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ABSTRACT

Multivariate polynomial factorisation is a fundamental algebraic prob-
lem with connections to error-correcting codes, pseudorandomness
and complexity theory. Constant-depth circuits form a restricted yet
natural subclass of general polynomial-size arithmetic circuits. They
capture a wide variety of algebraic problems. A recent breakthrough of
Limaye, Srinivasan and Tavenas gave superpolynomial lower bounds
against constant-depth circuits. Combined with a result of Chou, Ku-
mar and Solomon, they obtained the first deterministic subexponential
time algorithm for PIT of constant-depth circuits. A result of Kopparty,
Saraf and Shpilka reduces the general problem of factoring arithmetic
circuits to the problem of PIT, but their connection is not fine-grained:
the reduction requires PIT for general circuits even for the factori-
sation of constant-depth circuits. This raises the natural question of
obtaining deterministic algorithms for constant-depth circuits using
PIT algorithms for constant-depth circuits.

In our first set of results, we obtain a deterministic subexponential-
time algorithm for computing all low-degree factors of a constant-
depth circuit. We also obtain a quasipolynomial time deterministic
algorithm for computing all low-degree factors of a sparse polynomial.
A crucial ingredient is a result of Forbes which reduces divisibility
testing to PIT. To prove our results, we bound the constant-depth
complexity of the PIT instances involved in computing low-degree
factors of constant-depth circuits.

In our second set of results, we obtain a deterministic subexponential-
time algorithm that outputs a list of circuits containing all the constant-
depth factors of a constant-depth circuit, but with two caveats. The
output list also contains spurious factors, and the circuits output by
the algorithm contain division gates. In some sense, we give a “list-
factoring” result, analogous to list-decoding algorithms in coding
theory. Building on a beautiful work of Andrews and Wigderson, we
obtain a deterministic subexponential-time algorithm that computes
all the factors of a constant-depth circuit, with the guarantee that
the output list is only polynomially large. This is a straightforward
extension of the previous algorithm using Andrews and Wigderson’s
constant-depth upper bound for the Resultant.

In our third set of results, we obtain a deterministic subexponential-
time algorithm that outputs division-free unbounded-depth circuits for
exactly all the factors of a constant-depth circuit. Our main structural
observation is that the Kabanets-Impagliazzo hitting-set generator,
when instantiated with the low-degree hard polynomial of Limaye,
Srinivasan and Tavenas, maintains the factorisation pattern of constant-
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depth circuits. Surprisingly, the proof of this result works without
explicit closure result for constant-depth circuits.

In our final set of results, we obtain a deterministic subexponential-
time algorithm that outputs constant-depth circuits for exactly all
the factors of a constant-depth circuit. Moreover, the analysis for
this algorithm is simpler than that of the previous algorithm, which
had weaker guarantees on the output circuits. The correctness of the
final algorithm uses the proof of a more fundamental and surprising
result: constant-depth circuits are indeed closed under factoring i.e.
factors of constant-depth circuits also have constant-depth circuits.
Moreover, our analysis proves a fine-grained version of the results of
Kopparty, Saraf and Shpilka by reducing factorisation to blackbox PIT
for any complexity class that is closed under taking “constant-depth”
combinations, such as VP, VBP, VF and VNP.



1 INTRODUCTION

The goal of the thesis is to develop a non-trivially fast deterministic
algorithm for the factorisation of constant-depth arithmetic circuits.

In the rest of the chapter, we will elaborate on this goal, build some
context for our results and then state our results along with their
organization in the thesis.

1.1 ARITHMETIC CIRCUITS

The focus of this thesis will be on algebraic computation. In particu-
lar, we will care about multivariate polynomials, and our model for
computing multivariate polynomials will be arithmetic circuits. An
arithmetic circuit is a non-uniform model of computation that primar-
ily cares about the number of field operations required to syntactically
compute a polynomial. We now formally define an arithmetic circuit
(also called an algebraic circuit).

Definition 1.1.1 (Arithmetic circuit, Size, Depth). Let IF be a field and
let n € N be the number of variables. An arithmetic circuit C is a directed
acyclic graph where

o each leaf node is labelled by a variable in {x1,...,Xxn} or an element of
IF,

o each non-leaf node is labelled by either an addition + or a multiplication
X,

e each edge is labelled by some field constant (to denote multiplication by
the field constant), and

o computation happens in the natural’ way from leaves to the sinks /
output nodes (or the unique sink, which would sometimes be called the
root node or the output node of the circuit).

The size of an arithmetic circuit C, denoted by size(C), is the number of
wires in C. The depth of an arithmetic circuit C, denoted by depth(C), is
the length of the longest leaf-to-output path. O

To formally define how a circuit — Boolean or arithmetic — performs computation,
one can fix an arbitrary topological ordering of the vertices of the directed acyclic
graph, and inductively define computation at each vertex. We refer the reader to any
standard resource in computational complexity, such as [Golo8].
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2.2 2 2.2 2 2.2
X7X5 + 3X1X5X2 — X1X3X2X4 — 4x5x5 + 11x5%x3%4 — 6X5X]

Figure 1.1: An example of an arithmetic circuit with size 15 and depth 5

Any arithmetic circuit computes some multivariate polynomial in
F[x1,...,xn] (or a tuple of such polynomials, if there are multiple
outputs in the circuit). Moreover, we can represent any polynomial
as an arithmetic circuit since the usual sparse representation in the
monomial basis gives us a depth-2 ZIT circuit i.e. a sum of product of
variables.

For a more detailed exploration of the basics of arithmetic circuits
(including the standard definitions of arithmetic complexity classes
such as VF, VBP, VP, and VNP[Valy9]), we encourage the reader to
refer to some of the standard resources such as [SY10; BCSg7; Sap14].

1.2 CONSTANT-DEPTH ARITHMETIC CIRCUITS

Consider an infinite family of polynomials fy,f2,...,fn,... such that
for each n € IN, f;, is defined on n variables. Such a polynomial family
could, for example, be computable by circuits of depth and size given
by Table 1.1.

Polynomials:  fy(xq) fa(x1,%x2) f3(x1,x2,%3) ...  fu(x1,...,%n)
Depth: 5 10 15 5n
Size: 5 20 45 5n2

Table 1.1: Polynomial family of depth 5n and size 5n°.

A different table of circuit size and depth could be given by Table 1.2.
Notice that as the number of variables grows, the depth of the
circuit also grows in Table 1.1, whereas the depth remains a fixed
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Polynomials:  fy(xy) fa(x1,%x2) f3(x1,x2,x3) ...  fr(x1,...,%n)
Depth: 5 5 3 5
Size: 5 40 135 e 5n3

Table 1.2: Polynomial family of depth 5 and size 5n3.

constant in Table 1.2. In Table 1.2, we say that the polynomial family
is computable by constant-depth circuits. More formally, we have the
following definition.

Definition 1.2.1 (Constant-depth arithmetic circuits, VACy). A family of
polynomial {fn}n>1 is said to be computable by constant-depth arithmetic
circuits if there exists a natural number A € IN such that for everyn € IN, fn,
is computable by an arithmetic circuit of size poly(n) and depth A. We will
denote this complexity class by VACy, based on the notation in [AW24].

There are many reasons to care about such a restricted subclass
of VP. Once we realise that the usual monomial representation is
just a depth-2 circuit, it is natural to consider depth-3, 4 and so on.
Many interesting polynomials or polynomial families are known to be
computable by polynomial-sized constant-depth circuits. Some classic
examples are the elementary symmetric polynomials and power-sum
symmetric polynomials. More recently, in a beautiful work, Andrews
and Wigderson [AW24] proved that many natural computations on
univariate polynomials — such as the GCD, LCM, resultant, etc., — can
be computed in VACyover fields with characteristic 0. Their work was
further generalized in [Bha+25a] to show that these operations can be
performed via constant-depth circuits over all sufficiently large fields.

1.3 AN OVERVIEW OF MULTIVARIATE FACTORISA-
TION

While the expressivity of constant-depth circuits makes them interest-
ing to study, there are more reasons to understand the factorisation
of constant-depth circuits. But this begs the questions — why should we
care about the complexity of factorisation at all?

Factorisation is such a natural and fundamental concept that we
learn about factoring integers and univariate polynomials in school;
this already makes it interesting to study even when divorced from
its applications. Unsurprisingly, factorisation has found numerous
direct and indirect applications in complexity theory and allied ar-
eas. This includes applications to the construction of pseudoran-
dom generators for low degree polynomials [Bogos], algebraic algo-
rithms [KY08], hardness-randomness tradeoffs in algebraic complexity
[DSYog; Guo+19], algebraic property testing [PSg4; ASo3; Ben+20],
error correcting codes [Bha+20], deterministic polynomial identity
tests for constant-depth circuits [LST25; CKS19] among others.

3
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While the hardness of integer factoring is an assumption used in
classical cryptography, univariate factorisation over the field of rational
numbers is easy(!): there is a polynomial time algorithm for factoring
univariate rational polynomials, due to Lenstra, Lenstra and Lovasz
[LLL82]. Univariate factorisation is quite well-studied and there are
other deterministic and randomized algorithms known for univariate
factorisation (see [GG13; Shoog] and [BDS25, Section 1.1]). So the next
natural question is: what about factors of multivariate polynomials?

Note that for univariate polynomials, the monomial representation
(representing the polynomial as a list of monomials with non-zero
coefficients, also known as the sparse representation) is already an
efficient representation, whereas for multivariate polynomials, the
number of monomials can be exponentially large in the number of
variables and degree. This is one important reason to consider fac-
torisation of polynomials in the circuit representation: one can still
hope to achieve algorithms whose running time depends polynomially
on the number of variables and degree. Nonetheless, factorisation
of multivariate polynomials in the sparse representation is a well-
studied problem. We refer the reader to a survey of Roche [Roc18] on
algorithms for sparse polynomials.

When multivariate polynomials are represented by arithmetic cir-
cuits, a long line of work by von zur Gathen, Kaltofen, Trager, et al.
[Gat87; GK85; KT88; Kal85; Kal89g; KTgo] led to a remarkable break-
through: there is a randomized polynomial-time algorithm which
takes as input an arithmetic circuit and outputs arithmetic circuits for
all its factors. This result is remarkable because a priori, it is not clear
that factors of small arithmetic circuits have small circuits at all, but
this is guaranteed by the fact that the algorithm runs in polynomial
time. In other words, this result gives us both, a structural result —
factors of small circuits have small circuits—, and an algorithmic result
— factors of small circuits can be found efficiently. We will refer to
structural results of the aforementioned kind as a closure result: a class
of polynomials € is closed under factoring if whenever f € C, then every
factor g | f is also in C.

Once we have Kaltofen’s algorithmic result for factoring arithmetic
circuits, there are (at least) two natural questions:

1. Can we get similar results for other restricted subclasses of VP?
For instance, is VF closed under factoring? If so, can we hope to
output formulas for its factors in polynomial time?

2. Since we (complexity theorists) generally believe that random-
ization cannot buy us too much time, can we get deterministic
algorithms for factoring circuits in VP or some subclass of poly-
nomials?
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1.4 CLOSURE

For the first question, a simple class to think about is the class of sparse
polynomials — polynomials where the number of monomials is poly(n),
where n is (always) the number of variables. There is a simple example
which shows us that sparse polynomials can have highly non-sparse
irreducible factors. Consider the following example due to Forbes
and Shpilka [FS15] (inspired by an example of von zur Gathen and
Kaltofen [GK85]): the polynomial

foy) = [T E=D+y- J[] =1
ien]

i€[n]

has 2 - 2™ monomials but its irreducible factor

g®y)=|y+ [ O+xi+-+xIT)
ien]

has d™ 4+ 1 monomials. Setting, for instance, d = 2™ gives us an
example where f has sparsity s but the irreducible factor g | f has
sparsity ~ 51985, So sparse polynomials are certainly not closed under
factoring. While this gives us a lower bound on the sparsity of factors
of sparse polynomials, the best upper bound we know is sO(d%logn)
where s is the sparsity of the polynomial, n is the number of variables
and d is a bound on the individual degree. This upper bound is from
a beautiful work of Bhargava, Saraf and Volkovich [BSV18], which
also gives a deterministic algorithm that factors n-variate polynomials
with sparsity s and individual degree d in time sPlY(d)1og™n Since
there is a superpolynomial lower bound on the sparsity of factors of
sparse polynomials, one could ask, for instance, if factors of sparse
polynomials always have small constant-depth circuits; this would be
like an improper learning statement for factors of sparse polynomials.
For other richer subclasses of VP, there has been partial progress.
For algebraic branching programs, Sinhababu and Thierauf [ST20]
proved a closure result as well as a randomized polynomial-time
algorithm that takes an ABP as its input and outputs ABPs for all
its factors. For formulas and constant-depth circuits, Dvir, Shpilka
and Yehudayoff [DSYog] proved a root closure result under certain
conditions: if f(X,y) is an n-variate polynomial with y-degree d, total
degree D, and a size s circuit of depth A, then we have circuits of size
poly(D4 -s) and depth A + O(1) for any polynomial g(X) satisfying
f(x, g(x)) = 0. They proved this result as a step towards hardness vs
randomness tradeoffs for constant-depth circuits. Another important
piece of work was by Chou, Kumar and Solomon [CKS19], where they
built on the ideas of [DSYo9] to show that for any n-variate polynomial
f with a size-s depth-A circuit, every factor of degree d has a circuit
of size poly(s, d\/a) and depth A+ O(1). In other words, low-degree
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factors of small constant-depth circuits have small constant-depth
circuits. This work eventually played an important role in getting
improved hitting-set generators for constant-depth circuits, and we
will revisit it soon when we discuss the question of deterministic
algorithms for factoring. [CKS19] also proved that VNP is closed
under factoring. Other relevant papers include a work of Oliveira
[Oli15] — which generalized the work of [DSYog] from roots to factors
along with a randomized algorithm to output factors—, and a work of
Dutta, Saxena and Sinhababu [DSS22], which proved closure results
with quasipolynomial bounds or under some special conditions. All
known closure results proceed either via Hensel lifting or via Newton
iteration, both of which are iterative procedures for getting better and
better approximations for a root/factor. After computing a sufficiently
good approximation, these algorithms then reconstruct a true root
/ factor. The iterative nature of these algorithms is a key obstacle
in proving closure results for classes such as VF or VACy, where
either the size or the depth of the circuit blows up too much in these
iterative algorithms. For a comprehensive exploration of closure results
for algebraic complexity classes and the underlying techniques, we
recommend the survey of Bhargav, Dwivedi and Saxena [BDS25].

1.5 DETERMINISTIC ALGORITHMS

Let us now consider the question of getting deterministic algorithms
for factorisation. Progress has been slower on this front, and for good
reasons. Shpilka and Volkovich [SV10] gave the following simple
reduction from polynomial identity testing to irreducibility testing.
Given a polynomial f(x), let y and z be new variables, and define
g(x,y,z) := yz+ f(x). Then, f(x) # 0 if and only if g(x,y, z) is irre-
ducible. Thus, any deterministic irreducibility testing algorithm (and
in particular, any deterministic factorisation algorithm) will also imply
a deterministic polynomial identity testing algorithm. In the same
work, Shpilka & Volkovich build on these ideas to give an efficient
deterministic algorithm for factoring sparse multilinear polynomi-
als. In subsequent works, Volkovich [Volis; Vol17] gave an efficient
deterministic algorithm to factor sparse polynomials that split into
multilinear factors and sparse polynomials with individual degree at
most 2. More recently, the aforementioned work of Bhargava, Saraf
and Volkovich [BSV18] gave a quasipolynomial time deterministic al-
gorithm for factoring sparse polynomials with small individual degree
based on some beautiful geometric insights.

In the other direction, a work of Kopparty, Saraf and Shpilka [KSS15]
showed a reduction from factorisation to polynomial identity testing:
any blackbox (or whitebox) PIT algorithm can be used to solve the
blackbox (whitebox) factorisation problem. Thus, an important obser-
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vation from [KSS15] is that the use of randomness in factorisation can
be narrowed down to the use of randomness for solving PIT.

These works tell us that polynomial factorisation is essentially equiv-
alent to polynomial identity testing. In particular, we shouldn’t expect
deterministic factorisation algorithms for a class C that are faster
than the best known deterministic PIT algorithm for C. While this
greatly clarifies our understanding of polynomial factorisation, it is not
particularly great news if we want to derandomize factorisation: deran-
domization of polynomial identity testing is an extremely well-studied
problem with an intimate connection to the (hard) problem of prov-
ing explicit algebraic complexity lower bounds. Heintz and Schnorr
[HS80] showed, via an elementary linear-algebraic proof, that a hitting
set for a class of polynomials can be used to construct polynomials
outside that class. In a remarkable result extending the connection
from PIT to lower bounds, Kabanets and Impagliazzo [Klo4] showed
that non-trivial deterministic algorithms for PIT, even in the whitebox
setting (where the algorithm has access to a circuit, and not just oracle
access), lead to breakthrough lower bounds: either NEXPdoes not
have polynomial sized Boolean circuits, or the Permanent does not
have polynomial-sized algebraic circuits. In the other direction, build-
ing on the seminal work of Nisan and Wigderson [NWg7], Kabanets
and Impagliazzo [Klo4] proved that any explicit hard polynomial for
VP can be used to construct a hitting-set generator for VP, where the
stretch of the hitting-set generator depends on the hardness of the
hard polynomial. For more details, we refer to the survey of Shpilka
and Yehudayoff [SY10] or the survey of Kumar and Saptharishi [KS19].
A consequence of this discussion is that obtaining fast deterministic
factorisation algorithms for general polynomial sized circuits would
imply fast deterministic PIT algorithms for polynomial sized circuits,
which in turn would lead to breakthrough lower bounds. Following
the previous discussion, one might wonder if deterministic factori-
sation algorithms are known for restricted circuit classes for which
deterministic PIT algorithms are known. Alas, existing results do not
live up to this hope. For instance, [KSS15] shows that we can reduce
factorisation to PIT, but the PIT instances in their reduction are poten-
tially polynomials in VP even if the input polynomial is, say, a sparse
polynomial. Thus, we have polynomial time blackbox interpolation
algorithms for sparse polynomials [KSo1; BT88], but we do not have
even quasipolynomial time algorithms for factoring sparse polyno-
mials (which might be the best we can hope for since we saw that
sparse polynomials can have superpolynomially sparse factors). The
situation is similar for other restricted classes of circuits. In fact, it is
not even clear if one can always get an efficient randomized algorithm
(like [KT88]) that takes a circuit from a restricted class € and outputs
circuits in € for every factor that is in €. We can do this for sparse
polynomials: use Kaltofen and Trager’s algorithm to factorise the
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{ Factorisation }

[SV10] [KSS15]
{ PIT }
[HS80; Klo4] [KIos]

{ Lower Bounds }

Figure 1.2: The connections between polynomial factorisation, polynomial
identity testing (PIT) and algebraic circuit lower bounds. An
arrow from A to B means you can use A to solve B.

sparse polynomial in polynomial time, and then use sparse multivari-
ate polynomial interpolation [KSo1; BT88] on each factor to compute
a potential sparse representation, which can finally be verified easily
using randomness.

1.0 FACTORISATION AND PIT FOR CONSTANT-DEPTH
CIRCUITS

Let us now talk about VACy, the class of polynomials computable
by constant-depth circuits. While there has been gradual progress
in PIT algorithms for restricted subclasses of VAC,[DG24], not much
attention has been given to the question of deterministically factorising
polynomials in these subclasses. A key reason, again, is the lack of
closure results for these classes, as well as a lack of understanding of
the PIT instances in the standard Hensel lifting / Newton iteration
framework for factorisation.

For general constant-depth circuits, the first subexponential time
blackbox PIT algorithm came from the breakthrough lower bounds
of Limaye, Srinivasan and Tavenas [LST25]. [CKS19] gave closure
results in the low-degree regime of parameters (when the degree
is about O(logn)), and also showed how to use their result along
with appropriate lower bounds (unknown at the time of their work)
plugged into the Kabanets-Impagliazzo hitting-set generator to obtain
subexponential time PIT for constant-depth circuits. [LST25] gave su-
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perpolynomial lower bounds against constant-depth circuits, with the
hard polynomial having low degree (about O(logn)). Combining this
with the results of [CKS19] gives us the aforementioned PIT algorithm.
Subsequently, Andrews and Forbes [AF22] gave a different subexpo-
nential PIT algorithm for constant-depth circuits, also based on the
lower bounds of [LST25] but better parameters for the complexity of
the generator. Again, one might hope that these PIT results would lead
to subexponential time algorithms for deterministically factorising
constant-depth circuits, but at this point, no such results were known.

It is natural to first think of a decision version of the factorisation
problem: given polynomials g and f, can we test if g | f? Clearly the
problem is weaker than the factorisation problem. Surprisingly, we
did not even know a non-trivial deterministic algorithm to check if a
sparse polynomial is divisible by a given constant-degree polynomial,
till a work of Forbes [Fori5]. An important contribution of [For15] is
a reduction of divisibility testing to PIT, without the enormous com-
plexity blow-up that happens in [KSS15]. Using this reduction, Forbes
converted the question of testing if a constant-degree polynomial di-
vides a sparse polynomial, to a structured depth-4 PIT question, for
which he gave a quasipolynomial time deterministic algorithm. More
generally, it is easy to observe that if g and f are in VACy, then the PIT
instance obtained in Forbes’s reduction is also in VACy.

Forbes’s reduction and his PIT results from the same work [For15]
essentially form the starting point for our results. While his reduction
is from divisibility testing to PIT (and not factorisation to PIT), we
will show that the reduction can be extended to factorisation via the
standard framework of Hensel Lifting / Newton Iteration.

1.7 OUR RESULTS

We shall now state our results (informally) in chronological order,
along with their organization in the thesis.

The first set of results obtain deterministic algorithms that output the
constant-degree factors of a constant-depth circuit in subexponential
time. For sparse polynomials, the algorithm runs in quasipolynomial
time.

Theorem 1.7.1. [Low-degree factors of constant-depth circuits] Let Q be the
field of rational numbers and € > 0, d, k € IN be arbitrary constants.

Then, there is a deterministic algorithm that takes as input an algebraic
circuit C of size s, bit-complexity t, degree D and depth k and outputs all
the irreducible factors of C of degree at most d, along with their respective
multiplicities in time (sDt)O((sPY),

When the input polynomial is sparse, i.e. has a small depth-2 circuit,
then the time complexity of the algorithm in Theorem 1.7.1 can be

9
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improved to be quasipolynomially bounded in the input size. This
gives us the following theorem.

Theorem 1.7.2. [Low-degree factors of sparse polynomials] Let d € IN be an
arbitrary constant.

Then, there is a deterministic algorithm that takes as input a polynomial f €
Q[x] of sparsity s, bit-complexity t, degree D, and outputs all the irreducible
factors of f of degree at most d, along with their respective multiplicities in
time (sDt)polyllogsDt),

Remark 1.7.3. As stated, these results work for extracting constant-degree
factors of constant-depth circuits. But, we suspect that with enough care, we
can make the proof work for slightly super-constant degree as well, essentially
because [L.ST25] gives us a lower bound of the form n® (P ™)) for a function
D (n) which grows slightly slower than O(logn). This lower bound is strong
enough to give subexponential PIT for constant-depth circuits with slightly
super-polynomial size as well, which would show up while instantiating these
results for super-constant degree factors. In view of subsequent results, it is
perhaps not very valuable to figure out the tightest setting of parameters.

These results immediately yield an algorithm (with comparable
time complexity) to check if the polynomial computed by a given low
depth circuit is a product of polynomials of degree at most d. More
concretely, we have the following corollary that follows by comparison
of degrees of the input polynomial and the low-degree factors (with
multiplicities) listed by the algorithms in the above theorems.

Corollary 1.7.4. Let Q be the field of rational numbers and € > 0, d, k € N
be arbitrary constants.

Then, there is a deterministic algorithm that takes as input an algebraic
circuit C of size s , bit-complexity t, degree D and depth k and decides if C
is a product of irreducibles of degree at most d in time (sDt)O((sPV),

Moreover, when f is a sparse polynomial with sparsity s, then the algorithm

runs in (sDt)Poly(108sD) tjp0

These results are from [KRS23], and we will present these results in
Chapter 2.

Our second set of results begins with a subexponential time deter-
ministic algorithm that takes a constant-depth circuit as input and
output a subexpontial size list of polynomial size circuits with division
gates, such that every constant-depth factor of the input polynomial
has a representative in the output list, but there could be spurious
factors as well.

Theorem 1.7.5. [Subexponential list containing constant-depth factors of
constant-depth circuits] Let Q be the field of rational numbers and € > 0,
A1,A; € N be arbitrary constants.

Then, there is a deterministic algorithm that takes as input an algebraic
circuit C € (ZTT)A1) of size s, bit-complexity t and degree D, along with a
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size parameter m, and outputs a list of circuits L ={Cy,..., C;} with the
following properties.

1. Each Ci € L is an arithmetic circuit of size poly(s, m, D) and bit-
complexity poly(t, s, D, m), with division gates.

2. For every irreducible factor g of C with a size m (ZTT)(A2)circuit
computing it, there exists a C; € L such that Cy computes g.

The size of the list L as well as the running time of the algorithm are bounded
above by O(smDt)©(smDt)®),

This result is from [Kum+24] and we present it in Chapter 3.

As a consequence of the beautiful results of Andrews and Wigderson
[AW24], we then get the following improved result — a subexponential
time deterministic algorithm that takes a constant-depth circuit as
input and output a polynomial size list of polynomial sized circuits
with division gates, such that every factor (and not just every constant-
depth factor) of the input polynomial has a representative in the
output list, along with potential spurious factors.

Theorem 1.7.6. [Polynomial-sized list containing constant-depth factors of
constant-depth circuits, in subexponential time] Let Q be the field of rational
numbers and € > 0, A € IN be arbitrary constants.

Then, there is a deterministic algorithm that takes as input an algebraic
circuit C € (ZTT)A) of size s, bit-complexity t and degree D, and outputs a
list of circuits L ={Cy, ..., C;+} with the following properties.

1. Each C; € L is an arithmetic circuit of size poly(s,D) and bit-
complexity poly(t, s, D), with division gates.

2. For every irreducible factor g of C, there exists a Cy € L such that C;
computes g.

The size of the list L is poly(d). The running time of the algorithm is bounded
above by O(sDt)C((sPVT),

We present a sketch of this improved list-factoring theorem in Chap-
ter 4.

The next result obtains the cleanest improvement one could imagine
without getting a closure result: a deterministic subexponential time
algorithm that takes a constant-depth circuit as input and outputs
polynomial-sized (division-free) circuits for exactly all the factors of
the input polynomial.

Theorem 1.7.7. [Deterministic subexponential time algorithm for factorising
constant-depth circuits] For every constant € > 0, constant A € IN and
sufficiently large n, the following statement is true.

There is a deterministic algorithm that takes as input an algebraic cir-
cuit C over the field Q on n variables with depth A, and size and degree
poly(n), runs in time exp(O(n€)) and outputs algebraic circuits (of poten-
tially unbounded depth) for all irreducible factors of C, together with their
multiplicities.

1"

A priori, not every
factor of a
constant-depth
circuit needs to have
a constant-depth
circuit, but this is
true in hindsight,
due to the results
from Chapter 6.
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This result is from [Bha+25c] and we present it in Chapter 5.

Before we state our final set of results, we first state a closure
theorem proven in [Bha+25b]. The theorem states that constant-depth
circuits, formulas and essentially any circuit class that is closed under
taking “constant-depth” combinations, are closed under factoring.

Theorem 1.7.8. [Closure under factorisation [Bha+25b]] Let IF be a field of
characteristic zero, f be a polynomial on n variables of degree d over F and g
be a factor of f. Then, the following are true.

If f can be computed by an algebraic circuit of size s and depth A over
IF, then g can be computed by an algebraic circuit of size poly(s, d, ) and
depth A+ O(1) over IF.

If f can be computed by an algebraic formula of size s over IF, then g can
be computed by an algebraic formula of size poly(s, d, n) over IF.

As a consequence of the proof of the closure result, we obtain
stronger guarantees for the aforementioned deterministic algorithm —
the algorithm outputs formulas or circuits (depending on the input)
with an O(1) increase in depth—, along with a much simpler analysis.

