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Why do we care?

Part of many important results like IP = PSPACE, the PCP theorem, AKS
primality test etc.

Connections with lower bounds. [Kabanets-Impagliazzo03], [Agrawal05]:
“Efficient PIT algorithms imply lower bounds”
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a good upper bound on identity testing.”

- [Kayal-Saraf09]



Why do we care?

Part of many important results like IP = PSPACE, the PCP theorem, AKS
primality test etc.

Connections with lower bounds. [Kabanets-Impagliazzo03], [Agrawal05]:
“Efficient PIT algorithms imply lower bounds”

“For the pessimist, this indicates that derandomizing identity testing is
a hopeless problem. For the optimist, this means on the contrary that
to obtain an arithmetic circuit lower bound, we ‘simply’ have to prove
a good upper bound on identity testing.”

- [Kayal-Saraf09]

Of course, it is a natural problem!
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[KayalSaraf08] : Blackbox algorithm over the fieldQ

[SaxenaSeshadri11]: Blackbox algorithm over any field
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Main Ingredient: Rank bounds
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[AgrawalVinay08] : Blackbox PIT for depth 4 impliesnO(logn) blackbox PIT for
any depth!

Depth 4 is (almost) as hard as the general case.



Outline

.. .1 Introduction
Arithmetic circuits and Identity Testing
State of affairs

.. .2 Rank bounds
Motivation and definitions
Rank bound theorems
Blackbox tests via rank bounds

.. .3 Certiėcates for non-zeroness
Chinese Remaindering over Local Rings
Preserving the certificate



Outline

.. .1 Introduction
Arithmetic circuits and Identity Testing
State of affairs

.. .2 Rank bounds
Motivation and definitions
Rank bound theorems
Blackbox tests via rank bounds

.. .3 Certiėcates for non-zeroness
Chinese Remaindering over Local Rings
Preserving the certificate



ĉe Schwartz-Zippel Lemma
.Lemma
..

.

Let f(x1, · · · , xn) be a non-zero polynomial with total degree bounded byd.
Then,

Pr
a1,··· ,an
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[f(ā) = 0] ≤ d

|F|

.
Proof.
..

.

f(x1, · · · , xn) =

k∑
i=0

fi(x2, · · · , xn) · xi1
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ĉe “rank” of a circuit is...
... essentially the number of variables the circuit truly depends on.

For ΣΠΣ circuits:

C =
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[DvirShpilka05]: rank(C) = rank {`ij}

... thusC “essentially” computes a rank(C)-variate polynomial
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i=1

fi1 · · · fid

[BeeckenMittmannSaxena11]: rank(C) = TrDeg {fij}
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General Road map
Whitebox:

Compute the rank r of the circuitC.

(if the rank was small) Construct a map

Φ : F[x1, · · · , xn] −→ F[y1, · · · , yr]

that preserves the rank. That is, rank(C) = rank(Φ(C)). And use
Schwartz-Zippel to get aO(dr)-sized hitting set.

For large rank, ...



General Road map
Whitebox:

Compute the rank r of the circuitC.

(if the rank was small) Construct a map

Φ : F[x1, · · · , xn] −→ F[y1, · · · , yr]

that preserves the rank. That is, rank(C) = rank(Φ(C)). And use
Schwartz-Zippel to get aO(dr)-sized hitting set.

For large rank, ... prove the following:
.
Meta-theorem for rank bounds
..

.
If the given circuitC has rank more than R, thenC cannot be identically
zero.*

.

.* Conditions apply
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Meta-theorem forΣΠΣ circuits
.
Meta theorem for rank bounds
..

.

Any simple, minimal ΣΠΣ(n, k, d) circuit that has rank more than
R(n, k, d) cannot be identically zero.

Ways to cheat:

x1 · · · xn − x1 · · · xn + y1 · · ·yn − y1 · · ·yn

Circuit must be simple.

