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Abstract function considered in [BJKS02b].

We show lower bounds in the multi-party quantum com-
munication complexity model. In this model, there are 1 |ntroduction
parties where théth party has inputX; C [n]. These par-
ties communicate with each other by transmitting qubits to
determine with high probability the value of some function
F of their combined inputXy, ..., X;). We consider the
class of boolean valued functions whose value depends onl
onX;N---NX;; thatis, for eacht” in this class there is an
fr: 2" — {0,1}, such thatF (X,,..., X;) = fr(X1 N
-+~ N X;). We show that the-party k-round communica-
tion complexity ofF" is Q(s,,(fr)/(k?)), wheres,,(fr)
stands for the ‘monotone sensitivity §f’ and is defined

Classical communication complexity: The (classical)
communication complexity model of Yao [Yao79] provides
n abstract setting for studying the classical communica-
ion required for computing a function whose inputs are dis-
tributed between several parties. In its most widely studied
version, there are two partiedlice and Bob with inputs
X4, Xp C [n], who exchange classical messages based on
a fixed protocol in order to determine the value of some
A , ] function F(X 4, X5). The goal is to design a protocol so
by sin(fr) = maxscin [{7 : fr(SU{i}) # fr(9)}]. that the parties need to exchange as few bits as possible.
For two-party quantum communication protocols for the  Thjs model of communication is relatively well-understood
set disjointness problem, this implies that the two parties (see the book of Kushilevitz and Nisan [KN97]) both in
must exchang®(n/k?) qubits. An upper bound @#(n/k) the deterministic and the randomised setting. In this pa-
can be derived from thé(,/n) upper bound due to Aaron-  per, we will be interested in the randomised setting, where
son and Ambainis [AAO3]. Fok = 1, our lower bound  the parties are allowed to err with some small probability
matches thé)(n) lower bound observed by Buhrman and (say at most%). Tight lower bounds are known for sev-
de Wolf [BdWOl]l/&bgsed on a result of Nayak [Nay99]), eral functions in this model, for example, the equality func-
andfor2 < k < n’/%, improves the lower bound 6, /z) tion X 4 z Xp [Yao79, LS81], the set disjointness function

shown by Razborov [Raz02]. For protocols with no restric- ? ,
tions on the number of rounds, we can conclude that the P1SJXa N Xp = 0 [KS92, Raz92] and the inner-product

two parties must exchandg&(n'/?) qubits. This, however, function|X 4 N Xp| < 0 mod 2 [CG88].
falls short of the optimak2(/n) lower bound shown by

Razborov [Raz02]. Quantum communication complexity: In [Yao93], Yao

Our result is obtained by adapting to the quantum set- introduced the two-party quantum communication model in
ting the elegantinformation-theoreticarguments of Bar-  order to investigate if communication costs for computing
Yossef, Jayram, Kumar and Sivakumar [BJKSO02b]. Using functions distributively reduces significantly when the par-
this method we can show similar lower bounds for the ties are allowed to exchange qubits and perform quantum
operations locally. Since then, there has been a flurry of
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The set disjointness function: For the set disjointness joint. For this problem, Chakrabarti, Khot and Sun [CKS03]
function, however, quantum protocols were found to be show a lower bound of}(n/(tlogt)), improving an ear-
strictly more powerful than their classical randomised coun- lier Q(n/t?) lower bound of Bar-Yossef, Jayram, Kumar
terparts. Since the communication complexity of the set and Sivakumar [BJKS02b] and &(n/t*) lower bound of
disjointness function is central to the work presented in Alon, Matias and Szegedy [AMS99]. A slight variant of this
this paper, we describe its history in greater detail. In problem, called the approximate set disjointness problem,
the bounded error classical setting Babai, Frankl and Si-was considered by Nisan [Nis02]; the lower bounds men-
mon [BFS86] showed a lower bound 6f(y/n). This tioned above apply to Nisan’s version as well. The multi-
was improved to ar)(n) lower bound by Kalyanasun- party quantum communication complexity of these prob-
daram and Schnitger [KS92]; their proof was simplified by lems has not been considered before this work.

Razborov [Raz92]. There is a straightforward protocol with

n + 1 bits of communication wherélice sends her entire 1.1 Our results

input to Bob, who computes the answer and returns it to
Alice. Interest in the commu_ni_cgtion comple?dty of several 14 upper and lower bounds on the two-party quan-
p_roblems related to the set d|§10|ntness_funct|on ha_s beenres;m communication complexity of the set disjointness func-
vived regently becaPse of their connection to showing lower tion are tight up to constant factors, if there are no restric-
bounds in the classical data stream model [AMS99, FKS02

'tions imposed on the number of rounds (i.e. the number
+
GGIT02, IdeO, GMMOQO’ JKSO3, SS,OZ]' One of these of messages) in the protocol. The best upper bound uses
problems is theC ., promise problem:Alice andBob are