Theorem 1.7.9. Let [F be the field of rational numbers. Fix any constant
A € N and ¢ > 0. Then, there is a deterministic algorithm Aa . that
takes as input a size s depth-A circuit for a degree d polynomial P(X) €
F[x1,...,xn] and outputs circuits of size poly(s, d) and depth A+ O(1) for
each irreducible factor g(x) of P(x), along with their multiplicities. Moreover,
Ap e runs in time poly(s, d)© ™).

This result is from [Bha+25b] and we present it in Chapter 6. While
we won't include a proof of Theorem 1.7.8 as a part of this thesis, we
will include a proof of Theorem 1.7.9 using the closure results.

BIT-COMPLEXITY IN CHAPTERS 4 To 6: While Theorems 1.7.6, 1.7.7
and 1.7.9 do not explicitly mention how the bit-complexity of the input
circuit shows up in the running time or the complexity of the factors,
the operations in our algorithms/results are essentially all the same —
e.g. interpolation, evaluation of formulas/constant-depth circuits, etc.,
— and with the same proofs, we can show that the bit-complexities of
all the rational numbers and the circuits that show up along the way
remain polynomially bounded in the input parameters.

DEPENDENCE OF RUNNING TIME ON DEPTH: The running time
of our algorithms do not significantly depend on the depth of the
input circuit. The running time of these factorisation algorithms is
essentially the same as the running time of polynomial identity testing
for relevant circuit classes. The proof from [Klo4], when instantiated
with the superpolynomial lower bounds from [LST25] along with the
required closure results [CKS19; Bha+25b], leads to a running time of
sOM%) for any ¢ > 0, regardless of the depth of the input circuits. Our



results, like most of complexity theory, are asymptotic in nature, and
the input length for which an algorithm’s guarantees kick in might
subtly depend on the depth of the circuit being considered.

1.8 THE IDEAS

We shall now give an overview of the main ideas in our proofs. Con-
sider the following outline which is used in all known circuit factori-
sation algorithms.

1. Preprocessing: Ensure that the polynomial f(X,y) is monic,
squarefree, etc.

2. Projection: Map f(X,y) to a univariate polynomial F(y) while
preserving some information about factors. For instance, set
X = « for some @ € F™ which ensures that the (squarefree)
polynomial remains squarefree after the projection.

3. Univariate factorisation: Factorise the univariate projection F(y)
using an algorithm appropriate for the setting (underlying field,
randomized vs deterministic, etc.)

4. Lifting: Use Newton iteration or Hensel lifting to lift the uni-
variate roots or factors to approximate roots or factors of the
polynomial.

5. Recovery: From a sufficiently good approximate root/factor, re-
cover an original factor. Typically done by solving an appropriate
linear system.

Conceptually, an important bottleneck for derandomization is the
second step. At the heart of all our results, we have some structural
observations which give us a way of deterministically finding a pro-
jection that preserves some information about factors.

LOW-DEGREE FACTORS OF CONSTANT-DEPTH CIRCUITS: In our
first set of results, we obtain a deterministic algorithm for computing
the low-degree (constant-degree) irreducible factors of a constant-
depth circuit. Intuitively, we would like to ensure that low-degree
factors do not “mix” with the other factors after we project to the
univariate setting. More formally, if f(X,y) = g(X,y) - h(X,y), where g
is a low-degree irreducible polynomial and ged(g, h) = 1, we would
like to find & € F™ so that ged(g(x,y), h(x,y)) = 1. The Resultant
of g and h captures this gcd condition: the Resultant of g(x,y) and
h(x,y) (with respect to the variable y) is a non-constant polynomial
if and only if their gcd is non-trivial. By finding a point &« which
ensures that the non-constant Resultant remains non-constant, we can
ensure that gcd(g(o,y), h(«,y)) = 1. Crucially, when g is a low-degree
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factor and f has a constant-depth circuit, this Resultant provably has
a constant-depth circuit. Thus, we can use hitting-set generators for
constant-depth circuits to find a suitable projection.

AN ATTEMPT TO FIND ALL CONSTANT-DEPTH FACTORS: Suppose g
is an irreducible factor of f, where both f and g have constant-depth
circuits and g 1 (f/g). At this point, it is not too hard to show that the
quotient h = f/g also has a constant-depth circuit. Taking a hint from
the aforementioned outline of factorisation algorithms, one could try
and ask for a sufficient condition to ensure that Newton iteration can
be used for recovering g. In Newton iteration, we start with a (scalar)
root of the univariate projection of g, lift it to an approximate (polyno-
mial) root of g, and then recover g from it. Intuitively, if we could find
some « such that g(&,y) 1 h(x,y) —i.e. the univariate projection of g
does not get subsumed by the univariate projection of h — then we can
say that we have preserved some information about g. More formally,
we can prove that Newton iteration works if the univariate projection
of g has a root of multiplicity one®, which is not a root of the univariate
projection of h. One way to satisfy this condition is via the Resultant of
g and h: by ensuring that the Resultant of g and h remains non-trivial
post-projection, we can ensure that ged(g(%, y), h(x,y)) is trivial, and
in particular, g(, y) 1 h(x,y). Unfortunately, at the time of [Kum+24],
it wasn’t known that the Resultant of two constant-depth circuits has a
constant-depth circuit (which follows from [AW24]). Thus, this reduc-
tion to PIT was not known to be a reduction to PIT for constant-depth
circuits. But notice that the Resultant tries to maintain the triviality of
gcd(g(X,y), h(x,y)), which is stronger than our requirement of finding
some « such that g(&,y) { h(x,y). Just by itself, our requirement is a
divisibility preservation condition, and using Forbes’s idea, we can
convert this to a PIT instance (which is in VACy when g and f are in
VACy) and find a good projection x.

Since we don’t actually know the factors, we can go over all the
projection options from the hitting set (for each correct factor g | f,
there exists a good projection ®g), and then try to do a divisibility
test in the end to weed out spurious factors. The problem with the
divisibility test is that Newton iteration leads to a blow-up in depth
and the candidate factors need not have constant-depth circuits. In
particular, using a hitting-set generator for constant-depth circuits
need not work to check the divisibility of candidate factors. Thus, the
best we can do is output a list of unbounded-depth circuits with some
circuit for each irreducible factor, but also some circuits for spurious
factors.

Since the resulting algorithm runs in subexponential time, the out-
put list could be subexponentially large. When we use the results in

The multiplicity one requirement is similar to how Newton iteration does not work
at stationary points.



1.8 THE IDEAS |

[AW24], we can guarantee that the list will be at most polynomially
large; the reason for this is explained in Chapter 4.

EXACTLY ALL THE FACTORS: Recall that in the factorisation algo-
rithm, we first compute approximate roots for the (pre-processed)
input polynomial (these are truncations of power series roots), and
then we recover the actual factor by solving a linear system to find the
minimal polynomial for the approximate root. If ¢1(x),..., da(x) are
the power series roots, then each factor is equal to | [; . (y — $i(X)) for
some subset S C [d]. Moreover, if c/b; (x),..., d)Nd(%) are approximate
roots of sufficient accuracy, then it is easy to show that each factor

is equal to |J[;cs(y — dADZ(i)) . for some subset S C [d] and some

truncation parameter D. In other words, if we knew the right partition
of roots into conjugates, then it is easy to recover factors. In [Bha+25¢],
we show that a specific hitting-set generator for constant-depth cir-
cuits, when used as a variable-reduction map, ensures that conjugate
roots stay together, i.e. it preserves the irreducibility of each factor.
The specific hitting-set generator is obtained by plugging in the hard
polynomial from [LST25] into the hardness vs randomness framework
of Kabenets and Impagliazzo [Klo4], aided by the structural results
of [CKS19]. To prove this, we show that irreducibility testing reduces
to PIT. Curiously, the PIT instances that show up in this reduction
were not known to be constant-depth circuits at the time of [Bha+25c];
nonetheless, we were able to show that a hitting-set generator for
constant-depth circuits preserves the nonzeroness of these instances.

The algorithm for obtaining circuits for exactly all irreducible factors
proceeds as follows. After the preprocessing step, we use the [Klog;
LST25; CKS19] hitting-set generator to project the input polynomial to
a low-variate setting and then use a dense-representation factorisation
algorithm to figure out the right partition of approximate roots into
conjugates. Then, we can compute these approximate roots via Newton
iteration and combine them (using simple products and truncation) as
mentioned earlier.

SIMPLER PROOF AND STRONGER GUARANTEES: The results of

[Bha+25b] show that factors of constant-depth circuits have constant-
depth circuits. The proof proceeds by first showing that approximate
roots of a polynomial can be computed with only a constant-depth
overhead, using a result of Furstenberg [Fur67], which gives an ex-
plicit and succinct expression for power-series roots of polynomials.
Thus, the PIT instances that show up in the reduction from irreducibil-
ity testing to PIT, also end up being constant-depth circuits. With
this proof, we show that any hitting-set generator for constant-depth
circuits (and not just the one using [Klo4; LST25; CKS19]) will pre-
serve the irreducibility of factors of constant-depth circuits. Moreover,
the algorithm mentioned in the previous paragraph can now output

15
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constant-depth circuits for each irreducible factor since each factor is
formed by a simple combination of approximate roots (which now
have constant-depth circuits that can be efficiently computed).

2023

2024
2024
2024
2025

2025

l

[KRS23]: Low-degree factors of
constant-depth circuits in subexp time

[Kum+24]: Subexponential-size list con-
taining constant-depth factors

Andrews-Wigderson [AW24]: GCD,
resultant, and other operations in
constant-depth

[Kum-+24] + [AW24]: Polynomial-sized
list containing all factors, in subexpo-
nential time

[Bha+25c]: Complete factorisation of
constant-depth circuits in subexponen-
tial time

[Bha+25b]: Closure under factorisation
+ simplified algorithm + stronger guar-
antees

Figure 1.3: A summary and timeline of our results in polynomial factorisa-
tion of constant-depth circuits; the result in green is from [AW24]
and included as an important milestone. The final result (in yel-
low) includes closure results that are not a part of this thesis.

1.0 ORGANIZATIONAL REMARKS

o There is a lot of overlap in the preliminaries required for each
chapter. We introduce most of these preliminaries in Chapter 2,
and then we introduce new preliminaries in each chapter when-
ever we require it. Thus, we avoid too many repetitions without
having a separate chapter covering all the preliminaries.
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e Something slightly peculiar about this thesis is that the results
of each chapter are subsumed by the results of subsequent chap-
ters. Nonetheless, we present all the results in their chronological
order to present a story of how progress happened. As a con-
sequence, some parts of a chapter might refer to, say, certain
open problems, which might be solved in a subsequent chapter.
We retain these temporal artifacts with explanatory comments
where necessary.
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ANCIENT HISTORY: BEFORE
ANDREWS-WIGDERSON

In shadow lay the secret of roots,
Where factors hid in circuits deep.
Many sought, but few could find

The path through darkness to what binds.






2 LOW-DEGREE FACTORS OF
CONSTANT-DEPTH CIRCUITS

2.1 OVERVIEW

As mentioned in the introduction, till a work of Forbes [For1is], we
did not even know a non-trivial deterministic algorithm for testing
whether a given constant-degree polynomial divides a given sparse
polynomial. The first step in our journey will be the following theorem
(as stated in the first chapter), which gives a deterministic subexpo-
nential time algorithm that takes a constant-depth circuit as input and
outputs all constant-degree factors (where the constants are prespeci-
fied to the algorithm).

Theorem 1.7.1. [Low-degree factors of constant-depth circuits] Let Q be the
field of rational numbers and € > 0, d, k € IN be arbitrary constants.

Then, there is a deterministic algorithm that takes as input an algebraic
circuit C of size s, bit-complexity t, degree D and depth k and outputs all
the irreducible factors of C of degree at most d, along with their respective
multiplicities in time (sDt)C((sPY),

We note that the bit-complexity of an algebraic circuit/formula is a
measure of the bit-complexities of the rational numbers appearing in
the circuit. See Definition 2.3.1 for a formal definition.

When the input polynomial is sparse, i.e. has a small depth-2 circuit,
then the time complexity of the algorithm in Theorem 1.7.1 can be
improved to be quasipolynomially bounded in the input size. This
gives us the following theorem.

Theorem 1.7.2. [Low-degree factors of sparse polynomials] Let d € IN be an
arbitrary constant.

Then, there is a deterministic algorithm that takes as input a polynomial f €
Q[x] of sparsity s, bit-complexity t, degree D, and outputs all the irreducible
factors of f of degree at most d, along with their respective multiplicities in
time (sDt)Poly(logsDt)

These results immediately yield an algorithm (with comparable
time complexity) to check if the polynomial computed by a given low
depth circuit is a product of polynomials of degree at most d. More
concretely, we have the following corollary that follows by comparison
of degrees of the input polynomial and the low-degree factors (with
multiplicities) listed by the algorithms in the above theorems.

Corollary 2.1.1. Let Q be the field of rational numbers and e > 0, d, k € N
be arbitrary constants.

21
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Then, there is a deterministic algorithm that takes as input an algebraic
circuit C of size s , bit-complexity t, degree D and depth k and decides if C
is a product of irreducibles of degree at most d in time (sDt)©9 (DY),

Moreover, when f is a sparse polynomial with sparsity s, then the algorithm
runs in (sDt)POy (08 sD) fipe

Field dependence of our results

We end this section with a remark about the field dependence of our
results. The field dependence in our results stems from two reasons.
We need an efficient deterministic algorithm for factorisation of uni-
variate polynomials over the underlying field FF. In addition to this,
our proofs also need non-trivial deterministic algorithms for polyno-
mial identity testing (PIT) for constant-depth circuits (or very special
depth-4 circuits for Theorem 1.7.2) over the underlying field.

The field of rational numbers satisfies both these requirements: a
classical algorithm of Lenstra, Lenstra and Lovasz[LLLS82] solves the
problem of deterministic univariate factorisation efficiently over Q
and a recent work of Limaye, Srinivasan and Tavenas [LST25] gives
a subexponential time deterministic algorithm for PIT for constant-
depth circuits over Q. For Theorem 1.7.2, the relevant PIT is for special
depth-4 circuits and was given in a work of Forbes [For15]. In fact,
Forbes’ result holds even over finite fields.

We restrict our attention to just the field of rational numbers in the
presentation although our results work over any large characteristic
field that supports the above requirements.

Related work

In a recent paper [DbT24], Dutta, Sinhababu and Thierauf generalized
and simplified our results. Along with some other results, they showed
that a whitebox PIT algorithm is sufficient to compute low-degree
factors of a constant-depth circuit, whereas our reduction requires
blackbox PIT algorithms.

2.2 PROOF OVERVIEW

We now give an overview of some of the main ideas in our proofs.
In a nutshell, our proofs are based on relatively simple structural
observations on top of the existing factoring algorithms. The key is to
understand the structure of circuits for which we need a PIT algorithm
at every step a little better, and when looking for low-degree factors,
we observe that these PIT instances are relatively simple and their
circuit complexity is comparable to the circuit complexity of the input
polynomials themselves. We also crucially use the divisibility testing
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idea of Forbes [Foris] in our algorithm at two stages; this helps us
handle factors of large multiplicities and also lets us obtain true factors
from the output of Hensel Lifting step of the factorisation algorithms.
This idea again helps in reducing the complexity of the PIT instance
we face in these steps, and in particular, we completely avoid the
linear systems solving step in a typical factorisation algorithm that
naively (e.g. see [KSS15]) seems to require PIT for algebraic branching
programs. Once the PIT instances are shown to be relatively simple,
we invoke the PIT algorithms of Forbes [For15] and Limaye, Srinivasan
& Tavenas [LST25] to solve these deterministically.

TYPICAL STEPS IN A POLYNOMIAL FACTORISATION ALGORITHM:  Most
factorisation algorithms (and ours, modulo minor deviations) follow
this template:

1. Making f monic: Apply a suitable transformation of the form
Xi — Xi + &4y to ensure that f is monic in y. We may now assume
that f € Q[x, yl.

2. Preparing for Hensel lift: Ensure that f(X,y) is square-free, and
further that f(0,y) is also square-free.

3. Univariate factorisation: Factorise the univariate polynomial
f(0,y) as a product go(y) - ho(y) where gcd(go, ho) = 1. This
can be intepreted as a factorisation f(X,y) = go - ho mod J where

J=(x).
4. Hensel lifting: Compute an iterated lift to obtain f = g - hy mod
72 for a suitably large ¢.

5. Reconstruction: From g, obtain an honest-to-god factor g of f
(unless f is irreducible).

The first two steps typically involve the use of randomness for
suitable polynomial identity tests. In the first step, we would like
to be a point that keeps the highest degree homogeneous component
of f non-zero, and the second step is handled by translating f by a
point & that keeps the “discriminant” of f non-zero. The Hensel lift is
a deterministic subroutine that eventually yields small circuits for the
lifted factors and the reconstruction step typically involves solving a
linear system. It is mostly due to the “discriminant” that we do not
have efficient deterministic factorisation algorithm even for constant-
depth circuits as the best upper bound for the discriminant we have is
an algebraic branching program and we do not have efficient hitting
sets for them.

For our case, it is instructive to focus on a specific factor g of f and
understand what would be required to make the above template yield
this factor. The first observation is that the base case of Hensel Lifting
does not require f to be square-free but rather that the factor g we
intend to reconstruct satisfies g|f and g2 { f. For now, let us assume
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this and also that f (and hence g and h also) is monic in y. We have
that gcd(g, h) = 1 but for the Hensel lift, we also need to find a § that
ensures that gcd(go, ho) = 1 where go = g(8,y) and ho = h(8,y). The
set of “good” §’s is precisely the points that do not make the resultant
Resy (g, h) zero and thus we want to understand the circuit complexity
of this resultant.

The resultant Resy (g, h) is the determinant of a matrix of dimension
O(degy(g) + degy(h)) and its entries are coefficients of g,h when
viewed as univariates in y. However, we are only given that f is
computable by a constant-depth formula and we do not have any
good bound on the complexity of h. We circumvent this by working
with a pseudo-quotient (introduced by Forbes [Foris] in the context of
divisibility testing) h of f and g; we work with Resy (g, h) and show
that it is also computable by constant-depth circuits of not-too-large
size. Fortunately, the result of Limaye, Srinivasan and Tavenas [LST25]
yields sub-exponential sized hitting sets for constant depth formulas
and that enables us to avoid the use of randomness to prepare for the
Hensel Lifting step.

We can then factorise the univariate polynomial f(§,y) and attempt
all possible factors go of degree at most d to begin the lifting process
from go - hg (Where hy = (5,y)/go). After an appropriately large lift,
we have small circuits (of possibly unbounded depth) computing g,
and hg such that f = f(Xx+5,y) = g¢ - he mod 72", If gq is guaran-
teed to be monic, and the initial choice of go was indeed g(5,y), the
uniqueness of Hensel lifting would ensure that g, is indeed equal
to g (after truncating higher order terms). We can then use standard
interpolation to obtain g, explicitly written as a sum of monomials.
Finally, to ensure that g, is indeed a legitimate factor of f, we perform
divisibility testing to check if g¢ | f.

HANDLING FACTORS OF LARGE MULTIPLICITY: The above overview
is all we need to obtain any factor g of degree O(1) that divides f with
g? 1 f. In order to handle factors with higher “factor-multiplicity”,
we use a simple observation that g¢~' | f but g¢ { f if and only if g
divides f, 04f, ..., ay a—1f but not 9yaf. We run our algorithm for each
of the partial derivatives to collect the list of candidate factors, and
eventually prune them via appropriate divisibility tests.

THE SPECIFIC CASE OF LIT-FORMULAS (OR SPARSE POLYNOMIALS):
The above sketch yields a sub-exponential time algorithm for obtaining
O(1)-degree factors of constant depth formulas. However, with some
additional care, we obtain a quasipolynomial time algorithm in the
case when f is a sparse polynomial. The key observation for this is
that we do not really need f to be made monic for the above approach,
but we only need g to be monic to exploit the uniqueness of Hensel
lifts. Since g is a polynomial of degree at most d = O(1), we can find
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a low Hamming weight vector o such that g(x +y«) is monic in y. This
allows us to control the sparsity increase of f in the process and we
show that the relevant resultant is a polynomial of the form

Z monomial; - (O(1)-degree)€t.

1

Forbes [For15] shows that there are quasipolynomial size hitting sets
for such expressions and we use this instead of the more general
hitting set of Limaye, Srinivasan and Tavenas [LST25].

2.3 PRELIMINARIES

This section consists of all the necessary building blocks to describe
and analyse (in Section 2.4) the main algorithm.

Notation

1. Throughout this chapter (and the rest of the thesis), we work
over the field Q of rational numbers. For some of the statements

that are used more generally, we use FF to denote an underlying
field.

2. We use lower case letters with an overline like X, y, a to denote
tuples, e.g. X = (x1,X2,...,%n). The arity of the tuple is either
stated or will be clear from the context.

3. For a polynomial f and a non-negative integer k, Homy[f] de-
notes the homogeneous component of f of degree equal to k.
Hom [f] denotes the sum of homogeneous components of f of
degree at most k, i.e.,

Kk
Homy [f] := Z Hom; [f].
i=0

4. The sparsity of a polynomial f is the number of monomials with
a non-zero coefficient in f.

5. We will refer to product-depth k circuits as (ZIT)* circuits, with
the root gate being + and the deepest layer of gates being x.
Since any constant depth algebraic circuit of depth k and size
s can be converted to a formula of depth k and size s**! i.e.
poly(s), we will use the terms circuits and formulas interchange-
ably, without any loss in the final bounds we prove.

6. Let f and g be multivariate polynomials such that g | f. Then,
the multiplicity or factor multiplicity of g in f is defined to be the
greatest integer a such that g¢ divides f.

25
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2.3.1  Circuit/formula bit-complexity

Definition 2.3.1 (Bit-complexity of a circuit/formula). The bit-complexity
of a circuit/formula C, denoted by bit(C), is defined as the sum of size(C)
and the bit-complexities of all the scalars’ present on edges or leaves. By
default, any edge that does not have a scalar on it will be assigned the scalar

1. O

Lemma 2.3.2 (Bit-complexity of evaluations of formulas). Let C be a
formula of bit-complexity s computing a polynomial f(x). If @ € Q™ with
each entry of @ having bit-complexity b, then the bit-complexity of f(a) is at
most s - b.

(Proof deferred to Section 2.6)

2.3.2 Relevant subclasses of algebraic circuits

We briefly define subclasses of algebraic circuits that we would use
often in this chapter.

Definition 2.3.3 (Power of low-degree polynomials). For a parameter
d € Zx, let Deg 4 refer to the class of polynomials of degree at most d. We
use (Deg 4)* to denote the class of polynomials that are powers of polynomials
of degree at most d. O

Definition 2.3.4 (£ ((ZIM)(¥) - (Deg,)*)-formulas). We will use

s ((zn)“‘) : (Degd)*)

to denote the subclass of algebraic formulas that compute expressions of the
form
2_fiot
i

where each fi is a (ZTT)(k) formula and each g; is a polynomial of degree at
most d and ey’s are arbitrary positive integers. The size and bit-complexity of
the above expression is defined as its size and bit-complexity when viewed as
a general algebraic formula. O

Observation 2.3.5. Let C be the class of £ ((Zﬂ) (k). (Degd)*) formulas for
fixed parameters k and d. Suppose P1, ..., Py are polynomials computed by
= ((zm®) . (Deg,)*) formulas of size s and bit-complexity b each. Then,

o Y i Py is computable by an £ ((£M)) - (Deg,)*) formula of size at
most t - s and bit-complexity at most O(t - b).

o [1; Ps is computable by an £ ((£M)) - (Deg,)*) formula of size at
most s©) and bit-complexity at most bO ).

(Proof deferred to Section 2.6.)

1 For a rational number r = p/q, its bit-complexity bit(r) is defined as log(max(Ip|,Iql))
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2.3.3 Standard preliminaries using interpolation

Lemma 2.3.6 (Univariate interpolation). Let f(x) = fo +f1x+- - - +fgx¢
be a univariate polynomial of degree at most d. Then, for any 0 < 1 < d and
there are* field constants xo, ..., xq and Bro, ..., Bra such that

fr = Brofloo) +- -+ Braflaxa).

Furthermore, the bit-complexity of all field constants is bounded by poly(d).
O

Lemma 2.3.7 (Computing homogeneous components). Let f € Q[x] be
an n-variate degree d polynomial. Then, for an 0 < i < d, there are field
constants xo, ..., xq and Bio, Pia of bit-complexity poly(d) such that

Hom; (f) = Biof(oo - X) + -+ + Biaflaxg - X).

In particular for € = (£TN)* or £ ((ZTT)* - (Deg4)*), if f is computable by
C-formulas of size / bit-complexity at most s then Hom, (f) is computable by
C-formulas of size / bit-complexity at most poly(s, d).

Lemma 2.3.8 (Computing partial derivatives in one variable). Let
f € Q[x] be an n-variate degree d polynomial. Then, for an 0 < v < d, there
are field elements ;s and B;'s in Q of bit-complexity poly(d) such that

d
ZX% : (Biof(‘XO/XZI---/Xn) +-+ Bidf((xd/XZ/- "IXTL))

i=0

orf
0x]

In particular for € = (ZTD* or L ((£TN)* - (Deg,)*), if f is computable

by C-formulas of size / bit-complexity at most s then 3; is computable by

C-formulas / bit-complexity of size at most O(s - d3).

Proof. We may consider the polynomial f as a univariate in x7, and
extract each coefficient of x} using Lemma 2.3.6 and recombine them
to get the appropriate partial derivative. That justifies the claimed
expression.

As for the size, note that if € is (ZIM)* or £ ((£T)* - (Deg4)*), mul-
tiplying a size s formula by x!, by using distributivity of the top
addition gate, results in a C-formula of size at most s - d. Thus, the
overall size of the above expression for the partial derivative is at most
O(s-d3). O

We will be making use of the following identity (which can be
proved via appropriate interpolation as well).

Lemma 2.3.9 (Fischer’s identity [Fisg4; Ell69]). If IF is a field of char-
acteristic zero or larger than D, then for any positive integers eq, ..., en

In fact, for any choice of distinct xg,...,aq, there are appropriate Bo,...,Bra
satisfying the equation. If the «;’s are chosen to have small bit-complexity, we can
obtain a poly(d) bound on the bit-complexity of the associated 3,i’s.
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with ) ey = D, there are homogeneous linear forms Ly,..., L, and field
constants x1,. .., of bit-complexity poly(d, n) such that

T
€1 en __ 1D
Xq ---xn“—g oLy
i=1

2.3.4 Polynomial identity testing

Lemma 2.3.10 (Polynomial Identity Lemma [Ore22; DL78; Sch8o;
Zip79]). Let f € QIx] be a non-zero n variate polynomial of degree at
most d. Then, for every set S C Q, the number of zeroes of f in the set
SM =S xS x---xSisat most d|S"T.

Definition 2.3.11 (Low Hamming weight hitting set for low degree
polynomials). Let n > d > 0 be integer parameters. Fix a set Tq C Q
consisting of size (d + 1). The hitting set H(d, ) is defined as

[n]

ﬂ{(d,n):{(a1,...,an) : Se (<d

) , ay €Tq foralli€ Sand a5 =0 forallj ¢ S}.
The size of the above set is at most (gd) (d+1)4 =nOD) Fyrthermore,
choosing Tq to consist of elements of Q of bit-complexity poly(d), the bit-
complexity of the set 3((d,n) is bounded by nC(4) as well. O

The following lemma is an easy consequence of Lemma 2.3.10 and
will be crucial for parts of our proof. We also include a short proof
sketch.

Lemma 2.3.12. Let f € Q[X] be a non-zero n variate polynomial of degree at
most d. Then, there exists a vector @ € H(d,n) C Q™ such that f(a) # 0.

(Proof deferred to Section 2.6.)

