ALGEBRA AND COMPUTATION

PrOBLEM SET 0

Due date: January 27" 2017

INSTRUCTIONS

This assignment is just to make sure that you have a decent grip on basic
group theory. Here are a few instructions on the assignment.

1. You are welcome to collaborate with other classmates. But if you do,
please mention who all you collaborated with.

2. Solutions are expected as a I&TEX document. You may use this very file
by obtaining the source files from megh.

3. The questions below don’t have any marks attached. Submitting solu-
tions (whatever you could solve) would earn you 5 points towards the
total assignment score.

If you are really comfortable with group theory, you can choose to submit
a blank assignment to earn your 5 points instead of wasting your time
on this. Seriously.

But if you feel you aren’t so comfortable, then you are strongly urged
to attempt every question in this. They may be simple, and maybe even
tedious, but it is useful to do these rightaway than later in the course.

QUESTIONS

Question 1. Let G, H be two graphs. If Iso(G, H) is the set of all isomorphisms
between G and H, show that it is either empty or a coset of Aut(H).

Question 2. Let Ty be the complete binary tree of depth d (consisting of 27 leaves).
Describe the group Aut(Ty).

Question 3. Prove the orbit-stabilizer theorem that we stated in class:


http://megh.tcs.tifr.res.in/ramprasad/algComp_2017

Theorem. Suppose a finite group G acts on a finite set 3. Then, for any
a e,

G| = ]ac‘ - |stabg ()] .

Question 4. Let ® : G — H be a homomorphism between two groups that is sur-
jective (onto). Show that the map is 1-1 if and only if ker(®) = {idg}.

(x) Furthermore, show that 7= G = H. That is, there is a 1-1 and onto homo-
er(P)
G

morphism from Fer(®) 10 H.

Question 5. Let H < G and say {a1H, ..., a,H} are the set of cosets of H in G. We
would like to define a group structure on the cosets of H via
(a1H) - (apH) := (a1a2H).

Show that this is a well-defined operation if and only if aha~! € H for every a € G
and h € H.

Question 6. If A,B < Gand if A < G, show that the set
AB:={ab : ac€ A, b€ B}
is a subgroup of G.
Question 7. Suppose a group G acts on Q and let o, € Q with B € a. If

G = stabg(a) and Gg = stabg (B), show that there is some g € G such that

G“:g-G/g~g_1.

Question 8. Prove or disprove:

IfA<Band B<C, then A <C.