: i n with th ) O(4/n) rounds of communication, and from it one can de-
gr:ven_lrr:pu;sXAl&XB € g?’ 1_’ o )’(m} ’<W't t he promise rive a k-round protocol where the parties exchange a to-
thateither for alk € [n], | Xa[i] ~Xpli]| < 1orthere exists o o ot mosto(n/k) qubits. Fork = 1, Buhrman and
ani € [n], such thai X [;] — Y[i]| = m; they must com-

municate in order to distinguish between these two types ofde Wolf [BAWO1] observed that a lower bound )
follows from the results of Nayak [Nay99] for the index-
inputs. For this problem, Saks and Sun [SS02] showed yak [NayS9)]

4unction problem. Fok > 2, Klauck, Nayak, Ta-Shma and

2y i . i

Ik;)werdbound Om(”r/]m )c:nba erESt:'(Cted ;ngdel, the:; lower (ﬁuckerman [KNTZ01] showed a lower bound @fn!/*),
oundwas strengthened by ar-YOSsel, Jayram, Rumar ang, 4 s js subsumed by Razborov’s [Raz02] lower bound

Sivakumar [BJKS02b], who obtained the same lower bound of Q

without any restrictions. o . L number of rounds. However, for smal| Razborov’s lower
The quantum communication complexity of set disjoint- 5nd is far from the best upper bound known, namely

ness was first studied by Buhrman, Cleve and Wigder- ., /1y our first result implies lower bounds for the two-
son [BCW98], who showed that there is a protocol for this 3ty hounded errdr-round quantum communication com-
problem withO(y/nlog n) qubits of communication. This  ,jeyity of set disjointness that comes closer to the upper

. loe* 12 .
bound was improved t@(y/nc?¢ "), wherecis a small  pq,nd of0(n/k). In fact, the result holds for a multi-party
constant, by Hoyer and de Wolf [HdW02], and recently to guantum communication model which we define in detalil

O(y/n) by Aaronson and Ambainis [AAO3]. By aresult of i gection 2.2. In this model, there ateparties where

Razborov [Raz02] this last bound is optimal. the ith party has inpuX; C [n]. These parties communi-
cate with each other by transmitting qubits from one party

(v/n) which holds even if there is no restriction on the

Multi-party classical communication complexity: In to another to determine with high probability the value of
fact, there are several ways to generalise the two-partySome functionF of their combined input(X,..., X;).
model to the multi-party model. In this paper, we will con- We consider the class of boolean valued functions whose
sider the version where there argartiesP;, P, ..., P, value depends only oX; N --- N X;; that is, for each
with respective inputsYy, Xs,..., X, C [n]. In each  F in this class there is afi- : 20" — {0,1}, such that
round of communication some party sends a message tof' (X1,-..,X:) = fr(X1 N0 ---N Xy). We call such func-

another party. The party who receives the last messagetionsF set disjointness-like Define the ‘monotone sensi-
can determine the desired vald& X, X»,..., X;) based tivity of fr’ ass,,(fr) = maxgcin) {7 : fr(SU{i}) #
on his current state at that point. Recently, because of fr(S)}|.

its connection to the problem of computifrgquency mo-

mentsin the data stream model [AMS99], the following Result 1 Thet-party k-round bounded error quantum com-
promise set disjointhegzroblem has been studied. Here, munication complexity of a set disjointness-like functton
the parties are required to distinguish between two typesis Q(s,,(fr)/k?).

of inputs: in the first type X1, Xo,..., X; are pairwise

disjoint; in the second typeXi, X, ..., X; have exactly In fact, Result 1 follows from the following result via easy
one element in common but are otherwise pairwise dis-reductions.



Result 1' The t-party k-round bounded error quantum

bound for the bounded error two-party randomised com-

communication complexity of the promise set disjointhessmunication complexity of set disjointness follows from an

problem isQ(n/k?). This lower bound also holds for
Nisan’s approximate set disjointness problem [Nis02].

Remarks:

1. Observe that the lower bound in Result 1’ is indepen-
dent of¢! This appears to contradict th@((nlogn)/t)
upper bound for the promise set disjointness problem in
[BJKS02a)]. However, that upper bound is in the multi-party
simultaneous messageodel, whereas in our definition of
multi-party quantum protocols it is required to pass mes-

sages from one party to another. Thus, the simultaneous

message protocol of [BJKS024a] is actually-eound proto-
col in our model.
2. For two-party quantum protocols with an unbounded
number of rounds, we get a lower bound(fn'/?) for the
set disjointness problem.

For theL ., promise problem we get the following lower
bound.

Result 2 The two-partyk-round quantum communication
complexity of theC ., promise problem is
Q(n/(K*m**)).

All our lower bounds hold even if the parties start with
arbitrary prior entanglement that is independent of the in-
puts.