Theorem 2.3.13 (PIT for constant depth formulas (modification of
Corollary 6 [LST25])). Let € > 0 be a real number and F be a field of
characteristic 0. Let C be an algebraic formula of size and bit-complexity s <
poly(n), depth k = o(logloglogn) computing a polynomial on n variables,
then there is a deterministic algorithm that can check whether the polynomial

computed by C is identically zero or not in time (s©F) . n)Oe((sD)7),

Theorem 2.3.14 (PIT for ((Zﬂ)(” . (Degd)*) (Corollary 6.7, [For15])).
Let t > 1. Then, the class C = £ (X)) - (Deg )*) that computes poly-
nomials of the form Y _; f; - gidi with each fi being s-sparse and each
deg(gi) < d hasa poly(n, s, dlog s)-explicit hitting set of size poly(s)©(d108s),

We will also crucially use the following lemma that gives an algo-
rithm to obtain the coefficient vector of a polynomial from an algebraic
formula computing it. In our setting, we invoke this algorithm only for
low degree polynomials, and in that case, we can tolerate the runtime
of this algorithm within our budget.
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Lemma 2.3.15 (Interpolating a low degree multivariate polynomial).
There is a deterministic algorithm that, when given a parameter d and an
n variate algebraic formula C € Q[x] of size at most s, bit-complexity at
most b and degree at most d, outputs the coefficient vector of the polynomial
computed by C.

The algorithm runs in time poly(s,b,n4).

(Proof deferred to Section 2.6.)

2.3.5 Deterministic divisibility testing and PIT

Definition 2.3.16 (Pseudo-quotients). Let f, g € Q[x] be non-zero poly-
nomials with g(0) = B # 0. The pseudo-quotient of f and g is defined
as
f(x
Homgg, g, ((?) (+§+"+ -+ Qdfdg))

where d¢ = deg(f), dg = deg(g) and g =1— %.

More generally, if x € Q™ is such that g(x) # 0, the pseudo-quotient
of f and g translated by & is defined as the pseudo-quotient of f(X + &)
and g(xX + ). O

The following lemma immediately follows from the above definition
and Lemma 2.3.7.

Lemma 2.3.17 (Complexity of pseudo-quotients). Suppose k > 1 and
f(X) € (ZTN* and g(x) € Deg , of sizes at most s1,s2 respectively, and
suppose g(0) # 0. Then, the pseudo-quotient of f, g is computable by the
C-formulas of size at most poly(s1, s2), where C = £ ((£TT)* - (Deg,)*).

Theorem 2.3.18 (Divisibility testing to PIT [Foris]). Let f(x) and g(x) be
non-zero n variate polynomials of degree dy and d, respectively over a field
Q such that g(o) = B # 0. Then, g divides f if and only if the polynomial
R(X) defined as

R(X) = f(x) = g(x)Q(x)

is identically zero, where Q(X) is the pseudo-quotient of f and g.

An immediate consequence of this theorem is the following corollary
that takes into account the depth of an algebraic formula computing
the polynomial R(x) given above, assuming that f and g themselves
can be computed by a low depth formula.

Corollary 2.3.19 (Divisibility testing to PIT for constant depth formulas
[Foris]). Suppose f(X) is a non-zero n-variate polynomial computed by a
(ZTN)* formula of size s, and suppose g(x) is a polynomial of degree at most
d with g(0) = B # 0. Then, we can test if g divides f in time T(k,d,s’)
where s’ = poly(s,d) and T(k, d, s) is the time required to test polynomial
identities of the size s expressions of the form

I ((ZM* - (Deg,)*) -
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(Proof deferred to Section 2.6.)

Theorem 2.3.20 ([Fori5]). Let [F be any sufficiently large field. Then, there
is a deterministic algorithm that takes an input two polynomials f and g and
parameters d, D,n, s, where f is an n-variate polynomial of degree at most D
and sparsity s; g is an n variate polynomial of degree d, and outputs whether
g divides f or not in time exp(O(dlogz snDd)).

2.3.6 Resultants

Definition 2.3.21 (The Resultant). Let R be a commutative ring. Given
polynomials g and h in R[y], where:

gy)=go+--+y%-ga
h(y)=ho+y-hi+---+y° -hp

with gq and hp # 0 the Resultant of g and h, denoted by Resy (g, h), is
the determinant of the (D + d) x (D + d) Sylvester matrix T of g and h,
given by:

ho Ry ... hp
ho ... hp
=190 Jga
go .- 9a
i go .- 9a |

O

Lemma 2.3.22 (Resultant and ged (Corollary 6.20 [GG13])). Let R be a
unique factorisation domain and g, h € R[y] be non-zero polynomials. Then:

degy(gcd(g,h)) >0 <= Resy(g,h) =0
where ged(g, h) € R[y] and Resy(g,h) € R.

In this chapter, R will be Q[x] (which is a unique factorisation
domain), and Resy (g, h) will denote the resultant of g,h € Q[x][y]
when considered as polynomials in R[y]. We might also occasionally
refer to it as the y-resultant of g and h. For more details about the
resultant as well as a proof of the above lemma, we refer the reader to
von zur Gathen and Gerhard’s book on computer algebra (Chapter 6,
[GG13]). We mention a simple observation from the above definition
that would be useful for this chapter.

Observation 2.3.23 (Resultant under substitutions). Suppose g(x,y) =
go(X)+g1(X)y+--- ga(X)y® and h(x,y) = ho(X) +h (X)y + - +hp (X)y°
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with gq,hp # 0. Then, for any a € Q™ that ensures ga(a),hp(a) #0,
we have

(Resy (g, h))(a) = Resy(g(a,y), h(a,y)). O

2.3.7 Hensel Lifting

Now we will state the definition of a lift and the main lemma for
Hensel lifting. For more details, one can look up some of the cited
papers or the standard references in computational algebra [KSS15;
ST20; GG13; Sudg8].

Definition 2.3.24 (Hensel lifts). Let I C Q[x, y] be an ideal. Let f, g, h,u,v €
QIx,yl such that f = gh mod J and ug+vh = 1 mod J. Then, we call
g’,h' € QIx, yl a lift of g and h if:

1. f=g’h/ mod 72,
2. ¢’ =gmod Jand h' = hmod J, and
3. Ju/,v' € Qx,yl st u'g’ +v'h/ =1 mod 2. O

For the rest of the section, we define J to be the ideal (x1,...,xn)
and Jy := 72"

Lemma 2.3.25 (Iterated monic Hensel lifting (Lemma 3.4 [KSS515])).
Suppose we’re given f,g,h € QI[x,y] such that f = gh, g is monic in y
and ged(g, h) = 1. We are also given go,ho,uo,vo € QI[X,y] such that
go = gmod J, hop = hmod J and upgo +voho = 1 mod J. Then, for
all k € N,k > 1, we can compute gy, hy, wi, vic € Q[x,yl , with each gy
being monic, such that the following conditions hold:

1. The pair gy, hy is a lift of gx—1, hx—1, with ux gy +vichx = 1 mod
Jx; in particular, f = gixhx mod Jy

2. gk = g mod Jy and hy = h mod Jy

Moreover, for each k, gy and hy are unique polynomials modulo Jy satisfying
the above conditions when the gys are monic. For each k, we will call gy, hy
the k-th iterated lift of go, ho.

If deg(g) = d, we can choose an integer k* such that d < 2 <24
and use the above Lemma to get gx+ = g mod Ji+, which means we
can truncate gy- to degree d and retrieve g. The next lemma tells us
that this can be done with reasonable bounds on the parameters of
the underlying circuits.

Lemma 2.3.26 (Small circuit for Hensel lifting (Lemma 3.6 [KSS15])).
Let f be a degree D polynomial in Q[X,y], computable by a (ZTT)¥+1 for-
mula of size and bit-complexity s, with a factorisation f = gh such that
ged(g,h) = 1 and g is monic. Let go = g mod J and hp = h mod J be
univariates in Q[y] with ged(go, ho) = 1.
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Then, there is a formula C4, Cy, of size and bit complexity (sDk)©(k1os D)

that computes the k! iterated lift g, hi of go,ho, where gy is monic. More
generally, if the total degree of gy is at most d, then the size and bit complexity
of the formula for gy are at most (sDk)©OU08d),

Moreover, there is a deterministic algorithm, that when given the formulas
for fand go, ho and integer k as input, outputs the formulas for g\ and hy
in time (sDk)C(k108D) (resp. (sDk)CU18d) if gy has total degree d).

(Proof sketch deferred to Section 2.6.)

2.3.8 Results on polynomial factorisation

We rely on the following two fundamental results on polynomial
factorisation for our results. The first theorem is a classical algorithm
of Lenstra, Lenstra and Lovész for factoring univariate polynomials
over the field of rational numbers.

Theorem 2.3.27 (Factorising polynomials with rational coefficients
[LLL82; GG13]). Let f € Q[x] be a monic polynomial of degree d. Then
there is a deterministic algorithm computing all the irreducible factors of
that runs in time poly(d, t), where t is the maximum bit-complexity of the
coefficients of f.

The second result we need is an easy consequence of the results of
Kopparty, Saraf and Shpilka [KSS15]. They showed that an efficient
deterministic algorithm for PIT for algebraic circuits implies an effi-
cient deterministic algorithm for polynomial factorisation. The formal
statement below essentially invokes this for constant degree polyno-
mials. In this case, the PIT instances also happen to be of constant
degree and hence can be easily solved in time that is polynomial in
the length of the coefficient vector of these polynomials.

Theorem 2.3.28 ([KSS15]). There is a deterministic algorithm that when
given as input the coefficient vector of an n variate polynomial f(x) € Q[x]
of total degree d, runs in time n©@) and decides if f is irreducible or not.

2.4 COMPUTING CANDIDATE LOW-DEGREE FAC-
TORS OF MULTIPLICITY ONE

We first present the algorithm for computing candidate low-degree
factors of multiplicity one in Algorithm 1 below. In the next section,
we use this as a subroutine in Algorithm 2 to compute factors of all
multiplicity and also eliminate those candidates that were not actual
factors.
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Algorithm 1: Computing candidate degree d factors of factor-

multiplicity one

10

11

12

13

14

15

Input

: A (ZIM)*-formula of size s, bit-complexity t, degree D
computing a polynomial f(x).

Output: A list of polynomials of degree at most d, that include all

factors of f with degree at most d and multiplicity 1.

Set the output list L = (.

Compute hitting-set H; = 3{(d, n) (as defined in Definition 2.3.11).

Compute hitting-set H, for the class € = £ ((£1)* - (Deg,)*) of size
(sD)Od),

for @, p € Hy and 5 € H, do

Define F(X,y) = f(X+x-y+p +0) =
f(x1 +o1y+pB1+01,...,Xn +ny+ P71+ 06n)

Using interpolation on the formula for F(X,y) (via Lemma 2.3.6),
compute F(0,y) as a sum of monomials.

Factorise the polynomial F(0,y) into irreducible factors as

FO,y) =0 -F]" - Fe.

where 0 # o € Q and each F, is monic in y.
for T C [r] of size at most d do

Define go = [Tt Fi' and hg = 0 - [Tz F;', interpretted as
polynomials in Q[x, y].

if deg(gp) > d then
t Continue to the next choice of T in the current loop.

Compute polynomials ugp,vo such that upgo +voho = 1.

Use Hensel-Lifting (Lemma 2.3.26) to lift the factorisation
F(X,y) = go(X,y) - ho(X,y) mod I, where I = (X), to obtain
algebraic circuits for g¢, hy satisfying

— _ _ 14
F(X,y) = ge(%,y) - he(X,y) mod 12

with g, being monic and d < 2¢ < 2d.

Using interpolation on the circuit for g (via Lemma 2.3.15),
compute g as a sum of monomials.

Add §=g¢(x—5—B,0) to L.

16 return L

Before we discuss the proof of correctness and running time of

Algorithm 1, we state two simple observations that we use in the
analysis. We defer the proofs of these observations to the end of the

section.

Observation 2.4.1 (Size growth under a translation of low Hamming
weight). Let k > 0 be a parameter. Let f(X) be an n-variate polynomial
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of degree at most D with (LT1)* -size at most s. If &, B € H(d,n), the
polynomial f(X,y) = f(X +yo& + B) has (ZT)* -size at most s - DO,

Lemma 2.4.2. Let f(X) be an n-variate polynomial computed by a (£TT)*
formula of size s, and let g(X) be an n-variate degree d polynomial with
g(0) # 0. Let Q(X) be the pseudo-quotient of f and g. Then, for any variable
Yy € X, the polynomial Resy (Q, g) is computable by a £ ((£TT)(*) . (Deg 4)*)
formula of size at most s©(9).

2.4.1  Proof of correctness of the Algorithm 1

Lemma 2.4.3 (Correctness of Algorithm 1). For every input polynomial
f computed by (ZT)* formulas of size s, bit-complexity t, degree D and
any factor g of degree at most d with g | f and g* 1 f, the polynomial g is
included in the output list of Algorithm 1 on input f.

Proof. Algorithm 1 outputs a list of candidate factors; we would like
to prove that every factor of f with degree < d and factor-multiplicity
one will be contained in this list.

Fix any specific factor g of f, with deg(g) = d’ < d and factor-
multiplicity one, which ensures that ged(g, f/g) = 1. The coefficient
of y4'in ¢’(X,y) := g(X + y& + B) is the evaluation of Homg:(g) at &
and the constant term of g’(x,y) is g’(0,0) = g(B). Thus, there is some
®, 3 € Hy suth that Homg/(g)(&) # 0 and g(B) # 0. Fix this choice
of &, 3. We then have that g’(X,y) is monic in y and has non-zero
constant term.

With the above properties, the pseudo-quotient h/ of f'(X,y) =
f(x + yx + B) and g’(x,y) is well-defined and is a polynomial in
L ((ZM)* - (Deg4)*) (by Lemma 2.3.17) of size poly(s, D, d) < poly(sD).
By Lemma 2.4.2, Resy(g’,h') € QI[x] is non-zero polynomial com-
putable by £ ((£11)(®) . (Deg,)*) formulas of size (sD)°(4).

Let degy(h’) = r and h'(X,y) = hy(X) +--- +h (X)y". Since h’
is computable by size (sD)°!d) formula from £ ((Z1T)(%) - (Deg4)*),
so is the leading term h/(X) by Lemma 2.3.6. Therefore by Obser-
vation 2.3.5, the polynomial I'(x) = Resy(g’,h’) - h.(X) is also com-
putable by £ ((ZIM)*) . (Deg4)*) formulas of size s’ = (sD)©(4). Since
H; is a hitting set for * ((Zﬂ)(k) . (Degd)*) formulas of size s’, fix a
d € Hj such that I'(d) # 0. By Observation 2.3.23 and Lemma 2.3.22,
we have that g’(§,y) and h'(8,y) are coprime polynomials. Thus, if
g”(x,y) = g’'(x+9,y) and h”(x,y) = h/(x+ §,y), we have

fX+axy+p+08) =g"(%y) -h"(Xy)
= f(oy+p+8) =g"(0,y)-h"(0,

Line 7 thus factorises the univariate polynomial f(ay + B + §) and
one of the sets T in Line 8 must correspond to go(y) chosen in Line 9
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to satisfy go(y) = g”(0,y) and ho(y) = h”(0,y). Thus, we have a
factorisation of the form

f(ay +B+38) =g"(0,y)-h"(0,y) = go - ho
= f(Xx+oy+p+08)=go-hpmodJ, whereJ = (x).

We are therefore set-up to apply Hensel Lifting (Lemma 2.3.25) to
obtain g¢, hg such that g; is monic in y and

f(X+ oy + B +3) = ge(%y) - he(X,y) mod 2.

From the uniqueness of Hensel Lifting (which is guaranteed by
Lemma 2.3.25), we must have that g¢(x,y) = ¢”(X,y) = g(X + &y +
B + ). Thus, for this choice of &, 3,5 and T, we would include g(x) =
g”(x— B —3§,0) in the set of candidate factors in Line 15.

Finally, since the lift also ensures that there exist u, and v, such that
uege +vehe =1 mod Jze, we also have that g% 1 f. O

2.4.2 Running time analysis

We now bound the time complexity of the algorithm.

Lemma 2.4.4 (Running time of Algorithm 1). Let € > 0,d, k € IN be an
arbitrary constants and let f € Q[X] be a polynomial computable by a (£TT)*
formula C of size s, degree at most D and bit-complexity t. Then, on input
C, Algorithm 1 terminates in time at most (sD)©(d(sD)%),

Moreover, if k =1, i.e. f has sparsity at most s, then Algorithm 1 termi-
nates in time at most (sDt)(Poly(d)logsDt),

Proof. Let TS (s, d) be the time-complexity to output the hitting set
Hj in Line 2 and T,iz) (s,D,d) be the time-complexity to output the
hitting set H, in Line 3.

From Definition 2.3.11, we immediately have that T]g)(s, d) <
sOld) As for T]EZ)(S,D, d), in the case of k = 1, Theorem 2.3.14
shows that T]EZ)(S,D, d) < (sD)(poly(d)logsD)  For | satisfying 2 <
k = o(logloglogs), then Theorem 2.3.13 shows that T]EZ)(S,D, d) <
(sD)O(d(SD)€d) for any constant € > 0.

Using Lemma 2.3.6, we get that Line 6 takes poly(s, D, t)-time.
Now, each of the coefficients of F(0,y) has bit-complexity at most
poly(s, D, t). Thus, from Theorem 2.3.27, we get that F(0,y) can be
factorised into its irreducible factors in time at most poly(s, D, t).

There are at most D¢ choices for the set T in Line 8. For each such
choice, Line 12 computes formulas of size poly(s,D,t) for go, ho,
Up, Vo in time poly(s, D, t). By Lemma 2.3.26, we have that Line 13
takes time (sDt)Co8d) to compute a formula of the same size and
bit-complexity for g¢. From Lemma 2.3.15, we get that we can obtain

the coefficient vector of g in time at most (sDt)©(dlogd),
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Therefore, the overall running time of Algorithm 1 is at most
T (s,d)- T (s,D,d)- D poly(s, D, 1) - (sDt)O(dlogd)

Plugging in the estimates for T]g ) (s,d), TIEZ) (s,D, d), we get the overall
bound of (sD)O(d(sD)<¢
T%(s,D,4d) .

When f has sparsity s, then as discussed in the proof, T}gZ) (s,d)is at
most (sD)Poly(d)10gsD) Plugeing this back in the above expression,
we get that the running time is at most (sDt)(Poly(d)logsDd), O

) for k > 1, which is essentially dominated by

2.4.3 Proof of structural lemmas

In this subsection, we include the proofs of Observation 2.4.1 and
Lemma 2.4.2. This completes the analysis of Algorithm 1.

Proof of Observation 2.4.1. By definition of 3{(d, n) (Definition 2.3.11),
the transformation X — X + y& + f takes a monomial [];cp,) x{* to

(I Tier (xi + oy + B1)Y) - (Hie[n]\T xfi>, for some T C [n] s.t. [T| =
d. If we expand [ [;ct (xi + &y + B1)°" into a sum of monomials, we
will get at most D©(4) monomials (when 3_; e; < D). Expanding each
[Ticim (xi + &y + B1)¢" at the bottom layer into a sum of monomials

this way, we get the required (ZTT)* formula with size at most s -
DOl(d), O

Proof of Lemma 2.4.2. Letx’ =x\{y} and let Cbe the class £ ((<IT)(*) - (Deg4)*).
Let us assume that deg,, (Q) =D < sand deg, (g) = d. By Lemma 2.3.17,

we have that Q(x) is computable by a C-formula of size at most
poly(s,d). Let us consider the (D + d) x (D + d) Sylvester matrix

I' of Q and g with respect to the variable y whose determinant is

Resy (Q, g).

Q(X) = QoX)+y-Q1(X)+-- +y” Qp )
g(x) =go(X')+--+y%-galX)

Qo Q1 ... Qb
Qo Qg ... Qp
r= Jdo Jdd
go ... dd
I go ... 9a |
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Note that, by Lemma 2.3.6, each of the Q;’s are computed by a C-
formula of size poly(s, D) and each g; is a polynomial of degree at
most d.

For a subset S of rows and T of columns, we will use I'(S, T) to refer
to the submatrix restricted to the rows in S and columns in T, and
let Top ={1,...,d} and Bot ={d +1,...,d + D}. The determinant of I'
can then be expressed as

det(T) =Resy(Q,g)= )  det(I'(Top, T)) - det(I(Bot, T))
TG([DId])

For every choice of T, the polynomial det(I'(Top, T)) is the determinant
of a d x d matrix each of whose entries are computable by s’ =
poly(s, D) sized C-formulas. Therefore, using Observation 2.3.5, the
polynomial det(I"(Top, T)) is computable by C-formulas of size at most
(sD)O(d),

The polynomial det(I'(Bot, T)) is a degree D polynomial combina-
tion of go, ..., gq and can therefore be expressed as

pDd+1

det(T(Bot, T)) = > ai-gg”--gg"
i=1

pDad+1

DO(d)
= Z aj - Z bi; -fie]."i (using Lemma 2.3.9).
i=1 j=1

for some polynomials f; of degree at most d. Thus, using Observa-
tion 2.3.5 again, we have that Resy (Q, g) is computable by £ ((ZIT)*) - (Deg4)*)
formulas of size at most DO(4) . (sD)O(d) = (sD)©(d), O

2.5 COMPUTING FACTORS OF ALL MULTIPLICITY

The following lemma essentially shows that the multiplicity of any
factor g of a given polynomial f can be reduced by working with
appropriate partial derivatives of f, with respect to variables that are
present in g. This naturally yields an algorithm that uses Algorithm 1
as a subroutine, and computes all irreducible factors of f.

Lemma 2.5.1 (Reducing factor multiplicity). Let f(x), g(x) € QI[X] be
non-zero polynomials and let x € X be such that 0x(g) # 0 and g is square-
free. Then, the factor-multiplicity of g in f (i.e. the integer a satisfying g | f

and g%+ { f) is also the smallest non-negative integer a such that gt 9t

Proof. If the factor-multiplicity of g in f is zero, i.e. g { f, then claim is
clearly true. Thus let us assume that the factor-multiplicity of g in f is
a > 1. It suffices to show that the factor-multiplicity of g in 04(f) is
exactly a —1.
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Suppose f = g¢ - h where gcd(g, h) = 1. Then,
Oxf=0x(9%) - h+g% 0x(h) =g% " (a-dx(g)-h+g-dx(h)).

Hence, we have that the factor-multiplicity of g in 90«(f) is at least
(a—1).

On the other hand, we have that 0,(g) # 0 and g is square-free and
hence gcd(g, 9x(g)) = 1. Therefore

ged(g,a-g-0x(h)+h-0x(g)) = ged(g, h-0x(g)) = ged(g, h) =1
and hence g t 0, (f) and therefore the factor-multiplicity of f O

We are now ready to describe the algorithm.

Algorithm 2: Computing list of all degree d irreducible factors
and their multiplicities

Input :A (ZIM)*¥-formula of size s, bit-complexity t, degree D
computing a polynomial f(x).
Output: A list of all irreducible factors f of degree at most d and their
multiplicities.
1 Set the output list L = (.
2 Set the intermediate candidates list L’ = ().
3 Compute hitting-set H; = 3((d, n) (as defined in Definition 2.3.11).
4 forx € Hy do

5 Define F(x,y) = f(x + & -y) = f(x1 + x1Y,...,Xn + any)

6 fori=0,1,...,deg(F) do

7 Define F(%,y) = g;f

8 Compute the list L of all candidate degree d multiplicity-one

factors of F(x,y) using Algorithm 1.

9 foreach §(x,y) € L do

10 L Add g(x) := §(x,0) to L.
1 forge L’ do
12 if g is not irreducible then skip to the next iteration.
13 Let x be a variable that g depends on, so that 9x(g) # 0.
14 Find the smallest non-negative integer e such that g { g iﬁ
15 if e > 1 then add (g, e) to the list L.

16 return L

Lemma 2.5.2 (Correctness of Algorithm 2). For every input polynomial
f computed by a (LT1)* formula of size s, degree D, bit-complexity t and
d € N, the list L output by Algorithm 2 is precisely the list of all irreducible
factors of f of degree at most d (up to scalar multiplication) along with their
multiplicities in f.

Proof. From Line 11 to Line 15, and Lemma 2.5.1, it is clear that any
(g, e) in the output list ensures that g is an irreducible polynomial,
g¢ | fand g¢*! { f. Thus, it suffices to show that for every irreducible
polynomial g such that deg(g) < d and g | f, some non-zero scalar
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multiple of g is under consideration in the list L’. Fix any such irre-
ducible factor g of degree at most r < d and let its factor-multiplicity
be e

By Lemma 2.3.12, there is some & € H; such that Hom,(g)(x) # 0,
where 1 is the total degree of g. Thus, for this choice of &, we have that
g’(x,y) = g(X +ywu) is a factor of F(X,y) = f(Xx +yu) and g’ is monic
in y and has factor-multiplicity e. By Lemma 2.5.1, we have that g’
has factor-multiplicity one in F(x,y) := ge;f . Thus, by the correctness
of Algorithm 1 (Lemma 2.4.3), a non-zero multiple of the polynomial
g’(x,y) must be included in the list [ in Line 8. Therefore, a non-zero
multiple of g(X) = g’(x,0) will be added to L’ in Line 1o0. O

Lemma 2.5.3 (Running time of Algorithm 2). Let € > 0,k,d € IN be
arbitrary constants. Let f € Q[X] be a polynomial computable by a (£TT)*
formula C of size s, degree at most D and bit-complexity t. Then, on input C
and d € N, Algorithm 1 terminates in time at most (sDt)©(d(sD1),
Moreover, if k =1, i.e. f has sparsity at most s, then Algorithm 1 termi-

nates in time at most (snDt)© (pely(d)-logsnDt)

Proof. From Definition 2.3.11, we have the size of the set H; is nOld),

The time complexity of computing a formula for F from the given
formula for f is at most O(sD). From Lemma 2.3.8, we have that
(ZTT)*+1 formulas for all the y derivatives of F can be computed in
time at most poly(s, D, t), which is also a bound on the bit-complexity
and the size of these formulas. Algorithm 1 is invoked at most D times.
The total time taken to construct the list L’ is at most D - Ty, where
Ty is the time taken by Algorithm 1 on inputs with formula size and
bit-complexity poly(s, D, t), and degree parameter d. D - Ty is also an
upper bound on the size of the list of candidate factors L’.

Now, for each g € L’, from Theorem 2.3.28, we have that the ir-
reducibility test in Line 12 takes at most (sDt)O(dz) time. There are
at most D instances of divisibility test performed to determine the
exact multiplicity in f of each g € L’. This requires computing the
corresponding derivatives, which as discussed in the previous para-
graph, takes time poly(s,D,t) and outputs a formula of size and
bit-complexity poly(s, D, t) for the derivatives, and then doing a divis-
ibility test, the time complexity of which we denote by T,.

Therefore, the total time taken by the algorithm is at most (n
poly(s,D,t)-D-Ty) + (D Ty - (sDt)°(@) . poly(s, D, t) - Tp).

Now, if f is s sparse, i.e. k = 1, then from Definition 2.3.11, we have
that every vector in H; has at most d non-zero coordinates. Thus, from
Observation 2.4.1, for every & € Hy, F(x,y) = f(Xx + & - y) has sparsity
and bit-complexity at most s’ < s - D%. Note that the derivatives of
arbitrary order of F with respect to any variable also have the same
bound on their sparsity and bit-complexity of coefficients. Thus, in this
case, from Lemma 2.4.4, T1 < (sDt)poly(d)logsDt From Theorem 2. 3.20,

O(d) .
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we have that T, < (snD)© (dlog? snD) Therefore, the overall running
time of the algorithm is at most (snDt)©(pely(d)-logsnDt)
On the other hand, if k > 1, then from Lemma 2.4.4, T} < (sDt)O(d(SDt)Ed).

To bound T in this case, we note from Corollary 2.3.19, this divisibil-
ity testing instances reduce to PIT instances for (ZTT) (k+1) formula of
size and bit-complexity at most poly(s, D, t) and from Theorem 2.3.13,
this can be done in at most (sDt)C((sPY°) time for the arbitrary con-
stant € chosen in the beginning. Thus, the total time taken is at most
(SDt)O(d(sDt)Ed)' 0

Lemma 2.5.2 and Lemma 2.5.3 together imply our main theorems
Theorem 1.7.1 and Theorem 1.7.2.

2.0 DEFERRED PROOFS

Circuit/formula bit-complexity

Proof of Lemma 2.3.2. We will prove an equivalent statement: the nu-
merator and denominator of f(a) have absolute value at most 25°°. We
prove this by induction on the size of the formula. We will use N(-)
and D(-) to denote the numerator and denominator of some rational
number.

