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Agenda for the next three lectures

Ryan Williams breakthrough

DTIME Eln DSPACE Elgin
Cook Mertz Theorem

TreeEvaluationProblem DSPACE logn loglogn

Catalytic computation
Buhrman Cleve Koucky
Loff Speelman

Recap

L NL P NL L
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Machine model read only input tape worktapels



What is catalytic computation
Restriction

Éw̅ñtape_E
At the end catalytic

tape contents must
be restored

w n

Defn CSPACE w n n Languages that

are computable by catalyticmachines with
catalytic tape size n work tape win

Convention CSPACE w n CSPACE w n 2

Obs L CL

On Is the containment strict
Can CL do tasks beyond L Yes



Reversible computation Rie R think
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to
R2 Re RR

R2 Rat Riz R R

Transparent computation A reversible program P

transparently computes flxis Xn on register R

if Ii Im
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Di Di with IT It fLx ̅



Clean computation Ii I f x ̅

If Tz

Ini Im
Claim Suppose there is an m register program P

that transparently computes f x ̅ then
there is an Mti register program P that

cleanly computes f x with IP 2111 2

Pf

Ro Ro R To f

p
Ro Rot R
p
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Overview of catalytic computation

FFI.ttgsoIeegister valueprogram counteretc



What can we compute transparently

f x xn R R

Lemmas Suppose fLx ̅ canbe transparently computedbyPf

g x ̅ can be transparently computed by Pg

then we can transparently compute fig
by P PpoPg

Pf Duh

Lemma2 If Pf cleanly computes f Pg cleanly computes

g then we can also cleanly compute fg

Pf r R R RaRs
Pf Pg o Pp a Pg's at

T Fts Fts Etst 1153 29
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Thm Ben Or Cleve If f is computable by a
a fan in 2 depth d formula then we can

cleanlycompute f via a program of length 4

using 3 registers

Fact If f is computable by a formula ofsizes
then it is also computable by a formula of sizepoly's
depth 0 logs BrentSpira

Obs Ben Or Cleve also works when R is not
commutative

Qn Suppose we are able to find kxk matrices

Mi Ms with entries in R or xi

and suppose M Ms f x ̅
can we compute f cleanly

II IF
Matrix registers k usual

registers
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Corollary If f x M Ms and eachMiER
ʰ

then f can be cleanly computed by a program

of length O s k with O k registers

Thm DirPath E CL NL ECL

Pf
A
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Runthe above algo

On What ring R do you work with

Fix Try primes Pi P2 Pn

If any pi shows A to mod pi
return Yes

after undoing

Infact gaph CL



Going further f computable by a circuit of sizes
depth d

spa octogs

Eachgate g has a few

µ
misters Rao 12.5

hi hs

gtt.X.gs
Case 18 h Git92 Gr

Rn o Rh o Rg o R92,0 Rga

Pe

Rho Rho Rg o t Rga o

Pet

Length 2 Pel O s

Registers 1 for h

Case 2 h g x 92
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FEIII.am
Lengthofprogram 2Pe 8 registers for h 3

II DID
setup for setups for setup for
all h all h allh

Total length 2 Pe polyls

Final length 2 poly s registers 01s

Thrio LOGCFL CL

Thm BCKLS uniform TC CL



How large is CL CL PSPACE

Thm BCRLS CL ZPP

Next time TEP


