











































































































Computational complexity Lecture 16

Agendas Randomized space complexity

Barrington's theorem

Recap RB WRP Bpp Epp
Error reduction Chernoff bounds
BPP E Pypoly BPP E Entz

Randomised Space classes

I LERSPACE sins if there is an

1
machines.twpel

tape LII rfrio.q
lMaeeepts Ya
M accepts O

Thidirectional
Cool fact Undirected s t connectivity C RL

Algofor degd graphs
A S

For i l n
0

If u t Return yes
U random neighbourof u

Return No

If sR t are connected the algo succeeds with probs Yz
Those attendingtheToolkit course will see

a proof of this



Revisiting low space computation
Out 0 Howmuch space are we using
for E I noo

out out ki
return out What if we allow the TH to accessany

input location instantly

RAM model8 Allow access to arbitrarytape location

IT E ITE

PARITY 04 space
accept

9 rejectstarters

Branching programs
s

In y
X IX 7

az To accept

s i i or
accept

Accept se if there is a pathfrom sust using only
true literals

Note Vans need not be read in order
and can be revisited

SPACE Sch E BPL



More formally 8

layered graph edges only from layer i in

first layerwith a unique vertex s

I
last layer has a special vertex t

Edges can either be constant or labelled by a literal
which signifies it is present iff literal is true

Width max vertices in any layer 1 I
a

Length layers width o o

PARITY E BPG I
tenth 141JO

Modioo E BP 100 n

Thm Barrington Any f that is computable by a sizes
formula is in BP 5 100463 WHAT

here Modaizas E BP 5,523 MAJ C BP 5,5

Howdo we prove something like this

Induction

V v

I s tag
i n tha
I l Il Il l l g

a fVg
Ni Nz K Nz Ny NJNz 24 7 L

n



Formulas s E BP s s

Rough roadmap Induction

Given PBPs for fol g build a PBP for
fVg fag if by maintaining width

Detour Permutations

Sn set of all permutations of n elements
O o O

C's 3 C's 3 He
L's D

to

Forms a group has identity inverses associative

Cycledecomposition's 1 2 34 56

1 4 6 53 I 2

n5 169 4435 66 x

l 325 467 p

a p are similar in
cycle structure



Obs If t G Jez In then for my d

if p o ar then ali j perlis rCj

Pfe sci Is I j I oh D

Groo If two permutations a p have the similar cycletype
then they are conjugates of each other

Permutation branching program

sequence of instructions ofthisform
Ci a p If not apply a

else apply p
Ego Input a bio id

a

1 23 L 2
of

3 Cl 2 3 I 32

l 237 id
o o

2 Cl 23 g
l 3

Ige I c id
computing PARITY

4,2
n Cl 2 id

d



aid
Defnoo A PBP computes f if
f n floc I PBP n r

flu o PBP n T

Lemmaoo For any a PESm if f is Capt computed by
a PBP of length l then f E BP Msl

Pf ftp.WLOG N t P Cg Cia 1237

S nT

q Dorr did
2 0

303
D

ooo suffices to construct a PBP for f
Plan p Given PBP for f get one for F

r Given a PBP for f g fag
Transforming PBPs

Lemma't Suppose we have a PBP oflength l that G id computes
f Then there is a PBP that Cpsid computes f

for any p of the same cycle type as a



Pf p o ar

11,45 ratted i r r

D

Lemmaoo If we have a PBP that side computes f then
we also have a PBP that laid computes F

Pf ftp.f G a sa

is a PBP that I id accepts f
Obs a a have the same cycle structure

By prov lemma we are done
d

Computing fa g

P i Kid computing f RRR PI

R cpsid computing g
47 7 45

I id

P Ps
o 0 id

cool idea PB TJPBPgp
PBR PBP

L id t id
A 42 p 23 435434 3cycle



lemmas Suppose P 421 computes f d Th 1233computes g
Then the program PippiPI 4327computes tag

fa n

Il
a a Cl 32 computation

f Ii a computations

fG Capap a.peGo

Go Capa45 aPEG

Fact There are five cycles I Iz Is s t Is I IzIi II
EggIT 12345 Tz I 3542

IT5 IT Iz ITT ITI 13254

Lemme hit a Ll 23h5 If P Pz are PBPs if length El
d computing f g respectively Then there is a PBPoflength

gigue E 4h that a computes fag

Pf
ITE D



Groo If f is computable by a formula of depth Ed then
gollosswe have a PBP if width 5 and length E 4d poi

computing f
Fact Any formula of sizes has an equivalent formula

of size payG d depth Ollogs

Is
G 2 IT 5h23

G apaip aPEG
2Ky Tatts