Base case: when size(C) = 1 = s, there is a single leaf node in
the formula that reads and outputs a single rational number of bit-
complexity b, thus bit(f(a)) = b < s - b. The induction hypothesis is
that for all formulas C with size(C) < S (for some S > 1), bit(f(a)) <
bit(C) - b. For the induction step, we look at formulas C with size(C) =
S +1, and we consider two cases:

1. When the top gate is a sum gate: f = 5 ¥ | «;gi(X), with C;
being the formula computing g; and «;s being scalars from Q.

k
f(@) =) «igi(a)
i=1

- !

ID(f(a))l = D(oci)D(gi(a))|

1

,...
I

(i) obit(gi(@))

N
—~
N

i=1

~

< [ 2 legbit(c® (induction hypothesis)
i=1

— 2%y (bit(ay)+bit(Ci)-b)  Hbit(C)-b
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IN(f(@)l < 3 IN(e)l IN(gi (@) [T [D(ey)]| [D(g;(@))]

j#L

'MK

—_

1

=

< 3 2bitlen) +bit( (@) ) bitley ) +bit(5; ()

i=1

=~

< Z 2bit(o‘i)+bit(ci)'bzz)’;ti bit(O(j )+bit(Cj )b (lnductlon hypothesis)

i=1

=~

< Zzz _; bit( ) +bit(C;)-b < 2k+£ ~_; bit( o) +bit(C;)- Zblt

i=1
Thus, bit(f(a@)) = max{bit(N(f(@)), D(f(@)))} < bit(C) - b

2. When the top gate is a product gate: f = []*_; a1gi(X). The
proof for the denominator in the case of sum gate will work
here for both the numerator and the denominator. The required
bound follows.

O

Relevant subclasses of algebraic circuits

Proof of Observation 2.3.5. We prove the size upper bounds here; the
bit-complexity upper bounds proceed along exactly the same lines.
The size upper bound for the sum is immediate and hence we only
need to focus on the product. Let the expressions for P and Q be

aT“L
Pr = Z P'r1
— HPr e Z P],]’1 ...Pt/rt) (9?11»:1 gﬁ;{t)
T1,...,Tt

where each Py ; is computed by (ZTT)* formulas of size at most s, and
each g; ; is a polynomial of degree at most d.

Each (Pq ,, - -- Py r,) is computed by a (Z£TT)* formula of size at most
s*. By Lemma 2.3.9, 9?,]{:] - gf;zt can be expressed as a sum Zz;] P
where D = } ; a;+; and each f¢ is a degree polynomial of degree at
most d. Thus, [, Pr is computable by a £ ((TT)(¥) . (Deg ;)*) formula
of size at most s©t). O

Polynomial identity testing

Proof of Lemma 2.3.12. Since f is a non-zero polynomial of degree at
most d, there is a monomial x¢ of degree at most d with a non-
zero coefficient in f. Let S be the support of the monomial X¢, i.e.,
S ={xi : ey # 0}. Clearly, |S| < d. We now consider the polynomial f
obtained from f by setting all the variables x; not in the set S to zero.
Since f has a non-zero monomial with support contained in the set S, f
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continues to be a non-zero polynomial of degree at most d. Moreover,
it is a d variate polynomial since it only depends on the variables in S.
From Lemma 2.3.10, we get that for any subset Tq of Q of cardinality
at least d + 1, there exists a vector b € Tq9 such that f(b) # 0. Let
a € Q™ to be such that for every i € S, a; = b; and for every i ¢ §,
a; = 0. Then, f(a) = f(b) # 0. Moreover, @ is in 3((d,n). O

Proof of Lemma 2.3.15. Let Tq be the set{0,1,2,3,...,d}and let H(d, n)
be the set of points defined in Definition 2.3.11, i.e.,

[n]
<d

J{(d,n):{(a1,...,an) : Se < ), aj € Tq foralli € S and qj :Oforallj%S}.

From Lemma 2.3.12, we know that every non-zero polynomial f of
degree at most d must evaluate to non-zero on some point of H(d, n).
In other words, two distinct degree d polynomials f and g cannot
agree on every point of 3 (d, n). An immediate consequence of this is
that if we are given the evaluations of an unknown polynomial f on
all points of 3(d, n), and we view each of these evaluations as a linear
constraint on the unknown coefficients of f, then this linear system
has a unique solution.

Based on this observation, a natural algorithm for computing the
coefficient vector of C is the following, we evaluate the given formula
on every input in 3(d, n), set up the linear system on the coefficients
of C obtained from these evaluations, and use any standard linear
system solver over Q to solve this system.

Note that the size of this linear system is at most n©(¢), and
from Lemma 2.3.2, of the constants in this linear system is at most
poly(s, b, d). Thus, this linear system can be solved in time poly(s, b, d, nd) <
poly(s, b,nd) time as claimed. O

(d

Deterministic divisibility testing and PIT

Proof of Corollary 2.3.19. The proof essentially follows immediately
from Theorem 2.3.18. From Theorem 2.3.18, we have that g divides
f if and only if R(X) := f(X) — g(X)Q(X) = 0, where Q is the pseudo-
quotient of f and g. It suffices to show that R(xX) has € = £ ((ZIT)* - (Deg,)*)
formulas of size poly(s, d), and since f(x) € (ZIM¥, it suffices to bound
the size of C-formulas computing g(x) - Q(X).

By Lemma 2.3.17, the pseudo-quotient Q(X) is computable by C-
formulas of size poly(s, d). Let one such computation be of the form

Qx) = Z fi- g5 where each f; € (ZIM)* and deg(gi) < d
i

and each e; <s

— g®QX =Y fi-(g-¢%)
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From Lemma 2.3.9, note that any term of the form (g - h®) can be
expressed as
poly(e)
> Bi-(g+agh)et
i=1
for field constants «yi’s and Pi’s. Thus, feeding this in the above
expression for g - Q, we have

- XX redy

for polynomial §i; of degree at most d, and thus is also a C-formula
of size at most poly(s, d). Therefore, R(x) = f(x) — g(x)Q(X) is also
computable by C-formulas of size s’ = poly(s, d). Thus, we can check
if g divides f by checking if R(x) = 0 (by Theorem 2.3.18) which can
be done in T(k, d, s’) time as claimed. ]

Hensel lifting

Proof sketch of Lemma 2.3.26. As indicated earlier, the lemma is almost
an immediate consequence of Lemma 3.6 in [KSS15]. The precise state-
ment there gives a circuit Cy of size and bit-complexity poly(s, D, 2K)
for gi, hx. We notice that without loss of generality, the degree of
gk, hi and hence of Cy can be assumed to be at most (D + 2¥) since
the y degree is at most D and the x degree is at most 2*. This incurs
at most a polynomial blow up in the circuit size.

Now, to go from circuits for gy, hi to formulas computing these
polynomials, we just invoke the classic depth reduction result of
Valiant, Skyum, Berkowitz and Rackoff [Val+83] to et a formula of

size (and bit-complexity) at most poly(s, D, 2K)log(D+2%)  (sDk)klog D,

Note that if we had a better bound of d on the total degree of
gk, then the size and bit-complexity of the formula for gy is at most
(sDk)©Ologd), O
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3 LIST-FACTORING

3.1 OVERVIEW

In the previous chapter, we discussed an algorithm that outputs all
low-degree factors of a constant-depth circuit. In an attempt to improve
this algorithm so that it outputs all factors of a constant-depth circuit,
we obtain the following stepping-stone result, which is the main result
of this chapter.

Theorem 1.7.5. [Subexponential list containing constant-depth factors of
constant-depth circuits] Let Q be the field of rational numbers and € > 0,
A1,A; € N be arbitrary constants.

Then, there is a deterministic algorithm that takes as input an algebraic
circuit C € (ZTT)A1) of size s, bit-complexity t and degree D, along with a
size parameter m, and outputs a list of circuits L ={Cy,..., C;} with the
following properties.

1. Each C; € L is an arithmetic circuit of size poly(s, m, D) and bit-
complexity poly(t, s, D, m), with division gates.

2. For every irreducible factor g of C with a size m (ZTT)A2)circuit
computing it, there exists a C; € L such that Cy computes g.

The size of the list L as well as the running time of the algorithm are bounded
above by O(smDt)O((smbt)®),

We remark that indeed Theorem 1.7.5 doesn’t completely solve the
problem of finding sparse (or more generally, low depth) factors of low
depth circuits. It merely outputs a “short” (subexponential) list L of
candidate polynomials such that every irreducible factor of the input
is contained in L. As explained in Section 3.2, for technical reasons,
we currently do not know how to deterministically prune the list L to
obtain the true factors.

Yet another technicality is that our algorithm needs a size bound on
the size of a circuit for the factors we care about because no structural
guarantees are known for the factors of constant-depth circuits. For
instance, we do not know if the factors of a constant-depth circuit also
have small constant-depth circuits.

A SLIGHTLY MORE GENERAL STATEMENT. Our techniques in the
proof of Theorem 1.7.5 give a slightly more general statement con-
necting the questions of deterministic polynomial factorisation and
deterministic polynomial identity testing. Let C be a class of circuits
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that are somewhat rich in the sense that if a circuit C is in G, then
the circuit C’ obtained from C by a change of basis continues to be in
C, and for circuits C1,Cs,...,Cy in €, and a circuit B(y1,y2,...,Yn)
of constant depth, the circuit B(Cy,Cy, ..., Cy) continues to be in C.
For instance, the class of polynomials computable by small constant-
depth circuits, or by small formulas satisfy the above property. Our
techniques in the proof of Theorem 1.7.5 generalize to such classes
and give a deterministic reduction from the question of computing
irreducible factors of a polynomial f € C that are also computable
in € to the question of polynomial identity testing of polynomials
(of slightly larger complexity) in C; the major caveat being that the
algorithm will only output a list containing all such irreducible factors
of interest, but might also contain some spurious circuits. Moreover,
these circuits in the output list are potentially of unbounded depth,
can contain division gates and some of these spurious circuits in the
list might not even be well defined, i.e., they involve division by an
identically zero polynomial. In contrast to this, the prior known con-
nections between PIT and polynomial factorisation, most notably in
the work of Kopparty, Saraf and Shpilka [KSS15] gives a truly deter-
ministic polynomial factorisation algorithm, given access to an oracle
for PIT. However, even if the input to the polynomial factorisation
algorithm is very structured (for instance, is a sparse polynomial), the
PIT instances generated in the process appear to be very general.

In spite of this slight generality, for a clean and complete presenta-
tion of the results, we only work with constant-depth circuits in the
rest of the chapter.

FIELD DEPENDENCE OF OUR RESULT. For our results, we work over
the field of rational numbers due to various technical reasons. Our
proofs rely on derivative-based techniques like working with the Taylor
expansion of a polynomial, and working over fields of characteristic
zero ensures that derivatives do not inadvertently vanish. We also
need a deterministic algorithm for univariate factorisation over the
underlying field as a subroutine for our algorithms. Moreover, we
also need a non-trivial deterministic algorithm for polynomial identity
testing of constant-depth circuits over the underlying field [LST25].
The field of rational numbers satisfies all these requirements.

SUBSEQUENT WORK. A few weeks after a preliminary version of
this work appeared on arxiv, Andrews and Wigderson announced a
beautiful and surprising result [AW24], in which they show that many
natural linear algebraic problems, such as computing the resultant of
two polynomials, their gcd, their lcm, etc., can be done using constant-
depth arithmetic circuits. Their result is quite general and provides a
way of obtaining a strengthening of results; our proof is more specific
to the problem of derandomizing factorisation. Using [AW24], we
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obtain a subexponential time deterministic algorithm that takes a
constant-depth circuit as input and output a polynomial size list of
polynomial sized circuits with division gates, such that every factor
(and not just every constant-depth factor) of the input polynomial
has a representative in the output list, along with potential spurious
factors.

Theorem 1.7.6. [Polynomial-sized list containing constant-depth factors of
constant-depth circuits, in subexponential time] Let Q be the field of rational
numbers and € > 0, A € IN be arbitrary constants.

Then, there is a deterministic algorithm that takes as input an algebraic
circuit C € (ZTT)A) of size s, bit-complexity t and degree D, and outputs a
list of circuits L ={Cy, ..., C;} with the following properties.

1. Each C; € L is an arithmetic circuit of size poly(s, D) and bit-
complexity poly(t, s, D), with division gates.

2. For every irreducible factor g of C, there exists a C; € L such that C;
computes g.

The size of the list L is poly(d). The running time of the algorithm is bounded
above by O(sDt)CsPV*),

In the rest of the chapter, we mostly focus on the proof of Theo-
rem 1.7.5; the proof of Theorem 1.7.6 follows mostly along similar
lines with some minor modifications, and we provide a sketch of the
algorithm in the next chapter.

3.2 PROOF OVERVIEW

In this section, we give a brief overview of the main ideas in our proof.
But first, we set up some notation: f denotes the input polynomial of
degree d that is given via a small algebraic circuit of size s and depth
A computing it. Furthermore, we assume that f factors as f = g™ - h,
where g is an irreducible polynomial and can be computed by a small
constant-depth circuit, and g and h do not have a non-trivial GCD.
The assumption is without loss of generality: the case when f is a
perfect power of an irreducible polynomial g is implicitly handled
since we work with all the derivatives of f; moreover, there are other
direct ways known in the literature to handle this case (see [ST20]).
Throughout the chapter, the underlying field is assumed to be the
field Q of rational numbers. We note that a priori, it is not clear if h
can also be computed by a small constant-depth circuit. However, this
follows immediately from an observation in a recent prior work of
Kumar, Saptharishi and Ramanathan [KRS23] (see Lemma 2.3.17 in
Chapter 2).

We now outline the sketch of our ideas. Our algorithm follows the
general outline of a typical factorisation algorithms in the literature
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(e.g., [Kal89]). However, in their original formulations, some of these
steps rely on randomness, and we elaborate how we get around this
and implement the step in a deterministic way.

Making f monic: As the first step of the algorithm, we make the
polynomial f monic in one of the variables, which we denote by y here
by applying an invertible linear transformation to the variables. This is
typically done by choosing field constants a = (aj, az,...,an) € F™
at random, and replacing the variable x; in the circuit for f by the
linear form x; 4+ a;y. Since the underlying field is large enough, via the
Schwartz-Zippel lemma, we get that the coefficient of y¢ in f(x + @ - y)
is a non-zero field constant with high probability, and up to a scaling by
this field constant, we obtain a polynomial that is monic in y. For the
ease of notation, we continue to denote this new polynomial by f. To
derandomize this step, we note that the coefficient of y¢ in f(x + @ - y)
is just the evaluation of the homogeneous component of f(x) of degree
d on the input a. But since f has a size s, depth A circuit, its degree
d homogeneous component has a circuit of size s’ = poly(s, d) and
depth A’ = A+ O(1) (see Lemma 2.3.7). Thus, if we try all possible
inputs @ from a hitting set for size s’, depth A’ circuits, one of the
vectors will have the desired property. A deterministic subexponential
time construction of such a hitting set for constant-depth circuits was
shown by Limaye, Srinivasan and Tavenas [LST25].

For the rest of the algorithm, we view f as a polynomial in Q[x][y].
We also note that since f is monic in y, without loss of generality, g
and h can be assumed to be monic in y (Lemma 3.3.4).

Reducing the multiplicity of g in f: The remaining steps of the
algorithm assume that the multiplicity of g in f, denoted by the
parameter m here, is one. This can be assumed without loss of gen-
erality. Indeed, to reduce to this case, we run our algorithm on all
the partial derivatives of f with respect to y, i.e. the polynomials

gifi :1€{0,1,...,d—1}}; the observation being that g is an irre-
ducible factor of multiplicity one of at least one of these polynomials.
Moreover, all these polynomials can be computed by a circuit of size
poly(s,d) and depth A (Lemma 2.3.8). So, it suffices to focus on recov-
ering factors of multiplicity one of f. This observation was also used
in [KRS23].

Finding a good starting point for Newton Iteration: The goal now is
to view f as a univariate in y with coefficients from Q[x] and obtain a
root @ (x) of f in the ring Q[[x]] of power series in X. Moreover, in order
to recover the factor g of f using this root, it must be the case that this
is a root of g (and hence a root of f). In fact, by standard techniques, it
suffices to recover an approximation of @ with high enough accuracy,
i.e., to recover @y (X) := ®(X) mod (X)* for some k > 2d2. This is
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done via Newton iteration, where we start from the constant term (i.e.
@y := ®(x) mod (x)) of such a @, and lift it to obtain ®y. While the
lifting process is itself deterministic (see Lemma 3.3.1), a crucial issue
with respect to the starting point of the lifting process is the following;:
@, must be a root of f(x,y) mod (x) of multiplicity one, and in fact
must come from g mod (x). This is typically done by translating the
X variables to X 4 a such that the univariate polynomials g(a,y) and
h(a,y) do not share a non-trivial GCD and g(a,y) is square-free. This
ensures that every root of f(a,y) = g(a,y)h(a,y) that comes from
g(a,y) is a root of multiplicity one of f(@,y) and hence is a good
starting point for lifting via Newton Iteration.

In typical factorisation algorithms, such a point a is found by first
preprocessing the input f such that it is square-free, and then setting
a to be a non-zero of the discriminant of f. Since the discriminant is
an efficiently computable low-degree polynomial (assuming f is), by
the Schwartz-Zippel lemma @ can be chosen at random. This guaran-
tees that f(a,y) = g(a,y)h(a,y) is square-free and hence g(a,y) and
h(a,y) don’t have a non-trivial GCD. In our setting, we do not have
the guarantee that f(X,y) is square-free since h might not be square-
free, but we know that g is a multiplicity one irreducible factor of f.
Moreover, we would like to find such a point a deterministically. A se-
rious quantitative issue with respect to derandomizing the application
of the Schwartz-Zippel lemma here is that even though f has a small
constant-depth circuit, its discriminant is the determinant of a matrix
of dimension roughly 2d with polynomial entries, a powerful model
for which no non-trivial deterministic PIT algorithms are known. This
is also the issue if we try to look at the resultant of g and h instead.

One intriguing possibility here would be to show that the discrimi-
nant or the resultant of polynomials with small constant-depth circuits
have relatively small constant-depth circuits. However, we do not
know how to show this’. Instead, we come up with an alternative
polynomial R¢ g, referred to as the pseudo-resultant of f and g, and rely
on its properties to arrive at our good starting point for the lifting
process. In particular, we note that the complexity of Ry 4 is close to
the complexity of f and g. We then show that when g is an irreducible
factor of f with multiplicity one, R¢ 4(X,y) # 0. Moreover, using ideas
from a divisibility testing algorithm of Forbes [For15], we can show
that for any @ € Q" such that R¢ (@, y) # 0, there is a root of multi-
plicity one of f(a,y) that is a root of g(a,y) but not h(a,y). This root
becomes a good starting point for the lifting process. Furthermore,
since R¢ 4 is computable by a small constant-depth circuit, such a point
a can be obtained deterministically in subexponential time using the
results in [LST25].

Now, Andrews and Wigderson [AW24] have shown that the resultant and the dis-
criminant of polynomials with small constant-depth circuits indeed do have small
constant-depth circuits; see the remark in Section 3.2.1.
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Intuitively, while the randomized algorithm for finding a good
starting point for lifting uses the resultant to find an @ such that
g(a,y) and h(a,y) do not have a non-trivial GCD, we observe that
this is a bit of an overkill, and it suffices to find an @ such that the GCD
of g(a,y) and h(a,y) is not equal to g(a,y). Equivalently, it suffices
to find an @ such that g(@,y) does not divide h(a,y). This happens to
be a computationally easier condition to achieve deterministically via
the pseudo-resultant. This is essentially the main technical idea in this
work, and is formally discussed in Section 3.4.

One undesirable quantitative issue here is that the circuits obtained
for @ via Newton iteration, while being of polynomially bounded size,
can have unbounded depth. This is one of the reasons that the output
list of our algorithm can have spurious circuits not corresponding to
factors of f.

Solving a linear system to obtain g: Once we have obtained an
approximate root @y (x) of f(x,y), we would like to recover the real
factor g(x,y). If the y-degree of g is known to be d’, then this is
done via thinking of g as g(X,y) =y%' + Z{i:,B] gi(X)yt, where g; is a
formal variable, and imposing the constraint that

a’—1
9(X, Qi (X)) = px(X)?' + Y gi(®)Dx(X)' =0 mod (X)*.
i=0

Furthermore, each g; can be written as gi(x) = Zjd:O gi,j (X), where
gi,j is the homogeneous component of g; of degree j. The constraint
above translates naturally into a linear system in the variables g; j,
and the factor g does satisfy this system of equations. Furthermore,
it can be shown that if d’ equals the y-degree of g and k > 2d?, then
g is the unique solution to this system of linear equations. Moreover,
if we set a similar system with the y-degree of the factor of interest
being set to something less than d’, then the resulting linear system
has no solution. We rely on these properties of the linear system to
obtain an algebraic circuit for g. Essentially, the idea is that if we
know d’ and the resulting linear system is given by a square matrix,
then uniqueness of solution of degree d’ guarantees that this matrix
is invertible, and the solution can then be expressed as an algebraic
circuit given by Cramer’s rule. However, the constraint matrix of the
system might not be square in general, and in this case, we first make
the system square (deterministically) before applying Cramer’s rule.
The details can be found in Lemma 3.3.3.

One added subtlety here is that in general, we would not know the
exact y-degree of g. In this case, we try all values from 1 to d — 1, and
for each one formally construct an algebraic circuit with divisions and
unbounded depth (as noted earlier, the circuit for @ can already have



3.2 PROOF OVERVIEW \

unbounded depth) and include all such circuits in our final list of
solutions.

DIFFERENCES WITH [KRS23]: Many of the high-level ideas in
the algorithm outlined above are similar to those in a prior work of
Kumar, Ramanathan and Saptharishi [KRS23], where deterministic
subexponential time algorithms were given for computing constant-
degree factors of constant-depth circuits. The similarities include the
motivation for the problems as well as the high-level approach of
understanding the structure of the PIT instances appearing in the
randomized algorithms for multivariate factorisation for these special
cases carefully and derandomizing those steps. However, there are
key technical differences. The main technical result of [KRS23] is an
upper bound on the complexity of the resultant of a constant-depth
circuit and a constant-degree polynomial. However, we are unable
to prove such an upper bound in our case. Instead, we define the
pseudo-resultant and observe that its circuit complexity is comparable
to that of the given input polynomial and the factors we care about.
Moreover, it helps us completely avoid working with the resultant of
g and h or the discriminant of f, and lets us find a good starting point
for Newton iteration in deterministic subexponential time. There are
also some technical differences in how we go from approximate power
series roots to actual factors of f, but the main takeaway from this
work is perhaps the notion of pseudo-resultant and its properties.

INABILITY TO PRUNE THE LIST:  Unlike the results in [KRS23], where
only true low-degree factors of the input polynomial are output, we
end up with a list of circuits containing the circuits for all irreducible
factors with small constant-depth circuits, but perhaps much more.
This difference stems from the fact that in the algorithm of [KRS23], at
an intermediate step a list of constant-degree polynomials (essentially
expressed as a sum of monomials) is constructed, where similar to this
work, the list contains all the true constant-degree factors, as well as
some spurious factors. However, since in [KRS23] every polynomial in
this intermediate list is a constant-degree polynomial in the monomial
basis, the list is pruned to true factors by checking if a polynomial
in the list divides the given input polynomial, and whether they are
irreducible (which can be done deterministically since the degree of
the polynomial is a constant). However, in this work, the list consists
of unbounded depth algebraic circuits with division gates. For such
circuits, we do not even know how to test if the circuit is well-defined,
i.e., that there are no denominators that are identically zero. Hence, it
is unclear to us if the list can be pruned to the true irreducible factors
in a non-trivial way deterministically. Addressing this issue seems like
a very interesting open problem.
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3.2.1  Related work and subsequent progress

RECENT RESULTS OF ANDREWS AND WIGDERSON [AW24], AND SOME
CONSEQUENCES: As mentioned in the introduction, Andrews and
Wigderson [AW24] show that many natural linear algebraic problems,
such as computing the resultant of two polynomials, their gcd, their
lem, etc., can be done using constant-depth arithmetic circuits. A key
insight of their work is a result that shows that one can implement
the transformation between elementary symmetric polynomials and
power sum polynomials efficiently via constant-depth circuits; more-
over, they use these efficient circuits to manipulate the multiplicities
of various roots of a polynomial while only having access to the coeffi-
cients of the polynomial. We define the pseudo-resultant as a way to
bypass the need to bound the complexity of the resultant of polynomi-
als computed by constant-depth circuits. But, Andrews and Wigderson
show that the resultant and discriminant are themselves computable
using constant-depth circuits. As a consequence of the same ideas,
they also show that the squarefree decomposition of a constant-depth
circuit can be computed in subexponential time, with the guarantee
that each part of the decomposition (corresponding to factors of mul-
tiplicity i € [D]) will have constant-depth circuits. Instead of using a
hitting set for the pseudo-resultant, we can first compute the square-
free decomposition and use a hitting-set generator on the discriminant
of each polynomial in the squarefree decomposition. In particular, we
exactly know the polynomials that we want to hit, as opposed to our
current strategy, where we iterate over all the points in the hitting set
so that one of them works for any particular factor. With this change,
our algorithm can be guaranteed to output a polynomially large list
that contains all factors, as opposed to a subexponentially large list of
candidate factors that contains all constant-depth factors. We give a
high-level sketch of this algorithm in the next chapter.

3.3 PRELIMINARIES

We shall briefly discuss some preliminaries. A reader familiar with
the literature can skip to Section 3.4 and come back if needed.

CIRCUITS OVER NUMBER FIELDS: In our proofs, we encounter cir-
cuits over fields of the form Q(«) where « is some algebraic number.
For such circuits, we think of their description of each field constant
as an element of K = % where A(u) is its minimal polynomial
of «. The bit-complexity of any element of Q(«) is defined as the
bit-complexity of the unique representation as a element of K. The bit-
complexity of such a circuit is the total description size of the circuit,

which includes the bit-complexity of any constants used internally.
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3.3.1  Newton iteration and approximate roots

The following are some standard facts about Newton iteration and
approximate roots.

Lemma 3.3.1 (Newton iteration). Let F(X,y) € F[x,y] be monic in y.
Suppose w € F such that

F(o,u) =0,
(0yF)(o,u) #0.

Then, for all k > 0, there is an approximate root polynomial @y € F[X]
that satisfies

F(X, @) = 0 mod (x)~"',

(Dk(O) =1Uu.

Furthermore, if we are provided F a circuit of size and bit-complexity s, and
also the element w € F with bit-complexity at most B, we can output an
algebraic circuit for the approximate root @y (x) of size at most poly(s, k)
and bit-complexity poly(s, B, k).

Proof. The approximate roots are given by the following recursive
definition:

(Do =u
F(x, Oy)

Forallk >0, @, q = Oy — — k)
ora T = P T S Flo,u)

It is clear from the above definition that @y is a polynomial in X
and its circuit complexity is at most an additive O(s) larger than the
circuit size of @y. Since the only constant introduced in the circuit is
(0yF(o, u))_] , the bit-complexity is bounded by an additive poly(s, B).

We now show that @y satisfies the requirement by induction
(the base case of @y is trivial). By Taylor expansion around (X, ®y), if
z e (x)*"!, we have

F(X, Oy +z) = F(x, Oy ) +z- 0y F(X, D)

ZZ
+ (2') ayzF(Y, DOy )+ -

= F(x, Oy) +z- 0y F(X, @y) mod <¥>k+2 (since 2% € (Y>2(k+” - (i)k+2).

k+1

Furthermore, since z € (x)"" ', we have that

2-dyF(X, @) = z- 0y F(0, D (0)) mod (x)*2
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since the other terms from the second multiplicand only contribute
higher degree terms in X. Thus,

F(X, Oy +z) = F(x, ®x) +z- 0y F(o,u) mod <Y>k+2,
=0mod (x)*"* whenz= —M,
dyF(o,u)
— F(X, Pr41) = 0 mod (x)F2. O

The following lemmas are standard in the literature (see [Biiro])
and we include proofs for completeness.