Finally, we remark that our quantum communication
complexity lower bounds imply space lower bounds for a
natural model of ‘quantum data stream computation’, in ex-
actly the same way as in the classical setting.

1.2 Techniques used

The original lower bounds for set disjointness in the clas-

(1) lower bound on a certaimformation costof a two-
party communication protocol computing the ANBA b

of just two bitsa,b! The information-theoretic machin-
ery essentially allowed them to treat the set disjointness
function like a direct sum of. two-bit AND 's. Their
work provided a compelling and beautiful illustration of
information-theoretic tools in the analysis of communica-
tion protocols. Interestingly, the idea of proving lower
bounds for set disjointness by treating it like a direct sum
of n two-bit AND ’s was earlier employed in [KKN95]

in the setting of two-party nondeterministic classical com-
munication complexity; however, their approach was not
information-theoretic and does not seem to be suitable for
bounded error classical randomised or quantum communi-
cation protocaols.

We adapt their approach to the quantum setting. In order
to bring out the contribution of this paper more clearly, we
will now informally describe the information-theoretic ar-
gument underlying the proof of [BJIKS02b] and discuss how
we adapt it to the quantum setting. The argument has two
parts: in the first part, using a direct-sum property for infor-
mation cost of a communication protocol one reduces the
communication problem DISJ to the communication prob-
lem AND of two bits (one withAlice and one withBob);
in the second part, one shows that any communication pro-
tocol for AND of two bits needs to have high information
cost.

The information cost approach: The first part of the
argument is based on the notion iofformation costof
private coin randomised communication protocols, defined
to be theShannon mutual informatiobetween the inputs
(which are assumed to come from some distribution) and
the entire message transcript of the protocol. Bar-Yossef et

sical two-party communication model are based on deepal. [BIKS02b] examine the information cost of the protocol
analyses of the communication matrix and can be said tofor several distributions. Let the number of bits transmit-

be based on theliscrepancy methodsee e.g. [KN97]).
Razborov’s recenf)(y/n) lower bound [Raz02] for the
bounded error two-party quantum communication complex-

ted by the protocol be. Then, the information cost is also
bounded by: for each distribution.
At this point it will be convenient to view the inpufs 4

ity of set disjointness also uses the discrepancy method. Theand X 5 of Alice andBob as elements 0f0, 1} and the
discrepancy method for quantum protocols was formulatedset disjointness function DISJ 88, X 4[i] A Xp[i]. A

explicitly by Kremer [Kre95] (see also Klauck [Kla01] and
Yao [Ya093]), but Razborov’s proof extends it substantially

typical distribution considered by Bar-Yossef et al. is de-
fined as follows. For each coordinatendependently, one

by developing interesting and powerful tools based on the party is given the inpud and the other party is given a uni-

spectral theory of matrices.
Recently however, Bar-Yossef et al. [BJKS02b] pro-

formly random bit. Using the sub-additivity property of
mutual information, one concludes that the sum avef

posed an information-theoretic approach for studying setthe mutual information between the transcript atg[i] is

disjointness-like problems in the classical setting. Using
a refinement of the notion dhformation costof a com-

munication protocol originally defined by Chakrabarti, Shi,
Wirth and Yao [CSWYO01], they showed that a linear lower

bounded by:; a similar statement holds f&ob’s inputs. It

is then not hard to argue using a standard averaging argu-
ment that there is ahand a probability distributioD* on
(Xalj], XBlj] : 7 # i) such that the following conditions



hold:

o X4lj],XBlk],j # i,k # i are independent random
variables undeD*;

e Forallj # i, X4[j] A Xg[j] = 0 (with probability 1);

o If X 4[i] is set to0, X z[i] is chosen uniformly at ran-
dom from {0,1} and (Xa[j], Xg[j] : j # i) are
chosen according t®*, then the mutual information
between the message transcript ang|i] is at most
2¢/n; similarly, if Xp[i] is set to0, X 4[i] is chosen
uniformly at random from{0, 1} and (X 4[], X5[j] :

j # i) are chosen according t©*, then the mutual
information between the message transcript And:]
is at mostc/n.

From the first condition, by viewingX 4[j], Xg[j] : j #
i) as private coins of the two parties, we obtain from the
protocol for DISJ a protocol that computes the AND of the
two bits X 4 [¢] and X 5 [i]. The stage is thus set for analysing
the information cost of a protocol computing the AND of
two bits: a lower bound of on this quantity translates to a
lower bound of2(en) on the communication complexity of
the set disjointness function.

In order to implement this programme in the quantum

taken over all rounds. With this definition of information
loss, the arguments of [BJIKS02b] are easily carried over to
the quantum setting. We can then conclude that if the infor-
mation loss of computing the AND of two bitsighen the
communication complexity of DISJ B(ne/k).