Circuit must beminimal.
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Any simple andminimalΣΠΣ(n, k, d) circuit that has rank more than
R(n, k, d) cannot be identically zero.

[DvirShpilka05] R(n, k, d) = 2O(k2)(logd)k−2

[KayalSaxena07] over finite fields
[SaxenaSeshadri09] R(n, k, d) = O(k3 logd)
[KayalSaraf09] R(n, k, d) = 2O(k log k) over the fieldR
[SaxenaSeshadri10] R(n, k, d) = O(k2 logd)

R(n, k, d) = O(k2) over the fieldR

Translates to a poly(dR(n,k,d), n) whitebox PIT.

What about blackbox?
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Rank bounds to blackbox algorithms
.
ĉeorem (KarninShpilka08)
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.

IfR is an upper bound on the rank of a simple minimalΣΠΣ(n, k, d) identity,
then there is a blackbox polynomial identity test running in time poly(dR, n).

General Idea:

Find a linear mapΦ : F[x1, · · · , xn] → F[y1, · · · , yR+1] that
preserves a subspace of dimension R+ 1 (if it exists).

Apply Schwartz-Zippel on this (R+ 1)-variate circuit.

rank(Φ(C)) = min(rank(C), R+ 1). Can also preserve simplicity and
minimality.

Large rank circuits stay non-identities
Smaller rank circuits are transformed “isomorphically”.
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Main issue with rank bound approaches

[KayalSaxena07]: R(n, k, d) = Ω(k logd) over finite fields.

Best case: poly(n, dk logd)

Φt convertsC to an “isomorphic circuit”.

[SaxenaSeshadri11]: Φ only needs to preserve non-zeroness. Find a
certificate for non-zeroness and preserve that instead.

*** SPOILER ***
Certificate is an ideal of small rank
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Check ifC = 0 mod T1.

Use Chinese Remaindering:

ThenC = αT1. Check if α = 0.
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C = T1 + · · ·+ Tk

where Ti = `i1 · · · `id

Can assume LM(T1) � LM(C).
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Some notation
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{
(x+ y+ z)(3x+ 2y+ 2z),

(2y+ 3u+ z)2(3x+ 6u+ 2z)
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ĉeorem ([KayalSaxena07] rephrased)
..

.

For any non-zeroΣΠΣ(n, k, d) circuitC, then there is a path certificate
p = 〈v1, · · · , vk ′〉 and a Ti such that

C = αTi mod p (forα ∈ F∗)



Outline

.. .1 Introduction
Arithmetic circuits and Identity Testing
State of affairs

.. .2 Rank bounds
Motivation and definitions
Rank bound theorems
Blackbox tests via rank bounds

.. .3 Certiėcates for non-zeroness
Chinese Remaindering over Local Rings
Preserving the certificate



Preserving the certiėcate

0 6= C = T mod 〈v1, · · · , vk ′〉

We know T /∈ I

⇔ vT /∈ Im m

We wantΦ(T) /∈ Φ(I)

⇔ Φ(vT ) /∈ Φ(I)



Preserving the certiėcate

0 6= C = T mod 〈v1, · · · , vk ′〉

We know T /∈ I

⇔ vT /∈ I

m m

We wantΦ(T) /∈ Φ(I)

⇔ Φ(vT ) /∈ Φ(I)



Preserving the certiėcate

0 6= C = T mod 〈v1, · · · , vk ′〉

We know T /∈ I

⇔ vT /∈ Im m

We wantΦ(T) /∈ Φ(I)

⇔ Φ(vT ) /∈ Φ(I)



Preserving the certiėcate

0 6= C = T mod 〈v1, · · · , vk ′〉

We know T /∈ I

⇔ vT /∈ Im m

We wantΦ(T) /∈ Φ(I)

⇔ Φ(vT ) /∈ Φ(I)

Properties thatΦmust satisfy:



Preserving the certiėcate

0 6= C = T mod 〈v1, · · · , vk ′〉

We know T /∈ I ⇔ vT /∈ I

m m

We wantΦ(T) /∈ Φ(I)