Lemma 3.3.2 (Minimal polynomials of approximate roots). Let IF be
a field of characteristic zero. Let $(t) € [F[t] and G(t,y) € Flt,y] be
polynomials such that G is irreducible of y-degree d,, t-degree d, is monic
in y and satisfies

G(t,d(t)) =0 mod (t)*,

for some natural number k greater than 2dyd. If H(t,y) € Flt,yl is a
non-zero polynomial of y-degree exactly d, t-degree d, is monic iny and
satisfies

H(t, (1)) =0 mod ()",

then, H must be equal to G.

Proof. Let R(t) = Resy (G(t,y), H(t,y)) € F[t]. From the definition of
the resultant, the degree of R is at most 2d d. If R is identically zero,
then we have from Lemma 2.3.22 that G and H have a non-trivial
GCD as polynomials in [F(t,y). But then, since G and H are monic
in y, it follows from Lemma 3.3.4 that they must have a non-trivial
GCD in F[t,yl. Now, since G is irreducible, this can happen only if
G divides H. Since the degree of H is at most d, we get that they
must be a non-zero constant multiple of each other. But they are both
monic in y and hence they must be equal to each other. Thus, if R is
identically zero, then we are done. It now remains to show that R is
indeed identically zero.
We have from Lemma 2.3.22 that there exist polynomials A(t,y), B(t,y)
such that
Alt,y)G(t,y) +B(t,y)H(t,y) =R(t).

Now, plugging in y = ¢(t) on both sides of the above equation, we
get
Alt, d(1))G(t, d(t)) + B(t, d(t))H(L, () = R(t).

But from the hypothesis of the lemma, we know that G(t, ¢(t)) =0
mod (t)* and H(t,$(t)) = 0 mod (t)*. Moreover, k > 2dyd. Thus,
the left-hand side of the identity above vanishes modulo (t)%dyd+T,
So, the resultant R vanishes modulo (t)29vd+1. But since its degree is
less than 2d,, d, this means that R is identically zero as a polynomial
in [F[t]. This completes the proof of the lemma. O
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Lemma 3.3.3 (Computing minimal polynomials of approximate roots).
Let Oy (x) € F[x] be provided by an algebraic circuit of size and bit-
complexity at most s. Suppose there exists a polynomial G(X,y) = Z?:o Gi(x)yt
that is monic in y and irreducible satisfying

G(X, Dy (X)) = 0 mod (x)*',
degG <D,
degy G=4d,
k > 2Dd.

Then, given the exact y-degree d, total degree D, and the circuit for @y, for
every i € [d], we can compute an algebraic circuit (with only X variables
and no y), with divisions, of size and bit-complexity at most poly(s,d, D)
for the polynomial Gi(X). In particular, we can compute a circuit of size and
bit-complexity poly(s,d, D) for G(x,y).

Proof. Let us first do a standard transformation from the multivariate
setting to the bivariate setting by mapping each x; to t - x;, where t is
a new variable. Thus, G(X,y) gets mapped to G(t,y) € FiX][t,y] and
each monomial in G with X-degree 1 gets mapped to a monomial with
t-degree 1 in G. Similarly, @y (X) gets mapped to ®y(t).

a [ D A
Gty)=) (D Gyt |-y

i=0 \j=0

where each Gyj is the degree-j homogeneous part (in X) of the coeffi-
cient of y' in G. We will treat> each G ij as an indeterminate from IF(x)
and express the given constraints as a system of linear equations in
Gij’s. Note that G, as a bivariate polynomial in (t,y), is irreducible
because: 1) monicness along with Lemma 3.3.4 ensures that all factors
are (without loss of generality) from IF[x][t, y], and 2) any such factor
(which must also be monic in y), upon setting t = 1, will give us a
non-trivial factor of G(%,y) in FF[x,y], which is a contradiction since G
is irreducible.

2 This is an overload of notation: Gij’s are the homogeneous parts of the polynomial G
given in the lemma statement, as well as the indeterminates in the linear system that
will eventually have the polynomial from the lemma statement as its unique solution.
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0) k)

Forr =0,...,k, let Cbﬁ = q)](:' —|—<D](:’”t+-~-—|—®](:’ t” where

CD,(;’“ is the degree-{ homogeneous part of ®;.. Given a circuit of size

s for @y, we can obtain poly(s)-sized circuits for each of (D](:’e).

d D d D k )
G(t, (~Dk) = Z Z Gijd)]itj = Z Z Z Gijq)](g'“tbrj
i—0j-0 i—0j=0 =0
D+k [ d D o
-y > Gyo ™) | ¢m

m=0 \i=0j=0

where the last equality is just grouping the terms in terms of the
t-degree. Thus, the given constraints can be expressed as

d D o
ZZGijCD,(:'mﬂ) =0 forallm=0,...,k,
i=0j=0

Gao =1,

Gg; =0 forallj>0.

By Lemma 3.3.2, the solution to the linear system is a unique polyno-
mial in [F(X)[t, y]; thus, it follows that the column rank of the constraint
matrix M of this linear system is full. Now, if the coefficient vector
of G is a solution of M -z = b, then it is also a solution of the linear
system MT .Mz = M. b, where MT denotes the conjugate transpose
of M. Moreover, from Lemma 3.3.5, we have that MT - M is a square
matrix of full rank. Thus, this unique solution of MT-Mz = MT - b
can be written in closed form as (MTM)~T(MT . b). t

Now, by expressing the inverse (MTM)~! = %, where adj
refers to the ‘adjugate matrix’, we get a circuit of size (and bit-
complexity) poly(s, d, D) for each Gy;j, and hence, for G(X,y) = Z?:o (ijo Gﬁ) .

yh. O

3.3.2 Irreducible polynomials in the field of fractions of a UFD

Lemma 3.3.4 (Gauss’ Lemma (Corollary 6.10 [GG13])). Let R be a unique
factorisation domain with field of fractions K. Suppose a polynomial f € R[y]
is monic iny. Then f is irreducible in Kly] if and only if f is irreducible in
Rlyl.

As a corollary, the factorisation of any monic polynomial f into its irre-
ducible factors in R[y] is exactly the factorisation of f into its irreducible
factors in K[yl.
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3.3.3 A basic linear algebra fact

We use the following basic fact in the proof of correctness of our
algorithm.

Lemma 3.3.5. Let M be an v x ¢ matrix with entries in C[x] such that r > c
and the rank of M over the field C(x) equals c.

Then, the rank of the ¢ x ¢ matrix MM over the field C(X) is also equal
to c. Here, MT denotes the conjugate transpose of M.

Proof. Since the rank of M over C(x) equals c, there is a substitution
a € C™ for the variables such that N = M(@a) has rank c over C. To
show that MM is full rank over C (%) it suffices to show that NN is
full rank over C. We do this by arguing that the kernel of NTN does
not contain a non-zero vector.

Let u € C™ be an arbitrary non-zero vector. We now argue that any
such u cannot be in the kernel of NTN. To see this, consider the inner
product (u, NTNuw) where (u,v) := ufv. Clearly, this equals (Nu, Nu),
which equals the square of the {, norm of the vector Nu. Since N has
full column rank and u us non-zero, we have that Nu is a non-zero
vector in C™, and thus its £, norm is non-zero. Thus, NTNu must be
non-zero, and NN must be full rank. O

3.3.4 Irreducibility under a shift of variables

Since the final step of solving a linear system after Newton iteration
works only when the candidate factor is irreducible, we need to ensure
that the initial shift of variables does not affect the irreducibility of the
factors; this is guaranteed by the following lemma.

Lemma 3.3.6. Let IF be a field and g(x) € F[x] be an n-variate irreducible
polynomial. Then, for every a € ™, the polynomial G(X,y) := g(Xx+a-y)
is also irreducible.

Proof. We will interpret the polynomial g(x) € F[X] as g(x,y) € F[x, y]
with the property that it does not depend on the variable y. The
mapping (X,y) — (X + «-y,y) is an invertible linear transformation
M on the vector of variables (x1,...,xn,y) = (X, y).

We shall prove the contrapositive of the claim: if the polynomial
G(x,y) := g(M(x,y)) has a non-trivial factorisation, then so does g.
Formally, if g(M(X,y)) = g1(X,y) - 92(X,y) for some non-constant poly-
nomials g7 and gy, then g(X,y) = g1 (M~ '(X,y)) - g2(M~1(X,y)) such
that g1 (M~'(x,y)) and g2(M~'(X,y)) are also non-constant polyno-
mials. Observe that the operation of taking a product of two polynomi-
als commutes with the operation of applying a linear transformation
on the variables; it is easy to see for monomials, and it follows for
polynomials by linearity of M. Thus, applying M~ on both sides of

g(MIX,yl) = g1(X,y) - g2(X,y) gives us that g(x,y) = g1(M ' (x,y)) -
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gz(M_] (x,y)). Here, g1 (M1 (x,y)) and gz(M_] (x,y)) will be non-
constants since M is invertible. Thus, if G has a non-trivial factorisation,
then so does g. O

3.3.5 Converting a circuit over a number field to a circuit over
rational numbers

Lemma 3.3.7 (Constructing a circuit over the base field). Suppose we are
given as input an irreducible polynomial A(w) of degree v and bit-complexity
B, and a czrcuzt C, with divisions, of size and formal-degree at most s over
a ﬁeld that computes a polynomial g(x) € Q[x]. Further, the formal
degree of u (interpreted as a variable) in C is bounded by d. Then, there
is a deterministic algorithm that can output another circuit C’ with size
poly(s,r,d, B) over the field Q computing the polynomial g(X).

Proof. For any polynomial p(u) € Q[u], we will use (p mod A(u)) to
denote the unique polynomial p’(u) of degree less than A(u) such
that A(u) [ p(u) —p’(u).

We may assume without loss of generality® that the input circuit
C only has a division gate at the root, i.e. it computes g in the form
g(x) = %‘;“m(( j where Cpum and Cge, are circuits without divisions
over Q[u]/A(u). Let s,d be bounds on the size and degree of the
circuits, respectively, of Chym and Cgen-

By interpreting u as a formal variable, let C/ ., C}.,, € Q[X, u] be the
resulting polynomials (so that Cnum mod A(u) = Cpym and similarly
for C/_ ). We may write C},,,, C/

den den @

num/
Chum = C;Efi% + CASJI% +ot c;&‘i%ud € QIx, Ul
Chen = CHO oty 4oyl
Cnum = (Crlmm mod A(u)) = Cl(mrn + Cnumu +- 4+ Cnurn ur—]

dyd ¢ Qlx, ul.

den den den

d
= > Crum(u mod Afw)
i= O

Caen = (Cley mod A(w)) = CL° it clr Ny

den

+C

den den

= Z Cé(ei) (u! mod A(u))
i=0

Using Lemma 2.3.6, we can obtain circuits for each ! ) of size

den ’ C
at most poly(s, d), and thus we can compute circuits for Cnum and

den

C((i e)n as well.

The standard ‘division-elimination” approach keeps tracks of numerators and denom-
inators in gate of the original circuit. This transformation only increases the size by a
polynomial factor.
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To ‘invert’ Cgon, we consider indeterminates by, bq,...,b,_7 such
that
(C(O) 4ol )-(bo+bju+---+b,ju™ ") =1mod A(u),

den den

which is once again a linear system over the indeterminate b;’s, with
coefficients being linear combinations of the circuits Célell’s. We can

therefore express the bj’s as efficient rational functions using the

circuits Céiezq’s via Cramer’s rule.
Finally, if % was indeed a polynomial g(x) € Q[x], we must have

that
((Cnum : (bO +b1u+ o 'br—1ur_] )) mod A(u)) = Q(Q)

Thus, we can once again compute the LHS above and return the
circuit for the coefficient of u° in the above expression. The size and
bit-complexity bounds follow readily from the description. O

3.4 PSEUDO-RESULTANT

In this section, we will define the pseudo-resultant of a polynomial f
and a factor g. The pseudo-resultant serves as a proxy for the resultant
as it is easy to argue about its circuit complexity, and it suffices for
our applications. This definition and its applications to polynomial
factorisation that we discuss later in the chapter are essentially the
main technical contributions of this work.

As discussed in the proof overview, a way to motivate this definition
is to think about the requirement for Newton iteration (Lemma 3.3.1).
The simplest setting to keep in mind is when f(X,y) = g(x,y)h(x,y),
g is irreducible, g { h and all the polynomials are monic. We want to
find some @ such that there is a root of f(a,y) (in particular, a root of
g(a,y), the univariate “projection” of the factor we care about), which
is not a root of 9y, f(a,y). If we apply the product rule on f(a,y), we
get 0yf(a,y) = dyg(a,y)h(a,y) +g(a,y)oyh(a,y). If uis a root of
g(qa,y), it kills the second summand of the derivative, so to ensure
dyf(a,u) # 0, we need 0y g(a,u) # 0 and h(a,u) # 0. For the latter, it
would be enough to ensure that g(a,y) has a root which is not a root of
h(a,y) i.e. g(a@,y) { h(a,y); this is a divisibility-testing condition and
can be turned into a PIT using the pseudo-quotient (Theorem 2.3.18).
The first condition — 9, g(@, u) # 0 — requires that we avoid u that are
roots of multiplicity at least 2 for g(a,y) since these will also be roots
for the first derivative. The pseudo-resultant will be constructed to
satisfy the two requirements. We shall now go ahead with the formal
definition.

For a polynomial f(X,y), let S¢(X,y) denote (ayf(i,y))z and S¢(q ) (y)
denotes (%f(ﬁ,y))z.
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Definition 3.4.1 (Pseudo-resultant). Given f,g € F[x,yl, let Q(X,y)
be the pseudo-quotient of S¢ and g interpreted as univariates in y (with
coefficients in IF(x)). Then, the pseudo-resultant of f and g with respect to
y, denoted by Ry g, is a polynomial in [F[x,y] defined as

Rf,g ::Sf*Q'g' O

The variable y is special in the above definition, and will remain so
throughout the chapter.

We make the following simple observation that summarizes a natu-
ral property of the pseudo-quotient and the pseudo-resultant under
substitutions.

Observation 3.4.2 (Pseudo-quotients and pseudo-resultants under
substitutions). Suppose f(x,y),g(x,y) € F[x,y] are monic in vy, and
suppose a € FX such that g(a,0) # 0. Let Q(X,y) be the pseudo-
quotient of S¢ and g interpreted as univariates in y (with coefficients
in F(X)). Let Q'(y) be the pseudo-quotient of S¢(q,y) and g(a,y). Let
Re(ay),g(ay) = Stay) — Q' - 9(a,y) be the pseudo-resultant of f(a,y)
and g(a,y). Then:

1. Q(@y) = Q'(y).
2. Regla,y) = Rf(a,y),g(a,y)(y)-

Proof. For the first part, let g(X,y) = go(X) + g1(X)y + - - - +y<. By the
definition of the pseudo-quotient, we have

Sf(( 1;) (1+3(®y) +3xy)*+--+ Q(x,y)Dd)] ’
)

Sf (ay (y)
go(a)

Q(x,y) =Homgp_g4 [

Q'(y) =Homgp_gq [ (1+4§(y)+ gly)?+---+ Q(U)D—d)]

where §(x,y) = 1— g%y and g(y) = 1— %. It is evident that

d(y) = g(a,y). Since the operations of taking partial derivatives with
respect to y (in the definitions of Sy and S¢(g,)), taking homogeneous
components with respect to y and evaluating the X variables commute
with each other, it follows that Q(a,y) = Q’(y) as claimed.

For the same reason, it follows that S¢(X,y) = S¢(q,y)(y). Combining
this observation with the first part, we get S¢(a,y) — Q(a,y)g(a,y) =

Stay)(Y) — Q' (Yg(a@ y) ie. Reg(q,y) = Re(ay),g(ay) (Y)- O

The following lemma tells us how to use the pseudo-resultant to
find a suitable starting point a for Newton iteration.

Lemma 3.4.3 (Properties of pseudo-resultant). Suppose F is a field,
f € F[X,yl is monic in y, and f = g - h, where g is irreducible and g t h. Let
S¢(x,y) = (ayf(i,y))z, let R¢ g denote the pseudo-resultant of f and g with
respect toy, and let R¢(qy),g(ay) (Y) denote the pseudo-resultant of f(a,y)
and g(a,y) with respect toy. Then, the following properties hold.
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1. g1 S¢ in F[x,y] and IF(X)[yl. Equivalently, R¢ (X, y) # 0 in F(X)[yl.

2. For any @ € F™ such that R¢ 4(a,y) # 0 in F[yl, a satisfies the
following property: there exists w € IF such that f(a,u) = 0, h(a,u) #
0 and 9 f(a,u) # 0. In particular, w is a multiplicity-1 root of f(a,y).

Proof. Since the polynomial f is monic in y, we have that g, h and S¢
are all monic in y as well. Thus, by Gauss” Lemma (Lemma 3.3.4), we
get that divisibility in IF[x, y] is the same as that in IF(x)[y], so we focus
on divisibility in F[x, y].

From f = g - h and the product rule for derivatives, we get

oyf =h-0yg+g-0dyh.

Now, since g is irreducible, we have that g divides (ayf)z if and
only if g divides 0, f. This, in turn, happens if and only if g divides
h-9yg. But from the hypothesis of the lemma, we know that g is
irreducible, and does not divide h. Moreover, since the y-degree of
0y g is less than the y-degree of g, we have that g does not divide
0yg either. Thus, from the irreducibility of g, it follows that g does
not divide the product h -9, g, and hence, g does not divide (9 )2
(in the ring F[x, y]). As mentioned earlier, it now follows from Gauss’
lemma (Lemma 3.3.4) that g does not divide (3,f)? (in the ring F(X)[y])
i.e. g {S¢. Combining the definition of Rf 4 and Forbes” reduction of
divisibility testing to PIT (Theorem 2.3.18), it follows that R¢ 4 (X, y) #Z 0
in [F(X,y). This completes the proof of the first item.

We now proceed with the proof of the second item. Let a be a setting
of the x-variables such that Rt (@, y) = R¢(qy),g(ay)(y) # 0 (where
the equality follows from Observation 3.4.2) or equivalently, g(a,y) 1
S¢(a,y) (by Theorem 2.3.18 and the fact that S¢(@,y) = S¢(q,y)(y))-
Let g(a,y) factor as g(a,y) = [ [; (y — «;)¢* over the algebraic closure
F of the field FF. Let g1(y) = [i.c.—1 (y — ;) be the product of lin-
ear factors of multiplicity 1, and g2(y) = [i.c,>2 (Y — i)t be the
product of rest of the factors. We first claim that for every root «; of
g2(y) with multiplicity e; > 2, it holds that (y — )€t | (E)yg(ﬁ,y))z.
Indeed, denote by q(y), the polynomial g(a,y)/(y — «;)¢. Then, by
the product rule, we have

dyg(@y) =eily— ) 'qy) +3yqy) - (y— i),

Since e; > 2, we have that 2(e; —1) > ei. Thus, (y — )€ |
(ayg(ﬁ,y))z and more generally, since (y — ;)¢ and (y — ;)¢ are
relatively prime whenever «; # «;, we get that g, (y) | (9y g(a@,y))?.

Furthermore, setting X to @ in the expression for S¢(X,y), we get
that

S¢(@,y) = (3y9(a,y) - h(Ty))* + (9(ay) - dyh(@y))?
-g(a,y)-

+2-(0y9(a,y)) - 9(a@y)-h(a,y) - (dyh(a,y)).
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We note here that all the partial derivatives in the above expression
are taken with respect to the variable y, whereas all the substitutions
are happening with respect to the Xx-variables, and thus these two
operations commute with each other. From the form of the expression
above, the definition of g, and our earlier observation that g, (y) |
(0y g(@,y))?, it immediately follows that g2(y) | S¢(@,y).

Since g(@,y) does not divide S¢(@,y) but g2(y) does, it must be the
case that g7(y) does not divide S¢(a,y). Thus, g1(y) has degree at
least one and at least one of its roots in IF is not a root of S¢(@,y). We
claim that this root satisfies the requirements of being the u € F from
the claim. To this end, we note that

o S¢(a,u) # 0 or equivalently, 0, f(a,u) # 0

o f(a,u) = g(a,u)-h(a,u) = gi(u)-g2(u) - h(a,u) = 0 since we
chose u so that g7(u) =0

L ayf(a/u) = ag(aru) : h(alu) + ah(a/u) ' g(a/u) = ayg(a/u) :
h(a,u) by the previous bullet. But d,f(a,u) # 0 and hence
h(a,u) #0.

This completes the proof of the second item. O

3.4.1 A starting point for Newton iteration

The next lemma proves that in the setting of constant-depth circuits,
the complexity of the pseudo-resultant of f and g is comparable to
the complexity of f and g. Hence, if we want to find a point @ that
will help us start Newton iteration using the sufficient condition from
Lemma 3.4.3 (property 2), then it is enough to consider points in a
hitting set for constant-depth circuits.

Lemma 3.4.4. Suppose f € F[x,y] is a polynomial of degree D with the
following properties.

o fis monic in y.

o f=g-h whereg=7y , gi(X)y' is a monic irreducible polynomial of
degree d such that g t h, and go(x) # 0.

o f can be computed by a circuit in (LTT)A1) of size at most s1 and g
can be computed by a size s, circuit in (£TT)(A2) for some constants
Ay,Ar € N.

Let R 4(X,y) € F(X)ly] be the pseudo-resultant of f and g with respect
toy. For A = max(A1,Ay), let H be a hitting set for (n + 1)-variate
(Z1T) (A+2)_circuits of size at most 11s15,D> and degree at most 5D?. Then,
there exists a point @ = (a1,...,an, an+1) = (@, any1) € H such that

Rf,g (a/y) ;é 0.
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Proof. Let Q(X,y) be the pseudo-quotient of S¢ and g as univari-
ates in y. Let the numerator and the denominator of Ry 4(X,y) =
S¢(x,y) — Q(X,y) - g(X,y) be Prum(X,y) and Pgen(X) respectively. The
proof proceeds by bounding the complexity of the numerator and the
denominator, and observing that the given hitting set suffices to find
a non-zero for both of them.

BOUNDING THE COMPLEXITY OF THE DENOMINATOR Py.,(X)

S¢(x,y) and g(X,y) do not contribute to the denominator. The only

contributions to Pgen (%) (from Q(X,y)) are go(x) by the Sf(?y)) term,

and go(x)P~¢ from the powers of §. Thus, Pgen(X) = go(x)P—9+1.
Since g(X,y) has a (ZIT)(42)circuit of size s,, so does go(X) (obtamed
by just setting y to zero). Thus, Pgen(X) has a (X1T) (A2+1)_circuit of size
at most s, +D < s,D. The degree of Py is clearly upper bounded
by D2.

BOUNDING THE COMPLEXITY OF THE NUMERATOR Prym (X, y) : The
numerator of Q(X,y), denoted by Qnum(X,y), is

Qnum(X,y) = Homp 4 [Sf X, Y) (Z g 4N go—g)i)] :

From the definition of S¢ and standard Computation of partial deriva-

tives (see Lemma 2.3.8), Sf(x y) has a (ZTT) (A1) circuit of size (10s1D3).
ZP Od g(? 4=t(go — g)t has a (ZIT) A2+ _circuit of size s,D3. Taking

its product with S¢(x,y) and using interpolation to get the homoge-
neous components of degree at most D — d (Lemma 2.3.7) gives us

a (ZIM A+ circuit of size (10s1D?) for Quum. Thus, Prum(X,y) =
Paen(®)S¢(X,Y) — Quum(X,y)g(X,y) has a (ZTT)(A+ D _circuit of size
10s1s,D?. From the expression of the numerator, we have that a
crude bound on its degree is at most 2D + D2 + D?Z < 4D2.

THE HITTING SET J{ SUFFICES : Since Phym(X,y) and Pgen(X) have
relatively small (ZIT)(A+1)_circuits, then their product has a (ZIT)(4+2)
circuit of size at most 10s152D? +s,D < 11s75,D° and its degree is at
most D? +4D? = 5D2. Thus, a hitting set K for this class will contain
apoint@=(ay,...,an,any1) = (@, an41) such that Ppym (@) - Pgen (@)

is non-zero. In particular, % =R g(ay) #0.
O]
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3.5 GENERATING A LIST OF CANDIDATE FACTORS

Algorithm 3: Computing a list of candidate irreducible factors
of multiplicity-1, degree d and computable by a depth A’ circuit
of size m, when the input polynomial has depth A

Input :A size parameter m in unary; degree parameter d € IN; a
(ZTT)A-circuit of size s, bit-complexity t, total degree D,
computing a polynomial f(X,y) € Q[xq,...,xn,y] thatis
monic in y.

Output: A list L = {Cy, ..., C;} of algebraic circuits (with division
gates) such that for every irreducible factor g(x,y) of f(x,y)
s.t. g% { f and g has a size m circuit of depth A’, y-degree
equal to d, there exists i € [r] such that C; = g(X,y).

1 Set the list L’ = ().

= Compute hitting-set Hy for (n + 1)-variate (Zﬂ)(maX(A’A/HZ)

-circuits
of size (11smD?) and degree (5D?) using Theorem 2.3.13.

3 Let H, be the projection of the points in H; on the first n coordinates.

4 fora=(aj,...,an) € Hy do

5 F(x,y) =f(x1 +aj,...,xn+an,y)

6 Factorise the polynomial F(o,y) € Qly] into irreducible factors as

Flo,y) =0-Fi(y)°" - F(y)e

where 0 # ¢ € Q and each F;(y) is monic.
7 forall F; s.t. e; =1 do

8 Set K := <]S£Lj)>.
9 if 0yF(o,u) = 0 then
10 L Skip to the next F;.
11 Use Lemma 3.3.1 to obtain a circuit for @y (x) such that
F(x, @) = 0 mod (@k“ for k = 2D2.
12 Use Lemma 3.3.3 to obtain a circuit (with divisions) C for the
minimal polynomial G(X,y) for @, modulo the ideal (i)k+1 .
13 Apply the transformation x; — x; — a; on C to get a circuit C’.
14 Update L' := L' U{C’}.

15 return L’

Remark (Obtaining circuits over the base field Q). Although the above
algorithm outputs circuits over algebraic extensions of Q of the form K =
%, they can be transformed syntactically to circuits over the base field
Q, with only a polynomially large blow-up in size, via standard techniques
(Lemma 3.3.7). ¢

For simplicity, Algorithm 3 deals with the special case when the
factors we care about have multiplicity one and a fixed degree d. Later,
we will describe the final algorithm that will iterate over the values
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of the degree and multiplicity parameters, and run Algorithm 3 as a
subroutine.

We now bound the running time of the above algorithm, and prove
its correctness. In the following subsection, we use this algorithm to
prove the main theorem Theorem 1.7.5.

3.5.1  Proof of correctness of Algorithm 3

Theorem 3.5.1 (Correctness of Algorithm 3). Let Q be the field of rational
numbers and € > 0, A, A’ € IN be arbitrary constants. Let f(X,y) € Q[X, y]
be any polynomial that is monic in vy, is computed by a (ZTT)(A)-circuit
of size s, bit-complexity B, degree D and let g be an irreducible factor of
multiplicity one of f with y-degree exactly d such that g is computable by a
(Z11) (A circuit of size m.

If Algorithm 3 is invoked on input m,d, a circuit for f with size s, bit-
complexity t, D, then the output is a list L of circuits of size poly(s, m, D)
and bit-complexity poly(s,t, m, D) such that L contains at least one circuit
that computes g.

Moreover, the algorithm terminates in time (O(stS)O(A) .
n)Oe((smD)%) . poly(s, D, B), where A = max(A, A') + 2.

Proof. We start with the proof of correctness. Suppose f = g - h where
g is one of the irreducible factors of interest. Let Rt 4 be the pseudo-
resultant of f and g with respect to y. From Lemma 3.4.4, we get that
there exists a point (aj,ay, ..., an, any1) in the hitting set Hy defined
in the algorithm such that R¢4(ay,...,an,y) # 0. In other words,
there is an @ = (aj,az,...,an) € Hz such that R¢ 4(a,y) # 0; let us
fix such an a.