We have arrived at the second part of our programme,
that is, to show non-trivial lower bounds on the informa-
tion loss of a quantum protocol computing the AND  of
two bits. In their original argument, [BJKS02b] showed a
lower bound on the information cost of a classical private
coin protocol computing the AND of two bits via a direct
argument usingdellinger distancedetween certain proba-
bility distributions. Since we are working with our different
notion of information loss, this argument does not appear to
be immediately applicable to us; so instead of reviewing it,
we will now directly describe our new argument for show-
ing a lower bound on the information loss of a quantum
protocol computing the AND of two bits. We consider two
input distributions: in the first distributiolice has0O and
Bob has a uniformly random bit; in the second distribution,
Bob has0 andAlice has a uniformly random bit. Suppose
we are given that for these distributions at no stage do the
qubits of the receiver of a message contain more ¢Hats
of information about the input of the sender. We wish to

setting, one has to define a notion of information cost for show that ife is very small, then this leads to a contradic-

guantum protocols. Itis not immediately clear how this can

tion. Our argument can be understood at an intuitive level in

be done, because quantum operations are notorious for dethe framework ofound eliminationin communication pro-

stroying the states on which they act; in particular, it is not

tocols [MNSW98, KNTZ01, Sen03]. Suppose Alice sends

reasonable to expect that the complete transcript of all mes+he first message of the protocol. We know that wBeh's
sages is part of the final global state of the algorithm. Eveninput is0 the state of his qubits after receiving the first mes-
if the complete transcript is available in the final global state sage is essentially the same whethgice’s input is0 or 1.

of the algorithm, it may not contain any information about

So no matter what her actual input Blice might as well

the inputs of either party. If the parties are a]lowed priore.n- send her first message assuming that her inpot iJs-
tanglement, then using quantum teleportation, one can im-ing standard arguments (see below), we can eliminate the
plement any protocol such that the messages are classicg|rst message of Alice and obtain a protocol with one fewer

and uniformly random. So, the transcript will just be a uni-
formly random string of lengtla independent of the actual
inputs!

The definition of information loss for quantum proto-

round of communication, increasing the error probability of
the protocol by a small amount. Now it Bob’s turn. Our
hypothesis says that whélice’s input is0 the state of her
qubits after receiving the first message fr@wob is essen-
tially the same whethdBob’s input is0 or 1. But the mod-

cols: We address these difficulties as follows. Assume ified protocol so far has proceeded a#\lice’s input is0

that the players’ inputs come from some classical probabil- (even though her actual input might be something else). We
ity distribution. Without loss of generality, the players make can thus eliminate Bob’s first message as welt.if small,

a ‘safe’ copy of their (classical) inputs before proceeding then the increase in error probability on account of this ma-
with the quantum protocol. Instead of considering the infor- noeuvre is also small. Proceeding in this manner we elimi-
mation carried by a particular message, we examine the thenate all rounds. But it is obvious that if the parties exchange
context in which the message is received i.e. we considerno messages they cannot compute any non-trivial function
the von Neumann mutual information between the sender’sunless one allows error probability greater thgg. Since
input and all the qubits in the possession of the receiver atthere are at most rounds of communication, this gives us
that time, including the qubits of the message just received.a lower bound of the forme > ¢(k). Using these ideas
Theinformation losgwe use the term loss instead of cost) one can show af2(n/k?) lower bound on the two-party

of the protocol for the given input distribution is defined quantum communication complexity of the set disjointness
to be a certain weighted sum of these mutual informations function.



There are two aspects of our proof that require further 2 Preliminaries
comment.

2.1 Information theoretic background

Local transition: ~ Recall the argument used above to We now state some basic facts from information theory

eliminateAlice’s first message. We know that whBOb'S 54 \ye need. For a good account of quantum information
input is 0, the state of his qubits after receiving the first theory, see e.g. [NCOO].

message is roughly the same whethAéce’s input isO or

1. her input is0. However, this does not immediately im-
ply that the error probability of the modified protocol is not
changed by much. The final answer is not just a function
of Bob's state but the combined stateAlice andBob. In . . A
particular, even thougBob's state is similar after the first S matrix of A. ThenS(A) = S(pa) = —Trpalogpa
round for the two inputs oflice, his work qubits might be is thevon Neumann entropyf A. Thevon Neumann r2u—
entangled withAlice’s qubits differently in the two cases. tual informationof A and B is defined as/(4 : B) =
This problem arises often in round elimination arguments 5(4) + S(B) — S(AB). The conditional von Neumann
and by now standard solutions exist for it by considering Mutual informationof A and B given C' is defined as
the fidelity between quantum states. This alloAsice to I((A:B)|C) 2 S(AC) + S(BC) — S(C) — S(ABC).
perform alocal transition[KNTZ01] on her work qubits, in If C'is a classical random variable taking the classical value
order to restore them to the correct state should she discovefc) with probability p,, it is easy to see that((A : B) |
later that her actual input is (recall that in the modified C) = > _p.J(A° : B¢), where(AB)¢ denotes the joint
protocol,Alice prepares her first message assuming that herdensity matrix of A and B when C = |¢). We also
input is alway9)). We use a stronger local transition lemma write I((A : B) | C = ¢) for I(A° : B¢). Mutual
(Lemma 1) than the one in [KNTZO01]. The stronger lemma information satisfies the followingnonotonicityproperty:

is crucial for getting af2(n/k?) lower bound in Result1; I(A: BC) > I(A: B).