⇔ Φ(vT ) /∈ Φ(I)

Properties thatΦmust satisfy:



Preserving the certiėcate

0 6= C = T mod 〈v1, · · · , vk ′〉

We know T /∈ I ⇔ vT /∈ I

m

m
We wantΦ(T) /∈ Φ(I)

⇔

Φ(vT ) /∈ Φ(I)

Properties thatΦmust satisfy:



Preserving the certiėcate

0 6= C = T mod 〈v1, · · · , vk ′〉

We know T /∈ I ⇔ vT /∈ I

m

m
We wantΦ(T) /∈ Φ(I)

⇔

Φ(vT ) /∈ Φ(I)

Properties thatΦmust satisfy:

vT ∈ I ⇔ Φ(vT ) ∈ Φ(I)



Preserving the certiėcate

0 6= C = T mod 〈v1, · · · , vk ′〉

We know T /∈ I ⇔ vT /∈ I

m

m
We wantΦ(T) /∈ Φ(I) ⇔ Φ(vT ) /∈ Φ(I)

Properties thatΦmust satisfy:

vT ∈ I ⇔ Φ(vT ) ∈ Φ(I)



Preserving the certiėcate

0 6= C = T mod 〈v1, · · · , vk ′〉

We know T /∈ I ⇔ vT /∈ I

m

m
We wantΦ(T) /∈ Φ(I) ⇔ Φ(vT ) /∈ Φ(I)

Properties thatΦmust satisfy:

vT ∈ I ⇔ Φ(vT ) ∈ Φ(I)

` ∈ radSpan(I) if and only ifΦ(`) ∈ radSpan(Φ(I)) for each
` ∈ L(T).



Preserving the certiėcate

0 6= C = T mod 〈v1, · · · , vk ′〉

We know T /∈ I ⇔ vT /∈ Im m
We wantΦ(T) /∈ Φ(I) ⇔ Φ(vT ) /∈ Φ(I)

Properties thatΦmust satisfy:

vT ∈ I ⇔ Φ(vT ) ∈ Φ(I)

` ∈ radSpan(I) if and only ifΦ(`) ∈ radSpan(Φ(I)) for each
` ∈ L(T).



Preserving the certiėcate

0 6= C = T mod 〈v1, · · · , vk ′〉

We know T /∈ I ⇔ vT /∈ Im m
We wantΦ(T) /∈ Φ(I) ⇔ Φ(vT ) /∈ Φ(I)

Properties thatΦmust satisfy:

vT ∈ I ⇔ Φ(vT ) ∈ Φ(I)

` ∈ radSpan(I) if and only ifΦ(`) ∈ radSpan(Φ(I)) for each
` ∈ L(T).

Question: Do we know of such aΦ?



Preserving the certiėcate

0 6= C = T mod 〈v1, · · · , vk ′〉

We know T /∈ I ⇔ vT /∈ Im m
We wantΦ(T) /∈ Φ(I) ⇔ Φ(vT ) /∈ Φ(I)

Properties thatΦmust satisfy:

vT ∈ I ⇔ Φ(vT ) ∈ Φ(I)
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Question: Do we know of such aΦ?
[SaxenaSeshadri11]: The same [GabizonRaz05] map preserves low rank
ideals!
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Conclusions and open questions

Studying the original [KayalSaxena07] test carefully, we obtained a
low-rank path certificate for non-zeroness.

The Vandermonde preserves ideals with small radical span.

Certificate can be preserved by mapping (via the Vandermonde) to just
a k-variate polynomial ring.

[BeeckenMittmannSaxena11] defined a “rank” for ΣΠΣΠ circuits, and
gave blackbox PITs for bounded rank circuits.

Vandermonde used again.

Question: Can these ideas be used for Σ-Pow-Σ?

C =

m∑
i=1

`di

Whitebox PITs are known. [Saxena08], [Kayal10]
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ĉank you!

Questions?