From this and the second item of Lemma 3.4.3, we get that there is a
u € Q such that g(a@,u) =0, h(a,u) # 0 and 0y (f)(a@,u) # 0; moreover,
this u must be a root of one of the F;’s with multiplicity e; = 1 obtained
in Line 6. Hence, F(o,u) = f(a,u) = 0 and dyF(o,u) = d,f(a,u) # 0.
We now satisfy the hypothesis for Newton Iteration (Lemma 3.3.1) and
we can obtain a circuit for the approximate root ®y for F satisfying
®y(0) =u. Let G(X,y) :=g(Xx+@,y) and H(X,y) := h(X+ @, y). Since
F(X, @y) = G(X, @) - H(X, @i) = 0mod (X)*"' and H(o, Dy (0)) =
h(a,u) is a nonzero scalar in K, we have that G(x, ®x) = 0 mod
(%) Therefore, for k = 2D? (as set in the algorithm), Lemma 3.3.3
will yield a circuit (with divisions) for G. Undoing the initial translate
via xi = x4 — ay yields a circuit for g(x,y).

From the description of the algorithm, we get that time complexity
is at most

To+[Ha[-D-(T1 + T2+ Ts)

where, Ty is the time taken to computing an appropriate hitting
set in Line 2, Ty < poly(D,B) is the time taken to factorise the
polynomial F(0,y) (Theorem 2.3.27), T, < poly(s, D, B) is the time
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taken for computing the approximate root (Lemma 3.3.1) and com-
puting the minimal polynomial (Lemma 3.3.3). The size of H; is
at most the size of H;, and Theorem 2.3.13 tells us that [H;| <
((11smD5)0 (&) . 1)Oc((44smD")%) (ywhere A = max(A,A’) + 2); more-
over, Theorem 2.3.13 tells us that Ty, the time-complexity of computing
H;j at Line 2, has the same expression as the size of H;. Thus, the total
running time is ((11st5)O(A) -n)oe((55st7)e) -poly(s,D,B). The
bit-complexity bound follows as the only nontrivial constant added
to each circuit is the algebraic number u whose minimal polynomial
is one of the factors of F(0,y) and hence has small bit-complexity as
well. O

3.5.2 Proof of Theorem 1.7.5

We now describe our final algorithm, and its analysis to complete the
proof of Theorem 1.7.5.

Algorithm 4: Computing a list of candidate irreducible factors
computable by a depth A’ circuit of size m, when the input
polynomial has depth A

Input :A size parameter m in unary; a (ZIT)?-circuit of size s,
bit-complexity t, degree D, computing a polynomial
f(xX) € Qlx1,...,%Xnl.

Output: A list L = {Cy, ..., C;} of algebraic circuits (with division
gates) such that for every irreducible factor g(x) of f(x) s.t. g
has a size m circuit of depth A’, there exists 1 € [r] such that
Ci = g(x).

1 Set the output list L’ = ().

2 Compute hitting-set H; for n-variate (ZIT) (A)_circuits of size (sD3)
and degree D using Theorem 2.3.13.

3 forx € H; do

4 Define f(X,y) = f(x + @ -y) = f(x1 + €1Y,..., Xn + &ny)

5 fori=0...D—1do

6 Compute a circuit C; for the polynomial f;(%,y) := g;‘i

7 ford=1...D—1do

8 Compute a list L; g of candidate irreducible factors of
fi(X,y), with y-degree d and multiplicity one, using
Algorithm 3

9 SetL’:=L'ULiq

10 Let L be the list of circuits obtained by setting y to 0 in circuits in L’.
12 return L

Theorem 3.5.2 (Correctness of Algorithm 4). Let Q be the field of
rational numbers and € > 0, A,A’ € N be arbitrary constants. Let
f(X) € Qlx1,...,xn] be a polynomial computed by a (XTT)A)-circuit of
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size s, bit-complexity t, degree D and let g be an irreducible factor of f such
that g is computable by a (ZTT)(A")-circuit of size m.

If Algorithm 4 is invoked on input m, a circuit for f with size
s, bit-complexity t, D, then the output is a list L of circuits of size
poly(s, m,D) and bit-complexity poly(s,t,m,D) such that L contains
at least one circuit that computes g. Moreover, the algorithm terminates

5 Os( D]O)s
in time (((O(s,mDS))O(A) -n)) o
max{A, A"} + 2.

-poly(s, D, T), where A =

Proof. Let D be the total degree of f. If we view f(x +«-y) as a
formal polynomial in y, we get that the coefficient of yP in it is equal
to the evaluation of the degree D homogeneous component of f on
input (). Moreover, from Lemma 2.3.6, we get that this homogeneous
component has a (ZIT) (A)_circuit of size at most sD3. Therefore, there
exists an @ in the hitting set Hy for which the polynomial f(X,y) =
f(x + & -y) has y degree equal to D, and hence (up to multiplication
by a non-zero field constant) is monic in y.

We will focus on an arbitrary fixed irreducible factor g | f and prove
that there exists a circuit in the final output list L that computes g. Let
i* be the multiplicity of g in f. Let the degree of g be d. Then, §(x,y) =
g(x + «-y) will be a factor of y-degree-d and multiplicity one of

fi_1(x%,y) = g;f By Lemma 2.3.8, fi+_1(X,y) has a (Z1M) (A)circuit of

size at most sD>. Moreover, the transformation X — X + & - Yy maintains
the irreducibility of g by Lemma 3.3.6. Thus, in the (i* —1)'" iteration
of Line 5 and the d'" iteration of Line 7, Line 8 will compute a list of
candidate factors that will include § as guaranteed by Theorem 3.5.1.
Setting y = 0 (which can be done because Lemma 3.3.3 guarantees
that only the X variables show up in the denominators) to go from the
list L’ to L will give us a list that contains §(x,0) = g.

From the description of the algorithm, the running time of Algo-
rithm 4 is at most

To +|H;|-D?- Ty - poly(s, D, t)

where T is the time taken to compute the hitting set Hq, Ty is the
time taken to invoke Algorithm 3 in Line 8, H is the hitting set com-
puted in Line 2 using Theorem 2.3.13, the D? factor is to account
for the two loops in Line 5 and Line 77, and the poly(s, D, t) factor
is to account for the rest of the steps such as computing f from f,
computing circuits for derivatives, obtaining a list of circuits by setting
y =0, etc. Ty is the running time of the first algorithm on fi-—1 which
has a (ZTT)(®)—circuit of size s’ = sD3. Thus, from Theorem 3.5.1,
Ty is at most ((11smD8)O(28) . 1)0e((55smD™)*) . x5l (s, D, t). Apply-
ing Theorem 2.3.13 for a (ZIT)®)-circuit of size sD3 and degree
D tells us that ((sD3)9(4) -n)oe((sm)e) will be a bound on both
To as well as the size of Hj. Thus, the final time complexity is
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_ 0, (55smD0)e
((11st8)O(A) -n) o - poly(s, D, T). The bit-complexity

bound follows from Theorem 3.5.1. O
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RECENT HISTORY: AFTER
ANDREWS-WIGDERSON, BEFORE
FURSTENBERG

Then came those who saw the way,
Through resultants” constant-depth embrace,
Where conjugates speak their kinship true,
Yet closure stood beyond our reach.






4 LIST-FACTORING, BUT BETTER

4.1 OVERVIEW

In this brief chapter, we will sketch out a high-level overview of the
algorithm for the following theorem, which we mentioned in the
previous chapter.

Theorem 1.7.6. [Polynomial-sized list containing constant-depth factors of
constant-depth circuits, in subexponential time] Let Q be the field of rational
numbers and € > 0, A € IN be arbitrary constants.

Then, there is a deterministic algorithm that takes as input an algebraic
circuit C € (ZTT)A) of size s, bit-complexity t and degree D, and outputs a
list of circuits L ={Cy, ..., C;} with the following properties.

1. Each C; € L is an arithmetic circuit of size poly(s,D) and bit-
complexity poly(t, s, D), with division gates.

2. For every irreducible factor g of C, there exists a Ci € L such that C;
computes g.

The size of the list L is poly(d). The running time of the algorithm is bounded
above by O(sDt)CsPY),

While this theorem still has some of the caveats of Theorem 1.7.5 in
Chapter 3 — namely, circuits with division gates, and a list of factors
with some spurious factors—, there are also significant improvements.
The output list of the new algorithm contains representatives for
all the factors of the input polynomial, not just those factors with
constant-depth circuits." Moreover, the list is only polynomially large,
as opposed to the algorithm in Theorem 1.7.5, where the list could be
subexponentially large.

4.2 PRELIMINARIES

We briefly recall some definitions and theorems relevant to the algo-
rithm.

At the time of this result, we did not know that there would eventually be a closure
theorem for constant-depth circuits.
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4.2.1  Squarefree decomposition

We say that a polynomial P is squarefree if it is not divisible by the
square of another polynomial. In particular, every irreducible factor of
P appears with multiplicity one in the unique factorisation of P.

We now define the notion of squarefree decomposition of a polyno-
mial.

Definition 4.2.1 (Squarefree decomposition). Let F € [F[x] be a poly-
nomial such that F(x) = [[{~; Gi(X). Let r = max;¢|m ei, where each
Gj is irreducible. Then the squarefree decomposition of Fis (F1,F2,...,Fy),
where for each i € [v], Fi := [ [jepmyie;—i G- O

The following theorem of Andrews & Wigderson shows that square-
free parts of a polynomial computable by a small constant-depth
circuit have small constant-depth circuits, and moreover, we can com-
pute such a decomposition deterministically given an appropriate PIT
oracle.

Theorem 4.2.2 (Squarefree decomposition [AW24]). Let IF be a field of
characteristic zero or characteristic greater than D. Let O be an oracle that
solves polynomial identity testing for constant-depth circuits. Then, there is
a deterministic polynomial-time algorithm with oracle access to O which does
the following:

1. The algorithm receives as a input a constant-depth circuit that computes
a polynomial F of degree D.

2. The algorithm outputs a collection of constant-depth circuits
Cy,...,Cy such that Cy computes Fy, where (Fq, ..., F;) is the square-
free decomposition of F.

Remark 4.2.3. The model of constant depth algebraic circuits as defined in
[AW24] are allowed to have division gates. However, an inspection of their
proof of Theorem 4.2.2 reveals that an oracle access to a PIT algorithm for
division free constant depth algebraic circuits is sufficient to obtain an efficient
algorithm that takes as input a constant-depth circuit (without divisions) and
outputs constant depth algebraic circuits (again, without division gates) for
its squarefree decomposition.

Moreover, the same argument holds for algebraic formulas, provided we
have a PIT oracle for such formulas. O

4.3 HIGH-LEVEL SKETCH OF THE ALGORITHM

We now give a high-level sketch of the improved algorithm.

1. Suppose P(X) is the polynomial that we would like to factor.
We first use the algorithm by Andrews and Wigderson (Theo-
rem 4.2.2) to compute the squarefree decomposition of P. Now,
we deal with each squarefree part separately.
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2. For a specific squarefree part P, (x), we perform some of the stan-
dard transformations (x; — T -xi + ai - z+ by) so that the polyno-
mial P,(T,X,z) is monic in z variable, and P,(0,%,z) = P, (0,0, z)
is squarefree. The right @ = (ay,...,a,) and b = (by,...,by)
can be computed applying an appropriate hitting-set generator
for constant-depth circuits (via [CKS19] and [LST25]) on the
discriminant of P, as well as the highest degree homogeneous
part of P..

3. We apply Newton iteration on each root of P, (0, 0,z). But some
factors G(T,X, z) of P+(T, X, z) might only contribute non-linear
irreducible factors in P, (0,0, z). In this situation, we artificially
add a root u of G(0,0,z) to the field; more precisely, if H(z) is
an arbitrary irreducible factor of P;(0,0,z), we work over the
field % so that u is now a root of P;.(0,0, z). We can efficiently
simulate arithmetic in this field. Thus, we can lift the root u to a
truncated, approximate z-root @ (T, X) of P(T, X, z) of sufficiently
high accuracy.

4. Given a truncated, approximate z-root ¢ of P.(T,X, z), we set
up a linear system whose solution will give us a minimal poly-
nomial of the root ¢. To set up the linear system in a way that
ensures that the solution is the same as the right irreducible
factor G(T, X, z) that has the approximate root ¢, we would need
to know the exact z-degree of G. Since we do not know the
exact z-degree of G, we try all the possibilities and add each
solution to the output list. For each degree possibility, the solu-
tion to the linear system can be represented as a small circuit
using Cramer’s rule, and this step introduces a division by a
determinant.

Proof sketch for Theorem 1.7.6. The proof of correctness essentially fol-
lows along the lines of the proof of Theorem 1.7.5. The main differences
are in the size of the output list, and the fact that we can now output
a circuit for every factor, not just constant-depth factors. In the proof
of Theorem 1.7.5, for each constant-depth factor g of f, we had to
use a shift a4 that maintains the nonzeroness of the pseudo-resultant
of f and g, so that there is some root of the univariate f(xg4,y) that
satisfies the conditions for starting Newton iteration and recovering
g. With no access to the true factor g, the simplest way out was to
iterate over the whole hitting set and argue that for each factor g, some
point in the hitting set would work. Moreover, for a factor g without a
constant-depth circuit, this approach wouldn’t work.

Now, [AW24] gives us a squarefree decomposition of the input
polynomial. For each output of the decomposition, its Discriminant
will be non-trivial (due to squarefreeness), and we can find a point in
the hitting-set to maintain this Discriminant. By maintaining square-
freeness, we ensure the conditions required for Newton iteration for
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each factor of each output of the squarefree decomposition separately.
Thus, there is no need to repeat the rest of the algorithm for all choices
of shifts from the hitting-set. Moreover, this approach is agnostic of
the depth of specific factors.

The reason we can still get spurious factors is because of the fourth
steps in the above overview: we do not know the exact z-degree of the
right factor G(T,X, z), which is required to setup a linear system for
recovering G. We can still try all possibilities in {1,2,...,d} for it and
setup the linear system in each case. We cannot prune out the spurious
factors because they need not have constant-depth circuits. There will
also be potentially many copies of each correct factor G(T, X, z) since
each root or irreducible factor of the G(0, 0, z) will give us a potentially
different unbounded-depth circuit for G, and we will not be able to
use a hitting-set generator for constant-depth circuits to remove these
duplicate circuits. Taking both these cases into account, the output list
will have size at most d3> — there at most d factors, at most d roots for
each factor, and at most d outputs from d linear systems per root. [J
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5.1 OVERVIEW

Our main result in this chapter is a deterministic polynomial factori-
sation algorithm for constant-depth circuits, as informally stated in
the following theorem from Chapter 1. A more formal version is in
Theorem 5.5.2.

Theorem 1.7.7. [Deterministic subexponential time algorithm for factorising
constant-depth circuits] For every constant € > 0, constant A € N and
sufficiently large m, the following statement is true.

There is a deterministic algorithm that takes as input an algebraic cir-
cuit C over the field Q on n variables with depth A, and size and degree
poly(n), runs in time exp(O(n€)) and outputs algebraic circuits (of poten-
tially unbounded depth) for all irreducible factors of C, together with their
multiplicities.

This result in particular also gives the first subexponential deter-
ministic factoring algorithm for sparse polynomials (which is the case
when A = 2).

At the heart of our proof is the deterministic construction of a
variable reduction map that reduces the number of variables in a
constant-depth circuit substantially, while preserving its factorisation
profile. The following theorem is our main technical result."

Theorem 5.1.1 (Informal version of Theorem 5.5.1). For every € > 0,
every constant A € IN and all sufficiently large n, there is a polynomial map
Fen: Q™ — QM of degree o(logm) with the following properties.

o Given €, A, the map T'e, A can be constructed deterministically in time
exp(O(n€)).

o Te A is a variable reduction map that preserves the irreducibility of
n-variate polynomials that can be computed by depth A circuits of size
and degree poly(n). In other words, an n-variate algebraic circuit C
of size and degree poly(n) is irreducible if and only if the n©-variate
polynomial C obtained from C by composing it with T  is irreducible.

The theorem follows immediately from Theorem 5.5.1 and our deterministic imple-
mentation of some (fairly standard) preprocessing steps in the factorisation algorithm.
In fact, by a slight modification of our proofs, a stronger version of this theorem
can be shown to be true where the time complexity of constructing the map I'¢ A is
quasipolynomially bounded in n. However, this does not improve the overall time
complexity of the algorithm in Theorem 1.7.7 since some steps in the algorithm,
for instance, that of deterministic factorisation of n€ variate polynomials of degree
poly(n), still run in time exp(O(n¢)).
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o More generally, T a is a variable reduction map that preserves the irre-
ducibility of the factors of n-variate polynomials that can be computed
by depth A circuits of size and degree poly(n).

OBTAINING THEOREM 1.7.7 FROM THEOREM 5.1.1. The second
item of the above theorem, when combined with known deterministic
factorisation algorithms for n€-variate polynomials of degree at most
poly(n) that run in time n® ") (polynomial in the size of the dense
representation of such polynomials), essentially gives us a subexpo-
nential time deterministic irreducibility testing algorithm for sparse
polynomials, and more generally for constant-depth circuits. Similarly,
the third item of Theorem 5.1.1 can be combined with known ideas
in algorithms for polynomial factorisation (with some effort) to give
Theorem 1.7.7.

We end this section with a brief discussion of some quantitative and
qualitative aspects of the main theorems.

IMPROVEMENTS IN TIME COMPLEXITY. Given the reduction from
polynomial identity testing to polynomial factorisation in [SV10], we
know that one cannot hope to improve the running time of the algo-
rithm in Theorem 1.7.7 significantly for general constant-depth circuits,
unless we have significantly better deterministic polynomial identity
testing algorithms for these problems. However, for the case of sparse
polynomials, we have known polynomial time PIT algorithms for more
than three decades [BT88; GK87; GKSgo; Cla+91; KSo1], and thus we
can, in principle, expect faster factorisation or irreducibility testing
algorithms for sparse polynomials. It is a very natural question to
explore further.

CLOSURE RESULTS FOR CONSTANT-DEPTH CIRCUITS. We do not
know if irreducible factors of polynomials with small constant-depth
circuits (or even the more restricted class of sparse polynomials) must
be computable by small constant-depth circuits, and Theorem 1.7.7
does not appear to shine any light on such a closure result. As a
consequence, the outputs of the algorithm in Theorem 1.7.7 are general
unbounded depth circuits of polynomial size. In fact, we do not
even know of non-trivial upper bounds on the size of constant-depth
circuits for irreducible factors of sparse polynomials. It would be very
interesting to obtain such closure results or to gather some evidence
that points towards such a statement being false.

FIELD DEPENDENCE IN THEOREM 1.7.7. Our results in Theo-
rem 1.7.7 are stated over the field of rational numbers. However,
the results hold a little more generally - our proofs continue to work
over any underlying field over which we have an efficient determin-
istic algorithm for factoring univariate polynomials, over which the
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lower bounds of Limaye, Srinivasan & Tavenas [LST25] for constant-
depth circuits, the results of Andrews & Wigderson [AW24], and
the Taylor-expansion-based techniques of Chou, Kumar & Solomon
[CKS19] continue to work. The field of rational numbers satisfies all
these properties. The results also continue to hold over finite fields of
moderately large characteristic (polynomially large in the degree and
number of variables) since they satisfy all the properties stated above.
However, for our presentation in this chapter, we just work over the
field of rational numbers and skip the minor technical changes needed
to see the extension of the results to finite fields of moderately large
characteristic.

5.2 OVERVIEW OF PROOFS

Almost all factorisation algorithms proceed with some initial pre-
processing to guarantee the following requirements:

e P(X,z) is squarefree and monic in z.

e We have that P(0,0) = 0 and 9,(P)(0,0) # 0.

The above non-degeneracy conditions can typically be guaranteed
relatively easily via a randomized algorithm. To do this determinis-
tically, we use a recent result of Andrews & Wigderson [AW24] (see
Theorem 4.2.2) to get a squarefree decomposition of P. In fact, their
theorem says something more that is useful for us: the squarefree
parts of P are computable by a small constant-depth circuit since P
is computable by a small constant-depth circuit. Moreover, we can
obtain this decomposition via a deterministic subexponential time
algorithm that uses the now known deterministic PIT algorithms for
constant-depth circuits [LST25; AF22].

We also translate the X variables appropriately (again using deter-
ministic PIT for constant-depth circuits) to ensure that we are working
with polynomials that are monic in z and each of the squarefree parts
remains squarefree even when all the X variables are set to zero.

We then invoke a univariate factorisation algorithm to find a root
of P(0,z), which for this discussion we assume is zero. Furthermore,
we replace each x; with x;T, for a fresh variable T, to work with a
polynomial of the form P(T, X, z). Note that P(0,x, z) € F[z]; we will
refer to such polynomials as T-regularized.”

The general plan is to use Newton iteration, starting with ¢o(T,X) =
0, to get “approximate roots” ¢i_1(T,X) satisfying deg,(dr—_1) < k
and ¢_1(T,X) = do(T,X) mod T such that P(T,X, dr_1(T,X)) =
0 mod T*. We can obtain a small circuit for ¢y_1, although not nec-

More generally, we say that a polynomial in [F[T, X, z] is T-regularized if every mono-
mial with X-degree at least one in the polynomial has T-degree at least one.
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essarily one of constant depth. The hope is that, if k is large enough,
then we can recover from ¢_1 a true factor of P(T,X, z).

5.2.1 Restricting to roots

Let us start by focusing on just extracting factors of P(T,X, z) of the
form (z —f(T,x)). If f(T,x) = ¢o(T,x) mod T, then uniqueness of
Newton Iteration guarantees that ¢y_1(T,x) = f(T,x) mod Tk as well.
This therefore leads to the following natural algorithm:

1. Compute a circuit for ¢i_1(T,x) for k > deg,(P), with
deg($px—_1) <k, via Newton Iteration.

2. Check if P(T, X, by_1(T,X)) = 0.

If it were the case that ¢ was actually computable by a constant-
depth circuit, then the circuit P(T,X, x—1) is also constant-depth
circuit and we can check for zeroness via known subexponential time
PIT for constant-depth circuits. Unfortunately, we do not (yet) know if
dx—1(T,X) is computable by small constant-depth circuits.

The main insight is that we can obtain a circuit for ¢y_; with

enough structure so that P(T,X, ¢y—1(T, X)) 2 0 can be tested via the
same PIT algorithm. In particular, we analyze the standard Kabanets-
Impagliazzo generator instantiated with a suitable hard polynomial for
such structured circuits, and prove that it does preserve nonzeroness.
The details can be found in Section 5.7.

5.2.2 Analyzing the Kl generator on such circuits

The main structural lemma that drives our analysis is the following
that shows that “low degree parts” of approximate roots can indeed
be computed via not-too-large constant-depth circuits.

Lemma (Informal version of Lemma 5.6.3). Suppose $y—1(T,X) with
deg; dx_1 < k is an approximate z-root of P(T,X, z) as above. Then, for
every integer £ > 0, there is a circuit C¢(T,X) of constant depth and “not-
too-large” size that agrees with ¢_1 on all monomials of degree at most {.
That is,

Ce(T,X) = dr_1(T,%) mod (x)°,

where “not-too-large” is poly(size(P), deg(P)) - (log k)POly(t).

While this is reminiscent of a lemma of [CKS19] (Lemma 5.4.7)
that allows one to argue that low-degree components of a root have
small constant-depth circuits, there is an important difference in our
statement: ¢y_1(T,X) is a root modulo T*, whereas we want a small
constant-depth circuit to compute the root modulo x‘ie a different
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set of variables. This difference demands a little more care (see Sec-
tion 5.6.2.1), although morally we still use a Taylor-expansion based
approach along the lines of [CKS19].

With the above lemma, we would be able to show that the Kabanets-
Impagliazzo generator will indeed preserve the nonzeroness of
P(T,X, dx—1(T,Xx)) when instantiated with a hard polynomial for
constant-depth circuits.

Theorem (Informal version of Theorem 5.7.3). Let f be a polynomial that
requires “large” constant-depth circuits. Then,

P(T/il d)k,1 (Tzi)) 7& 0= P(Tlfl d)kf] (Tli)) OKIf 7é 0

where K¢ : F[x] — IF[W] is the Kabanets-Impagliazzo generator instantiated
with the polynomial f.

We now briefly outline why this is true. Let us define R(T,X) :=
P(T,X, d1—1(T,X)). To prove the above lemma, assume on the contrary
that the generator Kl did not preserve the non-zeroness of R(T,X). By
the standard hybrid argument (with additional substitutions), there
are “easy-to-compute” polynomials fi’s such that

R(flleI"'/fi—]/Xi/fi+1/---rfan) 7& 0
but R(fy,f2,...,fi1,f,fit1,..., T, T) =0.

(fit1,...,fn are just field constants). Therefore, the polynomial x; — f
divides the polynomial R(fy,...,fi_1,xi, fit1,...,fn, T). At this point,
we make use of the following result by Chou, Kumar and Solomon
(stated informally).

Theorem (Chou-Kumar-Solomon (follows immediately from
Lemma 5.4.7)). Let R(W,y) be a non-zero polynomial with R(w, g(w)) =0

for some polynomial g of degree at most {, with dyR(0, g(0)) # 0.
For all i < {, suppose there are small circuits Ci(W,y) such that

Ci(W,y) = d,:R mod (w)".

If Cis “small”, then g is a “small” composition of the circuits Cq,...,Cq. In
particular, if € is small and each Cj is a small, constant-depth circuit, then g
is also computable by a “small-ish”, constant-depth circuit.

For our setting, let Rw,y,T) = R(f1,f2, ..., fi_1,y, fict, ..., fn, T)
which has y — f(W) as a factor. Note that this is not a constant-depth
circuit as R(T,x) = P(T, X, dx_1(T,%)) and ¢p,_1 is not known to have
a constant-depth circuits. However, if deg(f) is small enough, then
the above theorem of Chou, Kumar and Solomon asserts that we can
construct a constant-depth circuit for (y — f(W)) if we are able to build
constant-depth circuits for Homgeg () (9y:R(W,y, T)). Fortunately,
our main structural lemma states that low-degree homogeneous parts

79
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that these PIT
instances, via the
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[Bha+25b], do have
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of ¢x_1 do have not-too-large constant-depth circuits. Putting this
together, we are able to assert that f(w) must also be computable by a
not-too-large constant-depth circuit, thus contradicting the hardness
of f.

5.2.3 Computing general factors

For computing general factors, at a high level, the proof proceeds in
three broad steps. We first show a way of characterizing irreducibility
of polynomials by (exponentially many) divisibility tests involving
the power series roots of these polynomials. We then show that these
divisibility tests can be reduced to PIT instances for circuits that
might not be constant-depth, but have some additional structure. And
finally, in spite of being unable to show that these PIT instances are
for constant-depth circuits, we manage to show that the Kabanets-
Impagliazzo hitting-set generator [Klo4] invoked with low degree
hardness for constant-depth circuits from [LST25] preserves the non-
zeroness of these PIT instances. This part of the proof again builds
upon the techniques from [CKS19]. We now discuss these steps in a
bit more detail and refer to Section 5.8 for the full proof.

The main technical insight of our proof is that the Kabanets-
Impagliazzo generator invoked with low-degree hard polynomials
for constant-depth circuits in fact preserves irreducibility of small
constant-depth circuits and their factors. Let us consider the polyno-
mial P(0,0,z) over the algebraic closure Q, and let us assume this
splits as (z— (1) -+ (z— Cq)- Let &V(T,%),...,d4(T,%) be the ap-
proximate root lifted from ¢; —i.e., it satisfies P(T, X, ¢ (1)) = 0 mod Tk
and ¢V (0,0) = ¢;, where k is large enough. Then, each true factor
Q(T,x,z) of P(T, X, z) corresponds to some subset Sq of these approxi-
mate roots. That is, we must have

Q(T,x,z) = H (z— d)m(T,i)) trunc T*

iESQ

where “ trunc T*” denotes the operation of discarding all monomials
that have degree k or more in T. As a consequence, if P(T,X, z) is in-
deed irreducible, then for every subset ) # S C [d] we have Qs (T, X, z)
does not divide P(T, X, z) as a polynomial, where

Qs(T,%z) = [ J(z— ¢V (T,%)) trunc T*.
ies$

Turns out, the non-divisibility of such Qs, P can be expressed as an
appropriate PIT via standard reductions from divisibility testing to PIT
[For1s; AW24]. Once again, this is not a PIT of a constant-depth circuit
due to the presence of the ¢ (T,%) sub-circuits which are not known
to have small constant-depth circuits. Nevertheless, since we are able
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to show that ¢V (T,X) has enough structure to allow us to build small
constant-depth circuits for their “low-degree” components, we are able
to argue that the Kabanets-Impagliazzo generator, when instantiated
with a sufficiently hard low-degree polynomial, will preserve the non-
zeroness of such PIT instances. Furthermore, our algorithms do not
proceed by directly derandomizing these PIT instances since there are
exponentially many of them to deal with. We only use this reduction
in the analysis of our algorithms.

