Homework 2 (7 problems, due: 9 October 2006)

Graph reconstruction Read and understand the solution to the first problem, and submit solu-
tions for the remaining.

C1.6 Graph embeddings: Our graphs are undirected and simple with vertex.de¢t G, andG-
be graphs withn edges. For graphd andG, we say thaif : [n] — [n] is an embedding of
HinG if (a) f is one-to-one and onto, and (b) for &l j} € E(H), we have{f(i), f(j)} €
E(G). Suppose for each gragh with m — 1 edges, the number of subgraphsfthat are
isomorphic toH is equal to the number of subgraphsef that are isomorphic té/. Then,
show that for every grapK with at mostm — 1 edges, the number of embeddingsibin
G is equal to the number of embeddingsiiin G,.

Solution: Order the edges @, asey, e, ..., e, andGy asfi, fo, ..., f., SO that the graptr; —e;
is isomorphic ta7, — f;; fix an embedding; of G, —e¢; in G, — f; for eachi € [m)]. Let H be
some graph oifn] with £ < m — 1 edges. We want to show that the number of embeddings
of H in (G; is equal to the number of embeddingsfofin G,. Let

S1
ands,

{(f.9) : fis an embedding off in G, — e, };
{(f,) : fis an embedding off in G, — f;}.

> e

Note that(f,7) € Sy ifand only if (o; - f, i) € S3; 50,|5:1| = |S2]. Now, if f is an embedding
of H in GG, there are exactly» — k indices: such thatf is an embedding off in G — ¢;. It
follows that

the number of embeddings &f in G; = Lk|51].
m—

Similarly,
the number of embeddings &f in G5 = %'Sﬂ'
m —

But, we just argued thas;| = |Sz|. So, the number of embeddings &fin G, is equal to
the number of embeddings &f in G-.

C2.1 Let N be finite set, and leP(N) be the power set oiV. Let f : P(N) — R. Define
e:P(N)— Rby
e(T)2 Y S(9). (1)
S:52T
Suppose for some subsepf sizem we haves(T") # 0, bute(7”) = 0 for all proper subsets
T" of T'. Show that there are at least setsS C N such thatf(S) # 0.

C2.2 Let N = (7). LetG be a graph orin] andm edges, that isi' € (). Let the function
f :P(N) — R be defined as follows: i’ has exactlyn edges, therf(G’) is the number
of embeddings of7 in G’; if G’ des not have exacthy. edges, therf (G) 20. Using thisf,
definee : P(N) — R as in (1). Show that(H) is exactly the number of embeddings/6f
inG.



C2.3 Observe that the number 6f for which f(G’) # 0 is at mostn! (Why?). Use C1.6 and
C2.2 to conclude that if two graplis; andG, with m edges have the same list (or deck as
in Lovasz’s paper) of subgraphs with— 1 edges, then the resultir obtained from them
(as in C2.2) take the same value for all graphsvith at mostn — 1 edges. Conclude that if
G1 and(,, are not isomorphic, thed- n! > 2™, Thatis, ifm > 1+ log,(n!), then the graph
can be reconstructed from its deck. Note thatdsw/s proof, presented in class, showed that
we can reconstruct the graph provided it has more 37@1 edges.

Permutations

C2.4 A permutation inS,, is atranspositionf it has one cycle with two elements and- 2 cycles
with one element each. Show how you will write the cygle, ,as ..., a,,) as a product of
m — 1 transpositions. I € S, is a permutation with cycles, show that can be written
as a product ofi — k transpositions. Can it be written as a product of fewer than k
transpositions?

C2.5 Suppose you are given an arrétf:] : i« = 1,2,...,n), which contains the numbers
1,2,...,n stored in some order. To move the elements of the array, the only operation
we are allowed iswap(i, j), wherei and; are distinct indices in the range2. .., n. This
operation exchanges the values4f] and A[j]. Give a linear-time algorithm that uses the
swap operation repeatedly so that in the end the elem&nin the locationA[i]. Your pro-
gram can use an auxiliary bit-arr@g[i| : : = 1,2,...,n), and a constant number of other
variables, each holding an integer in the rafgg ..., n + 1. How manyswaps will your

algorithm need if the initial content of the array corresponds to a permutatiorkwibles

(that is, if we define the permuatien: [n] — [n] by o[i] 2 Ali], theno hask cycles)? Can

an algorithm (not necessarily linear-time) use even fesweaps?

C2.6 Leto € S, be a permutation witlk cycles. Consider the transpositioh 2). How many
cycles can1,2) - o have?

C2.7 Consider a permutation€ S,, with exactly one non-trivial cycléa,, ao, ..., a,,). Suppose
o € S,,.. Describe the cycles of the permutationp - o~ 1.

Please send me email (jaikumar@tifr.res.in) when you spot errors. — Jaikumar



