











































































































Computational complexity Lecture is

Recapoo Promise problems

SATErp UniqueSAT ValiantVazirani Lemma

Next few lectures the powerof counting

ftp foo IN
There is a polytime machine Mc
st floe I w Mcr.ws 131

Not a decision problem but rather a function

FP foo It There is a det polytime machine
gM that outputs flu on iup se

What all can you do if Pe FP
PsNP PH RP coRP BPP everything collapses

comparing with other classesto

P how many witnesses

RP Is there 342.2 witnesses or none

BPP Is there 3 2g In witnesses or I 2h witnesses

Examples of problems in Poo

Given Q 3eNF count SAT Q














































































































Given a graph G count spanning trees

Actually in FP Lookup Kirchoff's treethm

Courting Vcs of size k

Remarks counting can be hard eventhough detection
is easy

CYCLE G simple cycles in G
ie Vi Vis s t Vi Vi and

distinct otherwise
Ard Vi Vij C G

Lemma If CYCLE E FP then Hamiltoncycle E P

Pf Ideas G H
has an ncycle lots 8 different

cycles

me Es
M

Lmpossible pathsfromu u

i Any cycle of length k nos 2Mmanydistinct cycles

Set me n
n4

Claim There is a Hamiltonian CYCLE H 32
cycle in G

Pf obvious

Every cycle in H is related to some cycle
inG














































































































If no length n cycle in G how manycycles
can we have in H

Heydes in G 2M
Cn D

ni 2mmD 2h n't 0k10gr 2n

P completeness

Define P hardness fo 2 7 IN is P hard if for any
GE P we have g e Fpf

f is P complete if f is Phand f E P

Some candidate R complete languages

is The usual example foo LM n It me witnessesformwhen run an R

forjust t steps
i Prop SAT is P complete
Pfe The CookLevin reduction is a parsimonious reden

se m 9mn47

7Yi startstate

A Ze accepting

this whatever local
cheek says



Every ace y for Mcas leads to a unique 2
andviceversa

ooo witnessesfor M ou n SAT Qma4 D

Fact CNE SAT is also P complete
The countingversion f all NP complete problems we

encoutered VC indset clique all are Phard
i the reduction we did were actually parsimonious

or can be made so withlittle effort

ThePermanente

A 19L
DetA Isnsigners IIaini

m
PermA I ITaircis

JESn 5 1

Claim Perm of a di matrix E P

Pf M on A8
Guess r Aceif r is a permutation and

all aircis I D

Thmftaliant oh Permanent is P complete

We'll actually prove a weaker result which will show
that Perm with entries f 2 1 o 1,23 is Phard

Goingfrom here to standard of Perm is a shortstep



Graphtheoretic interpretations

is A bipartite adjacency matrix L I
ITAirco I r corresponds to a

perfect matching
ooo Perm A perfectmatchings

For weighted graphs
Perm A sum of weighted perfect matchings
where weight M ITedgeweights

D A adjacency matrixof a general directed graph

Iii 3

Define A cycle cover of G is a union if disjointdirected
cycles that cover all vertices
Wtccycle covers IT edge weights

Obs If A interpreted as theadj matrixof a directed
graph then Perm A sumof weighted cycle covers



iii is D L

Thin Valiant Perm is P hard

Pf 3CNFSAT E Perm

Q Gq directedgraph

satisfying a cycle cover in Ggassignments

gluing
gadgets

Clause gadgets

Literalgadget

Clause gadget a IV
NVEsVKa O

Is
7 cyclecovers

as one for everyproper7 satisfying subset ofblue edgesassignments



48 be VNIVkz f Is ai

cnn.r.is EiiEfIIaa
Rz 22

Howdo we enforce consistency

enforces that eitherGlue
Gadget is cycle cover must use both

the edges
is cycle cover uses neither

hi
Variable gadgets

NI

N VNIVNg T B ai

earn.ve
E.Id I

Nz Ez

A
E L N N N

RI G R2 23 24

Glue gadget

u v

173
g Fi og



Gadget has adjacencymatrix A
Kaali aaa

What all do we wait A to satisfy

D g Should contribute not 1
L Azz L

b g Should contribute not 1
L Perm A L

is g should contribute gene
K Permflags8 3 0

is oof Should contribute genehi Perm Iaas 931 0

D oof3 A z Azz ABAzz D
v

Permflag o

Perm
fees 9 1 0

2

Here is a matrixthat works

µ If I



Wt Ya is annoying But if we scale a1 edge weights
by 2 then all cycle covers get weight sealed by
2M where ma vertices

E Perm Gq 2M SATCf D

Note p Matrix has entries f 2 1,0 I 23
With some additional work we can get
a 0 1 matrix

is If you replace Perm by Det above there
is no way to satisfythose constraints



To show hardness of di Perine

D SAT Perm with small integerentries wejust
saw this

2 Perm with Perm with nonnegsmall int large entries

3 Perm with Perm with 01 entries
non neg largeentries

Pff G 8 An say entries arejust f 2 1 0,1 23
How large can PermA be At most 2h n M
Let N 2 Mtl and let Be A mod N

replace myneg ai by Btai
PermB a PermA mod N

fo N

If PermBmod N L Nk return that
Else return PermB modN N B

Entries in B are as large as 2h h now

M
2 in a too many

111

a a a a

u.IE E.nu
G o or



And if not on edge w 2M't2Mt 2M

A
w o

u r
vs n

forEo
and now do the above trick

This proves 3