Overall, this yields a variable reduction (to n¢ variables, for any
€ > 0) that allows us to preserve the factorisation pattern of any
constant-depth circuit. From this, recovering circuits (although not
necessarily constant-depth) for the factors is relatively straightforward,
given the known algorithms for polynomial factorisation.

Organization

The rest of the chapter is organized as follows. We begin by recalling
some standard notations and preliminaries in Section 5.3, and some
preliminaries related to polynomial factorisation in Section 5.4. We
describe the details of our algorithms in Section 5.5, and discuss their
analysis, assuming some technical results in Section 5.9. We discuss
the proof of these technical results in detail in Section 5.6, Section 5.7
and Section 5.8.

For readers familiar with the general area of algebraic circuit com-
plexity and some familiarity with polynomial factorisation algorithms,
we recommend skipping the preliminaries and going to Section 5.5,
and then referring to Section 5.3 and Section 5.4 as and when needed.

5.3 STANDARD PRELIMINARIES

5.3.1  Truncation

We start with the important, although non-standard definitions that
are helpful in succinctly expressing our technical statements in the
chapter.

Definition 5.3.1 (Polynomial truncation). For a polynomial Q(x) € R[X]
and a positive integer k, Q trunc (x)* denotes the unique polynomial Q
with xX-degree less than k such that Q = Q mod (x)*. We extend this
notation to Q(T,X) € F[XI[T] (as well as power-series in F[X][T]) and use
Q trunc T* to denote the truncation interpreting Q(T,x) € R[T] (or R[T])
for R =TFI[x]. O

While it is common to slightly overload notation and use mod (%)~
to also denote trunc (x)*, we choose to separate these notations for
reasons of clarity.
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5.3.2 Consequences of interpolation

We recall some of the standard consequences of interpolation.

Corollary 5.3.2 (Standard consequences of interpolation). Let
xo,...,xq be distinct elements in F. Then,

1. [Partial derivatives] If C(X,y) has degree d in the variable y, then
the i-th order partial derivative of C with respect to y can be expressed
as an FF[yl-linear combination of {C(x, &;) : j €{0,...,d}}. That is,
there are polynomials o (y), ..., na(y) (not depending on C) of degree
at most d such that

0,iC(%y) = 1oly) - C(x, o) + -+ 1a(y) - CX, ota).

2. [Homogeneous components] Let C(X) be a degree d polynomial.
Then, for any subset Xs C X and any i € [d], the degree i homogeneous
part of C with respect to Xs, denoted by Homg, i (C), can be expressed
as

a
Homx, 1 (C) = Z Bi; - Cloy -Xs,Xg)
i—0

for some constants 3;; € IF (not depending on C).

3. [Truncation] Let C(X) be a degree d polynomial and let xs C X
be a subset of variables. Then, for any { € [d], the truncation
C(X) trunc <¥g>e+] can be expressed as

d
C(X) trunc <¥5>€+1 = Zw,j - Clay - Xs,Xg)
j=0

for some constants 'y, ; € F (not depending on C).

In particular, if C is computable by a size s, depth A circuit, then all of the
above operations yield a circuit of size poly(d, s) and depth A+ O(1).

5.3.3 Strassen’s division elimination

We recall a classical theorem of Strassen for division elimination in
algebraic circuits.

Theorem 5.3.3 (Division elimination in algebraic circuits [Str73]). Let
C be an algebraic circuit of size s with division gates that computes a
multivariate polynomial P of degree d over any sufficiently large field IF.

Then, there is an algebraic circuit C of size at most poly(s, d) that com-
putes the polynomial P and does not have any division gates.

As a matter of notation, algebraic circuits throughout this chapter
do not have division gates. We explicitly mention if we have to deal
with circuits with division gates at any point in our proof.
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In our proofs, we rely on the following consequence of the above
theorem. The proof easily follows from the standard proof of Theo-
rem 5.3.3, for instance in [SY10].

Lemma 5.3.4 (Algorithmic division elimination). Let IF be any field.

There is a deterministic algorithm that takes as input algebraic circuits
of size at most s computing n variate polynomials A, B over F, a point
u € F™ and a degree parameter d such that (a) B divides A, (b) the quotient
A/B has degree at most d, and (c) B(it) # 0, and outputs a (division free)
algebraic circuit for the quotient A /B. Moreover, the algorithm runs in time
poly(s, d).

5.3.4 Discriminant

A special case of the resultant that is very natural to study is the
resultant of a polynomial P(z) and its derivative 4. This resultant is
referred to as the discriminant of P, and unless the derivative vanishes
for trivial reasons (for instance over fields of small characteristic), the
discriminant captures the squarefreeness of P. More precisely, we have
the following theorem.

Theorem 5.3.5 (Discriminant and squarefreeness [DSS522, Lemma 12]).
Let IF be any field of characteristic zero, and let P(z) be a univariate over F
of degree at least one. Then, P(z) is squarefree if and only if its discriminant
Res, (P, %) is non-zero.

A beautiful result of Andrews and Wigderson shows that the re-
sultant (and hence, the discriminant) can be computed by a constant-
depth circuit.

Theorem 5.3.6 (Computing resultants via constant-depth circuits
[AW24, Theorem 6.1]). Let [F be a field of characteristic zero. For a fixed
A € N, there is a family of depth-A circuits {Cy JneN with size < poly(n)
such that the following is true. If f, g € Fz] are degree-n univariate polyno-
mials given by their coefficients, then Cy, takes the coefficients of f and g as
input, and computes the resultant Res, (f, g).

5.3.5 The Kabanets-Impagliazzo generator

The Kabanets-Impagliazzo hitting-set generator [Klo4] for algebraic
circuits is an adaptation of the Nisan-Wigderson generator in classical
complexity to the algebraic setting. It allows us to obtain non-trivial
derandomization for PIT for algebraic circuits from sufficiently hard
explicit polynomial families. More precisely, Kabanets & Impagli-
azzo showed in [Klo4] that given an explicit polynomial family that
requires exponential size algebraic circuits, there is a deterministic
algorithm for PIT for algebraic circuits (with size and degree polynomi-
ally bounded in the number of variables) that runs in quasipolynomial
time.
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This generator and the details of its analysis play an important
role in the proofs in this chapter. We start by recalling the notion of
combinatorial designs, and then define the generator.

Definition 5.3.7 (Combinatorial designs). Let n, o, i, p € IN. A family of
subsets 8 = (S1,...,Sn) isa (n, o, u, p) design if:

e Vien]: §; Cly
eVienl:|Sil=o0
o Foranyi,jenlsti#j:|SiNS;l<p
%

The following theorem gives an explicit construction of such designs.

Lemma 5.3.8 (Explicit construction of designs [NWg4]). For any positive
integers m, o with n < 2°, there exists an explicit (n, o, u, p)-design with

o
L= g and p = logn.
Moreover, each subset inside the design can be computed in poly(n,2*)

time deterministically.

Definition 5.3.9 (KI-generator Kl s [Klog]). Let IF be a field, n, o be
positive integers with n < 2° and g(X) be a o-variate polynomial. Let
8 = (S1,...,Sn) be an explicit (n, o, u, p)-design from Lemma 5.3.8. The
Kabanets-Impagliazzo generator given by g and § is a polynomial map
Klys : F* — ™ defined by w +— (g1(W), ..., gn(W)), where for each
i e n], gilw) = g(ws,) for Ws, := (w; : j € S;) is an ordered list
with wq < wy, iff a < b. Thus, Kl s also defines a homomorphism from
Flx1,...,xn] to Flwy, ..., wy] that maps each x; to gi(w). O

5.3.6 Lower bounds for constant-depth circuits

We now recall the results of [LST25] that prove superpolynomial lower
bounds for constant-depth circuits.

Theorem 5.3.10 (Lower bounds for constant-depth circuits [LST25,
Corollary 4]). Suppose n,d € IN with d < logn/100 and F is a field
with char(IF) = 0 or greater than d. Then, for any product-depth A € IN,
there exists an explicit n-variate polynomial P(x1,...,xn) € Flx1,...,%n]
of degree d such that any algebraic circuit of product-depth at most A must

. (~o(a)
have size at least n9°" )
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5.4 PRELIMINARIES FOR POLYNOMIAL FACTORI-
SATION

5.4.1  Regularized polynomials

Definition 5.4.1 (T-regularized polynomials and non-degenerate, trun-
cated, approximate z-roots of order k). Let P(T, X, z) be a polynomial in
IF[T, X, z] that is monic in the variable z, and ®(T,x) € F[XI[T] be a power
series.

o O(T,x) is said to be an approximate z-root of order k with respect
to T if

P(T,%, ®(T,x)) = 0 mod T*.

Moreover, an approximate z-root ® of order k is truncated if
deg; ® < k. Throughout the chapter, approximate roots will be de-
fined modulo T*. For the sake of brevity, we sometimes refer to an
approximate z-root of order k with respect to T as just an approximate
z-root of order k.

e P(T,X,z) is T-regularized with respect to z if P(0,%, z) € [F[z], that
is, every monomial that depends on X is divisible by T.

e @(T,X) is a non-degenerate approximate z-root of P(T, X, z) if
(0:P)(0,0,) # 0

where « = ®(0,0) € F; that is, the constant term of ® is not a
repeated root of P(0,0, z). O

The following simple observation follows immediately from the
above definitions.

Observation 5.4.2. Let P(T,X, z) be a polynomial in IF[T,X, z| that is monic
in the variable z, T-reqularized, and let ®(T,x) € F[X][T] be a power series.
If ©(T,x) is an approximate z-root of P(T,X,z), then ®(0,Xx) — a root of
the univariate P(0,%,z) € F(z] — is a scalar in [F, implying that ®(0,%) =
®(0,0). Moreover, (0,P)(0,0,z) = (0,P)(0,%, z).

5.4.2 Newton iteration

We now recall various flavors of Newton iteration that we use in our
proofs.

Lemma 5.4.3 (Newton iteration with linear convergence [CKS19,
Lemma 5.1]). Let R = [F[x] be a polynomial ring, and let H(X,z) € R[z].
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Suppose ¢ € F[x] is a power-series such that H(X, $) = 0 mod (x)™ and
9, H(0, $(0)) # 0. Then,

H(x,

d)/ = d) - (7 ‘1))7
9:H(0, ¢(0))

satisfies H(X, ¢’) = 0 mod (X)™ " and ¢’ = ¢ mod (x)™. Furthermore,

such an extension ¢’ of ¢ is unique in the sense that any " that satisfies

H(x, ") =0mod (x)™"" and ¢ = ¢ mod (x)™ must satisfy

d)/ — d)// mod <i>m+1‘
Corollary 5.4.4 ([CKS19, Corollary 5.5], [Kum+24, Lemma 3.1]). Let

R = FI[X] be a polynomial ring, and let H(xX,z) € R[z] be a polynomial of
degree D and a circuit of size s. Suppose w € IF such that:

H(O,u) =0
oH —
E(O,U) #0

Then for every k € IN, there is a unique truncated, non-degenerate, ap-
proximate z-root @y (X) of order k with respect to X for H(X, z), satisfying

@y (0) = u. Moreover, there is a deterministic algorithm that runs in time
poly(s, D, k) and outputs a circuit of size poly(s, D, k) for @y (x).

Lemma 5.4.5 (Newton iteration with quadratic convergence [GG13,
Lemma 9.21, Lemma 9.27]). Let R = F[x] be a polynomial ring, and let
H(X,z) € R[z].

Suppose ¢ € F[X] is a power-series such that H(X, ) = 0 mod (x)™
and 9,H(0, $(0)) # 0. Then, for any power series o € F[X] satisfying

— ] —\m
)= a0
we have that ¢’ == ¢ — H(X, ¢)o satisfies H(X, ') = 0 mod <§>2m and
¢’ = ¢ mod (x)™. Furthermore, such an extension ¢’ of ¢ is unique in
the sense that any &' that satisfies H(x, ¢”") = 0 mod (x)°™ and ¢ =
¢ mod (x)™ must satisfy

¢’ =¢d” mod <§>2m.

Lemma 5.4.6 (Quadratic-convergence Newton Iteration without divi-
sions). Let R = F[x] be a polynomial ring, and let H(X, z) € R[z]. Suppose
there exists « € IF such that H(0, o) = 0 and 9,H(0, «) = B # 0. For each
i > 0, define polynomials ¢y, oy € F[X] as follows:

o = «, oo == (1/B),
Fori>0, ¢it1:=0di—HX di) 01, 0ip1:=20i— 07 3 HX dij1).
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Then H(X,¢1) = Omod (X)*, diy1 = ¢imod (X)*, and oy -
0,H(X, ¢i) = 1 mod <Y>21.
Proof. We prove this by induction on i. The base case i = 0 follows by

definition.

Now suppose that for some i > 0, H(X,$i) = 0 mod (x)
Zi.

i
2" and

0; - 0H(X, i) =1 mod (x)
By Lemma 5.4.5, it follows that @iy1 = ¢i — H(X, ¢1) - 0y satisfies

21+

1 i
H(X, @i+1) = 0mod (x)> and @i11 = @i mod (%)°.

o1 0H(X, div1) — 1= (201 — 0f - O H(X, Pis1)) - H(X, biy1) — 1
= (01 0 H(X, div1) — 1) — ((0i - 0H(X, di41))? — 01 - O H(X, bis1))
=— (01 H(X, dis1) —1)°

= 0 mod <¥)2'1+1

i

where the last equality follows because @i, 1 = @; mod <§>2 and
0i - 0-H(X, ¢i) — 1 =0mod (x)?%. O

5.4.3 A lemma of Chou, Kumar & Solomon

The following technical lemma of Chou, Kumar & Solomon [CKS19] is
used in the analysis of Kabanets-Impagliazzo generator for constant-
depth circuits. We also use technical variants of this lemma in the
heart of our proofs (for instance, see Claim 5.6.4).

Lemma 5.4.7 (Lemma 5.2 and Lemma 5.3 in [CKS19]). Let P € F[x, y]
and let R(X) be polynomials such that R is of degree at most d, P(x,R(X)) =0
and %(6, R(0)) is non-zero.

Then, there exists a (d + 1)-variate polynomial Q(z) of degree at most d
such that

R(X) = Q(ho(X), h1(X),..., ha(X)) mod (x)4*',
where for every i € {0, 1,...,d}, hi(X) is defined as

P (X, R(0)) — aj—P(@ R(0)) trunc (x)4*7.

Ty

For our proofs, we end up invoking Lemma 5.4.7 in settings where
the polynomial P also depends on an additional variable T (whereas R
does not). In this case, the quantity g—yp(T, 0,R(0)) potentially depends
on the variable T. Since our root R does not depend on the variable
T, we can set T to some field constant without disturbing the starting
conditions for Newton iteration, and thus we can perform Newton
iteration as usual.

Lemma 5.4.8. Let P € FF[T, X, y] and let R(X) be polynomials such that R is
of degree at most d, P(T,x,R(X)) = 0 and g—yP(T, 0,R(0)) is non-zero.
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Then, there exists a « € IF and a (d + 1)-variate polynomial Q(z) € F[z]
of degree at most d such that

R(X) = Q(ho(k,X), hi(k,X),..., ha(k,%X)) mod (x)4+7,
where for every i € {0, 1,...,d}, hi(X) is defined as

oP )
hi(T,%) == ayi(T,i,R(O)) — ayi(T, 0,R(0)) trunc (x)4+!.

Proof. Since %(T,@,R(@)) = §(T) € FI[T] for some &(T) # 0, there
exists a k such that 6(k) = 8¢ # 0. Thus, the polynomial P(X,y) =
P(k,X,y) satisfies P(X,R(X)) = 0 and %(6,]2(6)) = 8y # 0, for some
do € IF. Applying Lemma 5.4.7 on P and R(X) tells us that there exists
a (d + 1)-variate polynomial Q(z) of degree at most d such that

R(X) = Q(ho(X), h1(X),...,hq(X)) mod (x)4+T,

where for every i € {0,1,...,d}, hi(X) is defined as

hi(X) := a—y}.(x,R(O)) - a—y}.(O,R(O)) trunc (x) .
Since P(x,y) := P(k,X,y), the required statement follows. O

For most of this chapter, the only operation we are allowed on the T-
variable is scaling by a field element since we care about roots mod T¥,
and we want to preserve the T-degree of monomials during any such
operations/substitutions. But the above lemma will be invoked at a
point when we are concerned about roots mod x)4, not modT¥,
which is why it will be okay to replace T by a field element «.

5.4.4 Deterministic factorisation

For our proofs, we rely on a deterministic algorithm for factoring n
variate degree d polynomials that run in time d© (™). This is implicit
in many known algorithms for polynomial factorisation, for instance,
in the results of Kopparty, Saraf, Shpilka [KSS15]. Such a statement
can also be inferred from our proofs in this chapter. We recall a formal
statement of this nature from a work of Lecerf below.

Theorem 5.4.9 ([Lecoy, Proposition 4]). Suppose P(x1,...,xn,y) €
Q[x,y] be a polynomial that is monic in y with total degree d. Further,
suppose that P is squarefree and P(0,y) is squarefree. Then, there is a de-
terministic algorithm that takes P as input in the dense representation and

outputs each of its irreducible factors in time < O(N?), where N = (“ﬂ‘:“ ).

Intuitively, the proof of the theorem follows from standard Hensel
Lifting or Newton Iteration based algorithms for polynomial factorisa-
tion, and observing (as formally done in [KSS15]) that at every stage
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of the algorithm, randomness is needed only for polynomial identity
testing. Moreover, these PIT instances are all polynomials of degree
poly(d) and on O(n) variables, and hence by Lemma 2.3.10 can be
solved deterministically in time d© (™).

5.5 ALGORITHM

5.5.1 Main theorems and high-level overview

First, we describe our main structural result, which states that the
Kabanets-Impagliazzo hitting-set generator, when instantiated with a
sufficiently hard low-degree polynomial and an appropriate combi-
natorial design, preserves the irreducibility of the factors of constant-
depth circuits. The precise statement requires a few more conditions,
and these conditions are without loss of generality.

Throughout the chapter, we will use § = {gm}men to denote a
family of explicit polynomials such that for every m € N, g, €
Flx1,...,xml, dm = deg(gm) < O(loglog(m)). Further, § has the
property that for any depth A € IN, if C = {Cyn}men is a family of

. . . . exp(—0(4)) .
depth-A circuits computing G, then € requires size m m , which

is m@ (1), Theorem 5.3.10 gives us such a family of explicit low-degree
polynomials that are hard for constant-depth circuits.

Theorem 5.5.1 (Irreducibility-preserving variable reduction). Fix any
Ae€Nandee (0,05). Letn € Nand X := (x1,...,%Xn). Let P(T,%,z) be
a nonzero polynomial with the following properties.

e P(T,X,z) is computable by a size s < poly(n) and depth A circuit.

e P(T,x,z) is monic in z and T-reqularized, with deg(P) = D <

poly(n).
o P(T,X,z) and P(0,%,z) = P(0,0,z) are squarefree.
Let o =0(n®),u= O(%), p = O(log(n)), and let 8 be an (n, o, W, p)-

design. Let Klg s : IF* — IF™ be the polynomial map in Definition 5.3.9
defined using the design 8 and the polynomial g from the family of hard
polynomials G. Then, for an absolute constant’ fa. € N andn > A ¢, the
following is true.

A candidate factor* F(T,X, z) is an irreducible factor of P(T,X, z) if and
only if (T, Klg_ s(W),z) is an irreducible factor of P(T,Klg_ s(W),z).

Informally, a candidate factor (defined in Definition 5.8.2) is a poly-
nomial built using an arbitrary subset of the power-series roots of
P(T,X,z). We show in Section 5.8 that these are the only polynomials

3 The precise value of 5 . depends on the exact hardness of the polynomial in § and
the upper bounds obtained in our proofs.
4 See Definition 5.8.2
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we need to care about while trying to prove that a generator preserves
irreducibility.
A few remarks regarding the choice of parameters in Theorem 5.5.1:

o The family § has degree d,, < Of(loglog(m)) so that
(log(m))l"’ly(dm) is poly(m). We can work with any d.,, <
O((logm)*) for some small enough « depending on the ex-
ponent in poly(dm), but loglog(m) works in every case and
makes it simpler to state the theorems.

o The design & has 0 = O(n®) because § is guaranteed to be
superpolynomially hard for constant-depth circuits. Stronger
hardness guarantees can be used with smaller o to get algorithms
with better time complexity, as is usually the case in hardness-
vs-randomness results.

We now describe our main algorithmic result. Informally, the result
states that for every choice of depth A € IN, there is a deterministic
algorithm A such that Ax takes a depth-A circuit for a polynomial P
as input, and outputs small (but unbounded depth) circuits along with
multiplicity information for each irreducible factor of P. Moreover, Ax
runs in time subexponential in the input size.

Theorem 5.5.2 (Deterministic subexponential time algorithm for fac-
torisation of constant-depth circuits). Fix any A € N and ¢ € (0,0.5).
There exists an algorithm Aa e which, for all sufficiently large n,

e takes as input a polynomial P(x) € Qlx1,...,xn] of degree D <
poly(n) with a depth-A, size s < poly(n) circuit;

o outputs poly(s, D)-sized circuits for each irreducible factor of P, along
with the multiplicity of each such factor; and

o runs in time poly(s, D)0 (n*),

5.5.1.1  High-level overview of the algorithm

1. Suppose P(x) is the polynomial that we would like to factor.
We first use the algorithm by Andrews and Wigderson (Theo-
rem 4.2.2) to compute the squarefree decomposition of P. Now,
we deal with each squarefree part separately.

2. For a specific squarefree part P.(x), we perform some of the
standard transformations (x; — T -xi + ai - z+ by) so that the
polynomial P.(T,X, z) is monic in z variable, T-regularized, and
P.(0,%,z) = P+(0,0, z) is squarefree.

3. We apply Kl s(W) on P.(T,X, z) (instantiated with an appropri-
ately chosen low-degree hard polynomial g and a design 8). This
maintains the irreducibility of each factor (Theorem 5.5.1). At this
point, we are working with an n®-variate polynomial for some
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¢ € (0,1). Thus, we can use a brute-force / dense-representation
factorisation algorithm to factorise P (T, Kl s (W), z) in subexpo-
nential time (Theorem 5.4.9).

4. Since P:(0,%,z) = P+(0,Klgs(W),z) = P.(0,0,z2), taking an ir-
reducible factor of P.(T,KlIgys(W),z) and setting T to 0 pre-
cisely tells us G(0, %, z) for each irreducible factor G(T,X,z) of
P.(T,X, z). Thus, we now have G(0,%,z) = G(0,0, z) for each G
that is an irreducible factor of P, and we can deal with each G
separately.®

5. Suppose G(T,X, z) is an irreducible factor, and we have access to
the univariate G(0,%,z) = G(0,0,z). We factorise G(0,0,z) using
Theorem 2.3.27. G(0,0,z) could have a linear factor of the form
(z — «); in this case, we use Newton iteration (Corollary 5.4.4)
to lift the root o to a truncated, approximate z-root ¢(T,X)
of P(T,X, z) of sufficiently high accuracy. But all the factors of
G(0,0,z) might be non-linear. In this situation, we artificially
add a root u of G(0,0,z) to the field; more precisely, if H(z) is
an arbitrary irreducible factor of G(0, 0,z), we work over the
field % so that u is now a root of G(0,0,z). We can efficiently
simulate arithmetic in this field. Thus, we can lift the root u to a
truncated, approximate z-root ¢(T,X) of P(T,X, z) of sufficiently
high accuracy.

6. (Lemma 5.9.1) Given a truncated, approximate z-root ¢ of
P(T,X,z), we set up a linear system whose solution will give
us a minimal polynomial of the root ¢. Since we know G(0, %, z),
we know the z-degree of G; this is essentially the information
we need to set up the linear system in a way that ensures that
the solution is the same as the irreducible factor G.

7. (Theorem 5.9.2) The solution to the linear system can be repre-
sented as a small circuit using Cramer’s rule, but this involves a
division by a determinant. We shall now use Strassen’s division
elimination to represent the solution as an arithmetic circuit with-
out division gates; this requires a point where the denominator
evaluates to a nonzero value. To this end, we again compose
the denominator with Klgys to get an n®-variate polynomial;
since this denominator essentially captures the uniqueness of
the minimal polynomial, we can prove that Kl s, by maintain-
ing irreducibility of factors, also maintains the non-zeroness of

5 At this point, with the right univariate projections G(0,0,z) for each irreducible
factor G(T,X, z), one way to get the irreducible factors is to perform Hensel lifting (for
instance, see [Sudg8, Lecture 7] or [ST20]). While Hensel lifting usually ends with a
reconstruction step that involves solving a linear system, the clean-up for us would
just be a truncation since Hensel lifting guarantees that if we start off with the right
univariate projection, we will retrieve the right factor, modulo higher degree terms
that might have accumulated in the process.
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the denominator. We can now use a brute-force derandomiza-
tion of the Polynomial Identity Lemma to find a point where
the denominator evaluates to a nonzero value, and hence, carry
out Strassen’s division elimination. Thus, we have division-free
circuits for each irreducible factor G(T, X%, z) of P(T, X, z).

8. Finally, we can undo our initial transformations and output
circuits for the irreducible factors of the input polynomial P(x),
along with their multiplicities.

5.5.2 The algorithm

Fix any A € IN and ¢ € (0,0.5). The following algorithm is the “out-
ermost” wrapper for our complete algorithm, and it can be thought
of as the algorithm Ax . in Theorem 5.5.2. The algorithm computes
the squarefree decomposition of the input polynomial, and then uses
Algorithm 6 on each squarefree part of the decomposition.

Algorithm 5: All factors of depth-A circuits, parameter ¢ €
(0,0.5)

Input : A depth-A circuit Cp(X) of size s € N, computing a
degree-D polynomial P(X) = [, Gi(x)¢ € Q[x],
where X = (x1,...,%n).

Output :Alist L ={(Cg,(x),e1),...,(Cg,,(X), em)}, such that
each Cg, (X) is a circuit of size poly(s, D) and depth

poly(D), which computes the irreducible factor G; (%),
and e; is the multiplicity of G in P.

1 Run Andrews-Wigderson (Theorem 4.2.2) on Cp(X) to get circuits
Cp,(X),...,Cp,(xX) of depth A" = A+ O(1), computing
P1(X),..., Pr(X) where v = max;c [ i and Pi(X) = Hjesi G;j(x) for
Si={jecml:e¢ =1}

2 Initialize L < )

3 forall i€ [r] do

4 Run Algorithm 6 for parameters A’ and ¢ on Cp, (X) to get a list

Li :=={Cg,(x) :j € Si}
5 For each CGj (x) € Ly, add (CGj (x),1) to L.

6 return L.

5.5.3 Algorithm for factors of squarefree polynomials

In this section, we will describe the algorithm for steps 3 and 4 of the
overview in Section 5.5.1.1. Fix any A € IN.

Let § = {gm}men be a family of polynomials such that for every
m e N, gm € Flx1,...,Xm], dm = deg(gm) < O(loglog(m)). Further,
G has the property that for any depth A € N, if ¢ = {Cii}men
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is a family of depth-A circuits computing G, then € requires size
exp(—0O(A))
mdn’ , which is m® (1), Theorem 5.3.10 gives us such a family

of explicit low-degree polynomials that are hard for constant-depth
circuits.

Let ¢ € (0,0.5). Let 0 = O(n®),u = O(k;g‘%),p = O(log(n)), and
let 8 be an (n, o, u, p)-design. Let KI4_ s : F* — F™ be the polynomial
map in Definition 5.3.9 defined using the design 8 and the polynomial

go from the family of hard polynomials G.

Algorithm 6: Factors of squarefree polynomial with depth-A
circuits, parameter ¢ € (0,0.5)

Input : A depth-A size-s circuit Cp computing the squarefree
degree-D polynomial P(X) = [ [jc(m) Gj(X), where the
Gjs are the irreducible factors of P.