In this paper, all guantum systems are finite dimensional
and all classical random variables have finite range. Sup-
pose A, B,C are three disjoint quantum systems having

some joint density matriy. Let p4 be the reduced den-
A

the local transition lemma of [KNTZ01] gives &i(n/k*) SupposeD, X4,..., X, are classical random variables.
lower bound. We say thatD partitions X 2 (X1,...,X,) if for all pos-
sible valuesi that D can take X1, ..., X; are independent

. , . conditioned on the ever® = d.
A paradox?: In our notion of information loss of quan-

tum protocols it is important that the parties start ipuae Fact 1 (Sub-additivity) Let X;,..., X, be independent
global state. In fact, this notion is unsuited for classical pri- classical random variables. Léi/ be a quantum encoding
vate coin randomls_ed commumcauon complexity. Cons_|der0fX A (X1,...,X,). Then,I(X : M) > S0 I(X; -
the following classical private coin protocol for computing M). -

the AND of two bits(a, b). Alice sendsBob a random bit

r, retaining a copy of if and only if « = 1. Bob sends For classical probability distribution®, Q on the same
Alice r @ b; if a = 1, Alice can recoveb using the copy  sample space, their total variation distance is defined as
of r she has and determime\ b. Now clearly, wherBob’s 1P~ Q: A S eq [P(w) — Q(w)|. For density matrices

input is0 he has no information aboddice’s inputatthe - ey the same Hilbert space, their trace distance is de-
end of the first round; also whelice’s input is0 she has

" A
. . . o — 2 /(h— )i (p —
no information abouBob’s input at the end of the second 1n€d as follows:[|p — o[, = Tr/(p — 0)T(p — o). The
round because she does not retain a copy iafthis case. importance of trace distance as a metric on density matrices

So, according to our definition this protocol has zero infor- stems from the following fact.
mation loss for both the distributions considered above. Yet, Fact 2 (see [AKN98]) Let p, o be density matrices in the

the protocol computes the AND of two bits correctly! In-  same finite dimensional Hilbert spage Let F be a mea-
terestingly, no such quantum protocol starting with a pure syrement (POVM) of. Then,|Fp — Foll1 < |p — o],
global state is possible.
Supposed, B are disjoint quantum systems. Letg, o4p
be two density matrices of the joint quantum systdif.
The trace distance satisfies the following propertynoio-
tonicity: |[pap — oasll; = [[pa — 0all;- Infact, Fact 2 can

In the next section, we give some definitions used in the be derived from the monotonicity of trace distance.
rest of the paper. In Section 3, we prove Result 1'. The We now state our strong local transition lemma. The
proof of Result 2 is omitted from this extended abstract.  proof uses an inequality implicitly contained in [Lin91] (see

1.3 The rest of the paper



also [FvdG99, DHR78]). It is omitted from this extended
abstract.

Lemma 1 SupposeX and Q are disjoint quantum sys-
tems, whereéX is a classical random variable uniformly dis-
tributed over{0, 1} and @ is a quantum encoding — o
of X. Let’H denote the Hilbert space @}. Let K be any
Hilbert space of dimension at least the dimensiof{ond
|do), |¢1) any purifications ob, o, respectively ir{ ® K.
Then there is a local unitary transformatidii on K that

maps|¢2) to |¢5) 2 (I®U)|¢p2) (I is the identity operator
onH) such that||¢1)(d1] — |¢2) (P, < V/8I(X : Q).

2.2 Quantum communication complexity

We definet-party quantum communication protocols as
a natural extension of two-party quantum communication
protocols defined by Yao [Ya093]. Lét: Xy xXy--- X, —
Z be a function. There arepartiesP,...,P; who hold
qubits. When the quantum communication prototbl
starts,P; holds|z;) wherez; € X; together with some an-
cilla qubits (‘work qubits’) in the stat@®). Py, ..., P; may

because the inputs are in computational basis states. Thus,
the input qubits of the parties are never sent as messages,
their state remains unchanged throughout the execution of
11, and they are never measured i.e. some work qubits are
measured to determine the reslifz,,...,z;). We call

such protocolsafe and henceforth, we will assume that all
our protocols are safe.

