel. Areas Commun.,
vol. 27, no. 7, pp. 1256 —1267, september 2009.

[24] C. Yin, L. Gao, T. Liu, and S. Cui, “Transmission capacities for overlaid wireless
ad hoc networks with outage constraints,” in IEEE International Conference on
Communications, 2009. ICC ’09., 14-18 2009, pp. 1 -5.

[25] O. Bakr, M. Johnson, R. Mudumbai, and K. Ramchandran, “Multi-antenna inter-
ference cancellation techniques for cognitive radio applications,” in IEEE WCNC
2009., 5-8 2009, pp. 1 -6.

[26] C. Yin, L. Gao, and S. Cui, “Scaling laws for overlaid wireless networks: A
cognitive radio network versus a primary network,” vol. PP, no. 99, pp. 1 -1,
2010.



Index
beamforming, 18

CSIR, 1
CSIT, 1

interference cancelation, 4
interference suppression, 27

ML decoder, 4

MMSE Decoder, 8
multi-model beamforming, 18
multiple antennas, 2

partial ZF decoder, 4
primary outage probability constraint, 31

secondary outage probability constraint, 26
transmission capacity

cognitive networks, 26, 32

MIMO with CSIR, 2, 7

MIMO with CSIT, 18, 22

ZF decoder, 4

41