Fact 3 (see [CvDNT98]) Let Alice have a classical ran-
dom variableX. Supposdlice andBob share a pure state
on some qubits (prior entanglement) independet¥ ofni-
tially Bob’s qubits have no information abouf. Now let
Alice and Bob run a quantum communication protocol, at
the end of whictBob’s qubits possess: bits of informa-
tion aboutX. Then,Alice has to totally send at least /2
qubits toBob.

We now define theonditional information los®f a ¢-
party guantum communication protocol with prior entangle-
ment. For technical reasons, we need to work wittoa-
ditional version of information loss instead of the uncondi-
tional version described in the introduction. A simit@m-
ditional version of information cost is used in [BJKS02b]

also share an input independent prior entanglement pureto prove their lower bounds. But first, we need a couple of

state (sayj¢)). Different parties possess different qubits
of |¢). The parties take turns to communicate to com-
pute f(zy1,xa, -+, z). Suppose it isP;’s turn to com-

municate. P; can make an arbitrary unitary transforma-

tion on the qubits in her possession at this time and then

send some of her qubits tB,,...,P;. Whose turn it is

to communicate, the unitary transformation applied by the Definition 2 (Collapsing) SupposeF : X
active player and the qubits that the active player sends to )

the other players are predeterminedIbyand independent
of the input(z4,...,x¢). A roundof communication de-

notes the qubits that the active player sends to the othe
players. Sending qubits does not change the overall su-
perposition, but rather changes the ownership of the qubits.

At the end of the protocall, one of the parties performs

a von Neumann measurement in the computational basisy 2 (X,
)

[

preliminary definitions.

Definition 1 (Embedding) For x € X", j € [n], and
x € X, letembed(x, j, z) be the element of™ obtained
by replacingx[j] by z, that is,embed(x, 7, z)[] = x[¢] for
¢+ j, andembed(x, j, z)[j] 2 2.

— Z. We say
thatx € X™ collapsesF’ to the functionh : X — Z if for
allu € X, j € [n], F(embed(x, j,u)) = h(u). We say that
a random variableX taking values int™ collapsesF' to h
if it collapsesF' to h with probability 1.

Let D, X4,..., X, be classical random variables taking
values in some finite se®, X1, ..., A; respectively. Let

., X¢). The random variabléX, D)" is ob-

of some qubits in her possession (the ‘answer qubits’) t0 t5ined by takingn independent copies dfY, D). Thus,

output an answefl(x, xo,---,2¢). The party perform-

ing the measurement as well as the qubits that she meayn « ..

sures are predetermined blyand independent of the input
(z1,...,2¢). We say that protocdll computesf with error
o Pr[(zy, ... xe) # flag,...,2)] < 6.
The communication cost dfl is the number of qubits ex-
changed ifdl between all the parties. Thepartyk-rounds-
error quantum communication complexity ffdenoted by
Qf;’"(f), is the minimum communication cost oftgparty
k-roundd-error quantum protocol with prior entanglement
for f. Whend is omitted, we mean that= 1/3.

We require that the parties make a ‘safe’ copy of their
inputs (using for example CNOT gates) before beginning
the protocolll. This is possible without loss of generality

~~~~

X™ takes values ifiX; x - - - x X;)™ which we identify with

- x A" in the natural way. Suppos@ partitions

X, and(X, D) = (X, D)™; then it is easy to verify thaD
partitionsX. LetII be at-party k-roundd-error quantum
protocol for computing?' : X; x --- x Xy — Z. Suppose
X4,...,X; are the random variables corresponding to the
inputs of Py,...,P;. Let P’/ denote the active player in
roundj. Let X7 denote the input random variable Bf .

PJ denote the qubits all players exceépt just after round

j is complete. Lek(j) denote the number of rounds Hf

in which the playefP’ is active.

Definition 3 (Conditional information loss) In the nota-
tion above, the conditional information loss &f under



(X, D) is defined byL(II | (X, D)) 2 T

=1 wy (X7
P7) | D). Thet-party k-roundé-error conditional informa-
tion loss ofF under(X, D), denoted byL5* (F | (X, D)),

is the infimumIL(II | (X, D)) taken over allt-party k-
round é-error quantum protocols with prior entanglement
II for F'. [Note thatd upper bounds the error dfl for all
inputs inX; x --- x X;. In particular, this error bound

applies even to inputs not in the supportof]

3 Lower bound for set disjointness

Lemma2 LetF : AT x --- x & — Z. LetXy,..., X,
be classical random variables taking valuesi, . .., X;
respectively. DefineY 2 (X1,...,X;). SupposeX is
partitioned by a classical random variablp taking val-
ues in some seb. Let(X,D) £ (X, D)™ SupposeX
collapsesF' to the functiom : X} x --- x X; — Z. Then,
IL5*(h | (X, D)) < 2 - Q5" (F).

Proof: Supposél is at-partyk-roundd-error quantum pro-
tocol with prior entanglement fof’ with communication

costc 2 Qg’k(F). Our goal is to show that there ig-garty
k-roundd-error quantum protocol with prior entanglement
for 1 having information loss at most< under (X, D).
While analysindl, we will need to maintain that the global
state of Py, ..., P, is pure at all times. However, we will
run IT on random inputs drawn from certain product prob-
ability distributions. In such a situation, we will adopt the
following convention. We will assume that in addition to the
usual input register\;, P; has another set of registdﬂki.
When we require thaP;’s inputs be some random variable
X;, we in fact, start with the following state in the regis-

tersIN,IN;: Y xexn V/PxIX)|x), wherepy 2 PriX; = x].
Then, we run the protocdl as before with input registers

random variables when conditioned Bn= d; the second
inequality follows from Fact 3.

Averaging over the possible values bf, we obtain:
Vi, 1 <i <k, Y0 I(X'[j] : P') | D) < 2¢(i). Sum-
ming these inequalities with weight/ k() over all rounds
i, we obtainy>_, Y1 | ot - I((X[j] : P') | D) < 2ck,
which implies:

I((X'[j]: P') | D) <

k 2¢ck
k(i) n (1)

k
3 1<ji<n Yy
=1

Fix a value ofj so that the last inequality holds. Fdre
D, let
aN~ ko

k(i)

Then from (1) Ep[I(D)] < 2¢&,

We will now obtain a protocol fok by ‘embedding’ its
input as thejth input of IT’. Using a straightforward aver-
aging argument we first fix a valuk e D" so that

I((X[): PY) | D =d)

=

I(d) (2)

=1

-
I

> Pr[D = d]I(embed(d, j, )
deD

®)
EplI(embed(d, j, D)) < 2k,

n

Consider the following quantum protocol with prior entan-
glementIl;, for computingh(uy,...,u;:). On inputu,; €

X;, P; prepares her input registers as follows. In the reg-
isters (IN;[¢], IN;[¢] : ¢ # j) P; places the superposition
e V/PxIX)|X), wherep, = Pr((Xi[d] : £ # j) =

x | D = dJ; registerIN,[j] is set to|u;). Then,P;,..., P;

run the protocoll’. Note that the registewﬁi[j], 1<i<t

do not exist inlly,.
We need to verify that protocdl;, has two properties.

IN;. During this execution no quantum gates are applied gjrgt that it is as-error protocol forh. For this we note

to registersN;, they are not sent as messages and they arenat in11,,, at all times, the state of the registers that were
never measured. From now on the classical random vari-present in the original protocdl (that is all registers ex-

able X; denotes the state of the registéis, which stays
unchanged throughout the protodbbecausdl is safe. In
this revised protocdll’, IN; is included amongst the qubits
of P;. II' has the same communication costlasII’ is a
o-error protocol forF' with communication cost. Consider

the execution offI’ on input X 2 (Xy,...,X;) condi-
tioned onD = d; note that under this conditiad, . . ., X;
are independent random variables. k@) denote the total
number of qubits sent by the parB/ in protocolIl’ (which
is the same as the total number of qubits serPbyn pro-
tocolIT). Then we have, forall <i <k, 377, T((X'[5] :

Pi)|D=d) < I((Xi:P)|D=d) < 2c(i). The first

inequality above follows from Fact 1 because by our defi-

nition of (X, D), (X4[j] : 1 < j < n) are independent

cept INNZ-) is identical to their state whehl is run with
input embed(X, 4, (u1, ..., u:)) conditioned on the event
D = d. SinceX collapsesF' to h, we conclude thatl,,
computesh(uy, ..., u;) with probability at least — 4.
Second, we need to verify thAt(IT, | (X, D)) < %
We expand the left hand side of (3) using definition (2) of
I(d) and show that each term in itis at least the correspond-
ing term inIL(II | (X, D)). For example, consider the term
I((X?: PY) | D =d), 1 < i < kinthe definition of
IL(IT;, | (X,D)). Note that the state ofX?, P?) in II,,
on inputX conditioned onD = d is identical to the state
of (X[}, P) in Il with registersiN,[j], ¢ ranging over
all parties excepP’ traced out, wherdl’ is run on input
X conditioned onD = embed(d, j,d). It follows from



the monotonicity of mutual information that(X* : P?) | fact that unitary transformations on disjoint sets of qubits
D =d) < I((X‘[j] : P!) | D = embed(d, j,d)). We can ~ commute, and (4),
thus conclude thdt (IT, | (X, D)) < 2,

. . A itrsi P i
Let D be a random variable taking values{in, ..., t}, 6 = HWI Wy Wl|de,) — |¢1>Ht
. A A . . YR
with Pr[D = d] = k(d)/k. LetX; =--- = X, = {0,1}; - WfW:;.‘-.W;Ul ’l‘J%z} ) N
Let X; be a random variable taking valuesih and X = - —WiWsg - WU Wy g )
(Xl,...,Xt). WhenD = d, PI‘[Xd = 0} = PI‘[Xd = WiWwi .. WiUZ" ZW i
1] = 1/2 andPr[X; = 0] = 1,i # d. ltis clear thatD i W| >2|¢°> +
partitions X. Note thatX™ collapses DISJ to AND (here 2 ¢ f
DISJ denotes the promiseparty set disjointness problem |U'Ws5 - Wilouh) — Utlei ]|,
and AND denotes the AND function anbits). We now — |6 ) — Wil >‘
show a lower bound for the conditional information loss of 2170
AND under(X, D). +HWIUZ z|¢0 Uil H
. <e<1/2. e
L(ir?ma3 Let(X, D) begs_;al;ove Leét < e <1/2. Then, + HWz WE G — g ||t
ILY*(AND | (X, D)) > S5, o .
= H|¢e2 _W2|¢0 ’ +||WI‘¢O>_‘¢91>H,§
Proof: Let# > 0. LetII be at-party k-round e-error i ; 1t B
quantum protocol with prior entanglement for AND with H[Womt Wi e ) = e |,
n2IL(II| (X, D)) < IL*(AND | (X, D))+6. Consider < /Bs(i') + /8s(i) + 6; 1.
the situation irlI just after theith round of communication. _
For anyx € {0,1}, let |¢%) be the global state vector of ]lt is easy to check that, = 0. Hence, o, <
the qubits ofPy,..., P, at this point in time, when proto- ~ >_;_; 2y/8s(i). Using concavity of the square root func-
col IT is started with inputX’ = x. Defines(') A (X - tion, we get thatdk < \/327714:._ Using Fact 2, the fact
Pi) | D = Pi). Then,s(i) = CI(XT: PY) | D). that a local unitary transformation does not affect the den-
' k( ) sity matrix of the remote system and monotonicity of trace

Hence,n = Zles(i). Lete; € {0,1}' denote the vec-
tor which has arl in theith coordinate and® everywhere
else. Let0,1 € {0,1}" denote the all-zeroes and all- 2
ones vectors respectively. To keep our notation concise, forthatIL“*(AND | (X, D)) > U22<= — g for any¢ > 0.
state vectorge) and|y) we write |[|¢) — [1)]|, instead of ~ This completes the proof of the lemma. u
o) (&] — ) (¥]||,- By Lemma 1, there is a ‘correction’

unitary transformatior’/? acting on the qubits in the pos- Remark: In fact, there are bounded error two-pafky

distance, we get that a corréetrounde-error protocol for
2
AND must have, > 2—4e. Hencey > 129 implying

session ofP* just after round such that round quantum protocols for the AND of two bits with con-
ditional information los®)(log k/k). Such protocols can be
HV‘|¢0 |¢EPL> ’ 8s(7). 4 obtained from the protocols of [BCW98, HdW02, AA03]

for set disjointness on a universe of sigg€k?) by set-
Foranyl < j <t, IetW’ denote the ‘correction’ unitary ~ ting the first coordinate of Alice and Bob to the two in-
transformation of part)Pj in the last round at or before put bits and setting the rest of the coordinates).toAn-
roundi whenP; was active. TheanL = V. For any other such protocol with one qubit messages can be ob-
j# g W;’ andei, act on disjoint sets of qubits. Without tained by adapting the ‘reflec,:tions iq a plane’ viSl_JaIisation
loss of generalityP’ — P, andP*! — P,. Defines, A (see e.g. [NCO0O0]) of Grover’s algorithm on a universe of

i1/ i| i i i . sizeO(k?).
Wi - Wilde,) — [61)]],. LetU denote the unitary The following is now immediate from Lemma 2 and
transformation of protocdll that P; applies to the qubits Lemma 3

in her possession just after round- 1 in order to prepare

the messages of rouridLet i’ denote the last round before Theorem 1 Any t-party k-round bounded error quantum

i whenP, was active. LeU? denote the product of the  protocol for the set disjointness problem needs to have com-
unitary transformations applied by the parties in protd¢ol  munication cost at leas®(n/k?).

after roundi’ is complete and till the end of rourid Then,

9%) = U'l¢i ") and|gl) = i). Forj #1,U"and  Acknowledgements

W7 act on disjoint sets of qubits ard; = W;‘l. Also,

Wi andU*" act on disjoint sets of qubits. Using the unitary ~ Our original proof gave a lower bound 6f(n/k*) for
invariance and triangle inequality of the trace distance, the set disjointness. We later improved itf{n/k?) using an




inequality implicitly contained in a paper by Lin [Lin91].
Hartmut Klauck independently pointed out to us that similar

improvements can also be obtained using an inequality from

[DHR78]. We thank him for sharing with us his insights
and pointing reference [DHR78] to us. We also thank An-
dris Ambainis for pointing out reference [FvdG99], which
contains an explicit form of Lin’s inequality.
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