Output :Alist L ={Cg, (X),...,Cg,, (X)}, such that each CGj (%)
is a circuit of size poly(s, D) and depth poly(D), which
computes the irreducible factor Gj(x).

1 Compute @ € Q™ such that 5 = Homp [P](a) # 0 using
Theorem 2.3.13. Let P(X,z) := P(X + (@ z))/6 and for each j € [m],
Gj(T,x,z) := Gj (X + (@-2))/ Homgeg(;) [Gj] (@)
// Ensures that P is monic in z
> Compute b € Q™ such that Disc, (P)(b) # 0 using Theorem 2.3.13. Let
P(T,X,z) := P((T-X) + b,z) and for each j € [m],
Gj(T,%,2) == G;((T-X) +b,2)
// Ensures that P(T,X,z) is T-regularised, and P(0,0,z) is
squarefree.
3 Construct the map Kl s using Lemma 5.3.8 and g € G as given by
Theorem 5.3.10.
4 Factorise Cp(T, Kl s(W), z) so that for each j € [m],
CGj (T,Klg4,s(W),z) is a circuit that computes Gj (T, KIg s(W),z),
satisfying the property that G;(0, Kl s(w),z) = G;(0,0, z).
5 Run Algorithm 7 with parameters A+ 2 and ¢ on C3(T,%,z) and
{Gj(0,0,2z):j € [ml} to getalist L’ = {Cq,(T,%,2),...,Cq, (T,X,2)}
6 For each CGj(T,f,z) € L', compute Cg;, (%) := CGj (1,x—0b,0).
7 Output L ={Cg, (x),...,Cg,, (X)}

5.5.4 Algorithm for obtaining irreducible factors from the right
univariate projections

In this section, we describe the algorithm for steps 5-7 of the overview
in Section 5.5.1.1. Fix any A € N and ¢ € (0,0.5).
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Algorithm 7: Factors of monic, T-regularized, squarefree poly-
nomial with depth-A circuit, parameter ¢ € (0,0.5)

Input

» A depth-A size-s circuit C5 computing a squarefree degree-D
polynomial P(T,%,z) = [Tictm Gj(T,X,z), where the Gjs are the
irreducible factors of P. Further, P(T,X, z) is monic in z, T-regularized
with respect to X and Cp(0,%,z) = Cp(0, 0,z) is squarefree.

e For each j € [m], the univariate polynomial G]- (0,%,z) = Gj (0,0,z2).

Output :Alist L = {C61 (T,%,2),..., Cém (T,X,z)}, such that
each C Gy (T, %, z) is a circuit of size poly(s, D) and
depth poly(D), which computes the irreducible factor
Gi(T,x,z) of P(T, %, z).

Prerequisites: Kl g constructed in Algorithm 6 using Lemma 5.3.8
and Theorem 5.3.10

1 Initialize L <+ ()

2> forall j € [m] do

3 Factorise the degree-D, polynomial G i (0, 0,z) (Theorem 2.3.27) to
get Gj(0,0,z) = H{J: 1 Hi(z), where every Hy(z) is distinct, monic
and irreducible.

4 Let H(z) be an arbitrary irreducible factor of G;(0,0,z). Let K be
the field (3.

5 Use Newton iteration (Lemma 5.4.3) to compute a truncated,
non-degenerate, approximate z-root ¢(T,x) € K[T,X] of

Gj (T,X,z) of order 2D - D, + 1 such that

@(0,%) = @(0,0) =u e K.

6 Use the algorithm from Theorem 5.9.2 (with Ky g) on ¢(T,X) to
compute a circuit C G for Gj.

7 Add Céj to L.

s return L

56 TECHNICAL BUILDING BLOCKS

5.6.1 Properties of roots modulo T

The following lemma observes that certain homomorphisms defined
by polynomial maps preserve approximate roots for a polynomial. This
will be used to argue that an approximate root remains an approximate
root (with some nice properties) even after we plug in the Kabanets-
Impagliazzo generator.

Lemma 5.6.1 (Preserving root properties under homomorphisms). Let
k > 1 be any natural number and let P(T,x,z) € FI[T,X,z] and R(T,X) €
IF[T, X] be polynomials satisfying the following properties.
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o P(T,X,z) is T-reqularized and it is monic in z.

o R(T,X) is a truncated, non-degenerate, approximate z-root of P(T,X, y)
of order k.

For a new tuple W of w variables distinct from T,X,z, polynomials
hi,hy,...,hn € F[W] and a non-zero field constant v € F, let A :
F([T,x,z] — F[T,w,z| be the ring homomorphism defined by T — T,
xi — hi(W) and z — z. Then, the following are true.

e A(R)(O,w) =R(0,x) € F
o A(P)(T,w,z) is T-reqularized, and it is monic in z.

o A(R)(T,w) is a truncated, non-degenerate, approximate z-root of
A(P)(T,w,y) of order k

Proof. The lemma follows essentially because A is a homomorphism.

1. By Observation 5.4.2, R(0,x) € . Since A is a homomor-
phism with the property that for any monomial m € FF[T, X, z],
deg (m) = deg,(A(m)), it follows that A(R)(0,w) = R(0,X).

2. If a monomial m € F[T,X, z] is T-regularized, then so is A(m).
Since A is a homomorphism, this property extends to all poly-
nomials. Similarly, since A(z) =z, A(P) remains monic in z.

3. P(T,%,R(T,x)) = 0 mod T, or equivalently, every monomial
in P(T,x,R(T,X)) has T-degree at least k. As observed in the
tirst point, A is a homomorphism with the property that for
any monomial m € F[T,X,z], deg(m) = deg(A(m)). Thus,
A(P)(T,w, A(R)(T,w)) =0 mod T*.

O]

The following lemma observes that truncated, non-degenerate, ap-
proximate roots of a polynomial are unique once the value of the root
at T = 0 is decided; it follows almost immediately from the uniqueness
of approximate roots computed via Newton iteration.

Lemma 5.6.2 (Uniqueness of truncated, non-degenerate, approxi-
mate roots). Let k € IN. Suppose W1 (T,x) and ¥, (T,X) are truncated,
non-degenerate, approximate z-roots of order k with respect to T for a T-
reqularized polynomial P(T,x,z). If ¥1(0,Xx) = ¥2(0,X) = « € [, then
Yq(T,x) =Y, (T,X).

Proof. Since ¥1(T,X) is a non-degenerate root of P(T,X,z) which is
T-regularized, %(O, x,¥1(0,x)) = %(O, 0,x) = B € F is nonzero. Sim-
ilarly, 2—2(0, x,¥,(0,%)) = g—Z(O, 0, ) = P. Since « satisfies P(T,%, &) =
Omod T and %—Z(O,i, «) = € F for B # 0, Lemma 5.4.3 tells us
that there is a unique truncated, approximate z-root ®(T,X) of order
k for P(T,X,z), satistying ®(0,x) = o Thus, O(T,x) = ¥;(T,x) =
Wy (T, X). O
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5.6.2 Complexity of low degree homogeneous components of roots

The following is our main technical lemma where we argue that the
low-degree homogeneous components of an approximate root for a
constant-depth circuit can be computed by a small constant-depth
circuit.

Lemma 5.6.3. Let k > 1 be any natural number and let P(T,w,z) €
F[T,w, z] and R(T,w) € F[T, W] be polynomials satisfying the following
properties.

o P(T,w,z) is computable by a depth A circuit of size s.
o P(T,w,z) is T-reqularized and monic in z.

o R(T, W) is a truncated, non-degenerate, approximate z-root of P(T,X, z)
of order k with respect to T.

Then, for every £ € IN, there is an algebraic circuit Co € IF[T, W] of depth at
most (A+ O(1)) and size at most (poly(s,deg(P)) - (log k)Pl (%))

C¢(T,w) = R(T,w) trunc <W>e.

Proof. As seen in Observation 5.4.2, R(0,W) is a root of P(0, 0,z), and
hence must be a field element o (possibly from an extension of IF) and
does not depend on w. Similarly, we also get that % (0,w,R(0,w))
is a non-zero field element that we denote by (3. Thus, R(T, w) is the
unique lift of the root o of P(T,w, z) modulo T to a root modulo the
ideal T* (Lemma 5.6.2). In particular, we can view R as an outcome
of Newton Iteration (and then eventual truncation modulo T*). We
prove the lemma by induction. Let 2™ € [k, 2k] be the smallest power
of 2 greater than k. From Lemma 5.4.6, we get that the sequence of
polynomials &g, d1,...,dm, Vo, P1,...,Pm € F[T, W] defined as

do = «, Yo = (1/B),
0
Fori>0, Biir =i P(Lw60 e i = 2bi b2 (1,30, bipn).

satisfy
R(T, W) = dm (T, W) trunc T*.

We note that while we are dealing with polynomials in both T and
w variables, the lifting is happening only with respect to T. In this
sense, we are really viewing the polynomial P(T, W, z) as a polynomial
in F[W][T, z] for the purpose of this lifting. We now use the following
claim, whose proof we defer to the end of this section, to complete the
proof of the lemma.
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Claim 5.6.4. For every i > 0, there exists a set G; of at most Ty < 2(£+ 1)1
polynomials {g1, 92, ..., 9} in F[T, W] and two (T + 1)-variate polynomi-
als Qi(T,uq,.. .,uTi),Qi(T,m,.. ., ur,) € F[T,u] such that

¢i = Qi(T,g1,...,9r,) mod (WV,

and

ll)iEQi(T/g1r-'-/gTi) mOd <W>e
Moreover, each polynomial g in G; is of the form g—;(T, W,v) for some
j<(+1)andy e F[T].

From the fact that R(T,W) = ¢, (T, W) trunc T¥, we get that
R(T,w) trunc (w)' = (¢m (T, W) trunc T¥) trunc (w)".

Now, since T and W are disjoint variables, we can exchange the order
of the operations of truncating modulo T and truncating modulo (w)".
So, we have that

R(T,w) trunc (w)' = (dm (T, W) trunc (W)") trunc T*.
From Claim 5.6.4, we get that
R(T,w) trunc <W>e = (Qm(T,g1,gz,.. ., gr,,) trunc <W>(’) trunc TX.

We would like to show that the RHS of the above equation has a small
constant-depth circuit. Since we eventually truncate to T-degree k —1,
we can assume without loss of generality that the T-degree of Q.
and each g; is at most k — 1. In particular, if g; equals g—;(T, w,v) for
some j € IN and y € [F[T], this vy can be assumed to be of T-degree at
most (k—1). Moreover, since P(T, W, z) is a polynomial with a depth-A
circuit of size s, we get, from Corollary 5.3.2 that %(T, w,z) has a
depth (A + O(1)) circuit of size at most s - poly(deg(P)). From the
bound on the degree of vy € [F[T], we get that each g;(T, W) has a depth
(A + O(1)) circuit of size at most s - poly(deg(P)).

Finally, we note that we can view Qm (T, g1,92,...,9x,.) as

97

Qm(T/ g1 (T/W) — g1 (T,@), gZ(T/W) - gZ(Tla)/ sy ng(T/W) — 9t (T,O)),

for some polynomial Q.. Since we are only interested in working
with the above polynomial modulo (w)¢ and every monomial in each
of the polynomials g;(T, W) — g;(T,0) has W-degree at least one, we
get that Qm(T,u,.. ., Ur, ) can be assumed to have degree at most
€ in the U variables. Thus, Q (T, u1,...,ur, ) can be computed by a
depth-2 circuit of size at most k - (T‘“EH) < k- (log k)P (), Combining
this circuit with the constant-depth circuits for g;(T,w) (and hence
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g;(T,w) —g; (T,0)) gives us a depth-(A + O(1)) circuit C of size at
most poly(s,deg(P)) - (log k)P (Y) satisfying

C(T,w) =Qm(T,g1,...,9gr, ) mod T mod (W>z.

The T-degree of this circuit is at most deg(Qm) - ¢ -k < poly(k, {).
The w-degree of this circuit is at most { - deg(P). Thus, we can apply
the operations trunc " and trunc T* by an application of
Corollary 5.3.2 to get the circuit C¢(T,w) in the conclusion of the
lemma. O

We now discuss the proof of Claim 5.6.4.

Proof of Claim 5.6.4. We prove the claim via an induction on i. For
i =0, we already know that ¢o = x and o = % are polynomials in
F[T] and hence the claim immediately holds. We now assume that the
claim holds for ¢; and ¥ i.e.

(I)iEQi(T/g]/---rgTi) mod <W>e/

and
Vi = Qi(T,91,...,97,) mod (W)

and show that it must hold for ¢, 7 and Py 1.
From the inductive definitions of ¢i;1 and i1, we get that

Pit1 =i —P(T,w, i) -y

and
oP

Vi1 =20 — %-;(T,w,dam)
z

If vi := ¢i(T,0), i.e. v; is the W-free part of ¢, we get via a Taylor
expansion that

deg(P)
_ _ 1 oP _ :
P(T,w,d1) =P(T,W,vi+(pi—vi)) = ) T ag (W) (i)
j=0

(56.5)
From the definition of y;, we have that every monomial in (¢ — i)

has w-degree at least one. Thus, for every j > {, we have that ($; —
vi)) = 0 modulo (w)’. Thus, we have that

Similarly,

oP _ 1 oP o : .
a*Z(T,W,d)iﬂ) = Z ]7 : W(T/W,Yiﬂ)' (bit1—vit1) mod (W>e-
5!
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Thus, i1 can be written as a polynomial in
Qi(T,gh...,gTi),Qi(T,gh...,gTi) and the polynomials in the
set {g; (T,w,vi) : j € {0,1,...,0}}, where the coefficients of
this polynomial are from the ring [F[T] and all equalities hold
modulo (w)¢. Similarly, ;7 can be written as a polynomial in
Qi(T,g1,...,gTi),Qi(T,gh...,gTi) and polynomials in the set
%(T, W,vir1) :j € {1,2,...,0+ 1}}, where the coefficients of this
polynomial are from the ring F[T] and all equalities hold modulo

(w)!. Thus, both ¢1 7 and ;1 can be written as polynomials in the
generating set

oP
07

_ . oP _ __ .
{91,...,9T1}U{ (T,W,vi) :j e{O,L...,E}}U{a—zj(T,w,yiH) j e{],Z,...,er]}}

modulo (W)!. In going from i to (i+ 1), the size of the generating set
increases to Ti+1 < Ti +2(£+ 1), which is at most 2(¢+ 1)(i+ 1) by
induction. Furthermore, each of the new elements of this generating
set is again of the form %(T,W,y) for some j < (£+ 1) and vy € F[T].

O

An immediate consequence of Lemma 5.6.3 is the following corollary.

Corollary 5.6.6. Let k € N, P(T,w, z) € F[T,w, z] and R(T,w) € F[T,w]
be polynomials that satisfy the hypothesis of Lemma 5.6.3.

Then, for every { € IN, there is an algebraic circuit Cy € IF[T, W] of depth
at most 2A + O(1) and size at most (poly(s, deg(P)) - (log k)P (V) such
that

C¢(T,w) =P(T,w,R(T,w)) trunc <W)e .

5.6.2.1  Why do we need the quadratic convergence version of Newton
iteration?

It would be instructive to step back and see why Newton iteration
with quadratic convergence was required in the above argument. A
slight modification of Lemma 5.4.7 will let us argue that low-degree
components of approximate roots of a polynomial have small constant-
depth circuits. However, there are subtle differences in the statement
of Lemma 5.4.7 and the statement of Lemma 5.6.3. The key difference
is that the approximate root ¢y is with respect to the variable T,
whereas we are extracting homogeneous components of degree up
to € with respect to a different set of variables. Therefore, we may have
contributions of W-degree at most { from terms with T-degree up to k.
So, we cannot replace ¢y by a root of lower accuracy such as ¢y.

In the above proof of Lemma 5.6.3, each level of the iteration adds
to the number of “generators” used in the composition. Using the
standard Newton iteration of k steps for ¢ would result in O(k)
generators and would not yield the required size bounds needed for
our proof. The version of Newton iteration with quadratic conver-
gence ensures that we obtain ¢y from logk iterations, and results in
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the eventual number of “generators” as O(log k) instead (which was
crucial for the final circuit size bound).

5.7 WARM-UP: PRESERVING TRUE ROOTS UNDER
VARIABLE REDUCTION

In this section, we use the techniques of Section 5.6 to show a variable
reduction map that will help us identify whether a given truncated
power series root of a constant-depth circuit is a true root (and not
just a sufficiently good truncation of a power series root). As de-
scribed in the proof overview, the idea is to work with a PIT instance
formed by plugging-in a candidate root into the input polynomial. In
Lemma 5.7.1, we show that low-degree roots of such PIT instances have
relatively small constant-depth circuits when the input polynomial
has a small constant-depth circuit.

Lemma 5.7.1. Let k > 1 be any natural number and let P(T,w,y,z) €
F[T,w, z] and R(T,w,y) € E[T,w,y] be polynomials satisfying the follow-
ing properties.

o P(T,w,y,z) is computable by a depth A circuit of size s.
o P(T,w,vy,z) is T-regularized and monic in z.

o R(T,w,y) is a truncated, non-degenerate, approximate z-root of
P(T,W,y,z) of order k with respect to T.

Let F(w) € F[w] be a polynomial of degree at most { such that (y — F(w))
divides P (T,w,y,R(T,w,y)). Then, F can be computed by an algebraic
circuit of depth (A + O(1)) and size at most

poly(s,deg(P)) - (log k)p‘)ly(“ .

Proof of Lemma 5.7.1. We start by setting ourselves up to invoke
Lemma 5.4.8, a version of Lemma 5.4.7 from [CKS19]. To do this,
we first need to ensure that the hypothesis of the lemma holds in our
case.

SETTING UP TO INVOKE LEMMA 5.4.8: The first issue is that F(w)
could be a y-root of high multiplicity of P (T, w,y, R(T,w,y)). To work
around this, we work with an appropriately high order derivative of P
with respect to y. To this end, we start by viewing P (T, w,y, R(T,w,y))
as a univariate polynomial in y with coefficients from the ring IF[T, w].
Thus, P (T,w,y,R(T,W,y)) can be decomposed as

D

P(T,W,y,R(T,w,y)) =) Pi(T, Wy,
i=0
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where each P; is a polynomial in only T and W variables. Let
(m + 1) be the largest integer such that (Y — F(w))™*+! divides
P (T,w,y,R(T,w,y)). So, to reduce the multiplicity of the y-root F(Ww)
to 1, we consider the polynomial P defined as

a 0™MP (T,w,y,R(T,w,

Thus, we have that (y — F(w)) divides P and does not divide %. As
a consequence, we get that %(T, w, F(w)) is a non-zero polynomial
in [F[T, w]. By shifting the W variables if needed to a+ W for some
a € F™, we get that

We are now in a position to invoke Lemma 5.4.8, which tells us that
there exists a k € IF and a ({ + 1)-variate polynomial Q(it) € F[i of
degree at most { such that

FW) = Q(ho(k, W), hq (K, W), ..., he(k,W)) mod W), (5.7.2)

where for every j € {0,1,...,(}, hi(T,w) is defined as

hy (T, W) = (.(T,W,F(O)) — (T,O,F(O))> trunc (W),

Given the bounds on the number of variables and ui-degree of Q(u),
we get that Q(U) is computable by an algebraic circuit of depth-2
and size at most exp(O({)). At this point, if we can somehow replace
each hi(T,w) by a small constant-depth circuit, we can obtain a small
constant-depth circuit for F(W) by combining these with the depth-2
circuit for Q, and then extracting certain homogeneous components
of interest.

CONSTANT-DEPTH CIRCUITS FOR hi(T,W): Recall that P(T,w,y)
is a derivative of P(T,w,y, R(T,w,y)) with respect to y™. Thus, from
Corollary 5.3.2, we get that P can be written as an F[y]-weighted linear
combination of the polynomials in the set

{P(T,w, B+, R(T,w,B1)) :1€{0,1,...,deg(P)}}
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where 3;’s are distinct field constants and every [F[y]-weight A;; in
the linear combination for ayj%P(T, w,y,R(T,w,y)) has y-degree at
most deg(P).

h; (T,w) = <a”?(T,w,F(O)) — a]l(*r’ O,F(O))) trunc <w>€+1
y) oy’
ip _
- <<ayjimP(T'W'U/R(T/W/U))) y=F(©@) ~ ZJ?(T,O,F(O))> trunc (W)
3 0 a]f) 0 2+1
i=0
S 0 0+1 P
= <Z A;,:(F(0))P(T,w, By, R(T, W, B1)) trunc (w)" " ) @( 3, F(0))
i=0

Thus, to show that hi(T,w) have small constant-depth circuits, it
suffices (up to multiplicative factors of poly(deg(P))) to show that
the polynomials (P(T,w,3;,R(T,w, 3;)) trunc (w)*1) have small
constant-depth circuits. But, this is exactly the content of Corol-
lary 5.6.6, which® shows that (P(T,w, 31, R(T,w, 1)) trunc (w)tT)
has a circuit of depth A+ O(1) and size

(poly(s, deg(P) - (log k(1)) .

This gives a circuit Ci(T,w) of roughly the same size with a con-
stant additive increase in depth for each h;(T,w), and thus a circuit
Ci(w) := Ci(k,w) for each hi(k,w), where « is the field constant in
Eq. (5.7.2).

PUTTING THINGS TOGETHER: Plugging in these circuits as in-
puts to the depth-2 circuit for Q(u), we get that there is a circuit
Cw) = Q(Co(w),...,C¢(W)) of size (poly(s,deg(P)) - (logk)Po(V))
and depth (A + O(1)) such that

F(w) = C(Ww) mod (w)**1.

The w-degree of C(W) is at most { - deg(Q), which is at most 2. By
using Corollary 5.3.2 to compute the truncation C(w) trunc <W>e+1 ,

we get a depth-(A + O(1)) circuit for F(w), of size at most

(poly(s, deg(P)) - (log k)p"ly“)) .
]

Now, we will use Lemma 5.7.1 to prove the main theorem of this
section: the Kabanets-Impagliazzo generator, instantiated with an
appropriate design and a low-degree polynomial, preserves the roots

There is a slight subtlety here: P(T,w,y, R(T,w,y)) must still satisfy the hypothesis
of Lemma 5.6.3/Corollary 5.6.6 after replacing each y by a field constant 3;. But this
is true because of Lemma 5.6.1.
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of constant-depth circuits, while ensuring that no new roots are created.
This is a special case of Theorem 5.5.1.

Theorem 5.7.3 (Checking validity of a root). Let k > 1 be any natural
number and let A(T,%,z) € F[T, X, z] and ®(T,x) € F[T, x| be polynomials
satisfying the following properties.

o A(T,X,z) is computable by a depth A circuit of size s.
o A(T,X, z) is T-regularized and monic in z.

o O(T,x) is a truncated, non-degenerate, approximate z-root of
A(T,X,z) of order k

o A(T,x, ®©(T,x)) is not identically zero in FF[T,X].

Let 8 be a (n, o, u, p)-design and let g be a o-variate polynomial of degree
d. For a new tuple W of w variables distinct from T,X,z, let us define
the polynomial map Klgs : F* — F™ using Definition 5.3.9. Then, the
following statement is true.

If A(T,KlIg s(W), ®(T,Klg s(W))) is identically zero, then g can be com-
puted by an algebraic circuit of depth A" = (A + O(1)) and size s’ which is
at most

poly(s,deg(A), k) - (plog k)Poly(d) |

In particular, if g cannot be computed by a size s’ depth A’ circuit,
then A(T,Klgs(w), @(T,Klgys(W))) is identically zero if and only if
A(T,x, ®(T,x)) is identically zero.

The proof of this theorem is based on some of the same principles as
that of the proof of Theorem 5.5.1. However, the underlying technical
details are considerably shorter and cleaner. We now discuss the proof.

Proof of Theorem 5.7.3. Let B;j(T,X, W) be the polynomial obtained by
replacing the variables x1,...,%;_1 in the polynomial A(T,%, ®(T,X))
by the polynomials g7,...,gj—1 € IF[W] respectively. From the hypoth-
esis of the theorem, we know that B is not identically zero and By is
identically zero. Thus, there must be a j such that }§). is not identically
zero but B; 1 is identically zero. We focus on this j for the rest of the
proof.

Note that l§j depends on the variables T, w and x;j,Xj1,...,Xn but
does not depend on the variables x1,x3,...,%;_1. Moreover, @j+1 is
obtained from Bj by substituting x; by gj. For ease of notation, we
refer to the variable x; as y for the rest of this argument. Let B; be the
polynomial obtained from Bj by setting the variables x;1,...,xn and
{wi 1wy € S} to constants from IF such that Bj remains non-zero. Since
B; is a non-zero polynomial, a random substitution of these variables
from IF (assuming it is large enough) has this property. Thus, B; only
depends on the variables T,y, {w; : w; € S;}. For ease of notation, we
continue to refer to the tuple ws; as w.
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We know that when we substitute y by g; in Bj, we end up with
the identically zero polynomial. In other words, (y — g;) divides B;.
At this point, we would like to invoke Lemma 5.7.1 to conclude the
proof. In order to do that, we need to make sure that the hypothesis
of the lemma holds, which we do now.

From its definition, we know that

A

B] (T/YIW) = A(T/ g1 (W)/ ey 9j—1 (W)/lexj+1l .. -/Xn) .

Now, to obtain B; from BA)-, we set the variables x;, 1,...,xn and the w
variables outside the set S; to field constants, and rename x; as y. For
every i < j, the above setting of W variables outside the set S; to field
constants reduces each g; to a polynomial §; that has degree at most
d and only depends on at most p w variables in the set [S; N S;|. Thus,

gi can be written as a sum of at most (pgd) < pd many monomials,

and hence is a depth 2 algebraic circuit of size at most p©(4).
For i € [j + 1,n], let the variable x; be set to the field element «;,

and let A(T, w,y) and O(A, W, y) be the polynomials defined as
AT w,y,z) =A(T,61(W), ..., 8—1(W), Yy, &+1,...,n,2) ,
and
(T, w,y) =0 (T,Q1 (W), ..., Gj—1 (W),y,ocjﬂ,...,ocn) .

Thus, we also get that B; (T, w,y) = A(T, w,y, ®). A direct application
of Lemma 5.6.1 tells us that A(T, w,y, z) is T-regularized and monic
in z, and @ is a truncated, non-degenerate, approximate z-root of
A(T,W,y,z) of order k. Also, since the degree of each §; is at most d,
we have that the total degree of A is at most d - deg(A). Since A has a
circuit of depth A and size s, from the discussion above, we can plug
in a small depth-2 circuit of size at most po(d) for each §;, and get
that A has a circuit of depth A + 2 and size (sp©(¢)).

So, the hypothesis of Lemma 5.7.1 continue to hold if we set the
polynomials P and R in Lemma 5.7.1 to A and @ respectively, with
size and depth bound on the circuit complexity of A being (sp©(d)
and A + 2 respectively.

Finally, since (y — gj(w)) divides Bj;(T,w,y), which equals
(A(T,w,y, (T, w,y))), we get from an application of Lemma 5.7.1
that g;(W) has a depth A’ = (A + O(1)) circuit of size s’ which is at
most

oly(spd,deg(A), k) - (logk)PY(d)) < (poly(s,deg(A), k) - (plog k)P (d)) |
poly g g poly g g

The contrapositive tells us that if every depth-A’ circuit for g re-
quires size greater than s’ obtained as an upper bound above,
then A(T, Kl s(W), ©(T, Kl s(W))) is identically zero if and only if



58 PRESERVING IRREDUCIBILITY UNDER VARIABLE REDUCTION |

A(T,x, ®(T,x)) is identically zero. This completes the proof of the
theorem. O

58 PRESERVING IRREDUCIBILITY UNDER VARI-
ABLE REDUCTION

We prove our main technical result (Theorem 5.5.1) in this section.
Together with the ideas discussed in Section 5.9, this is sufficient to
complete the proof of correctness of our algorithms. To this end, we
first start by showing that the irreducibility of factors of multivariate
polynomials can be characterized by certain divisibility tests involving
approximate power series roots of the polynomial. We then show that
these divisibility tests can be reduced to polynomial identity tests for
certain circuits, where the instances are built using constant-depth
circuits and their approximate power series roots. A reduction from
divisibility testing to PIT was shown by Forbes [For15] and was later
used in factorisation algorithms in [KRS23; Kum+24]. However, our
proof for this reduction here is different from that in [For15] and goes
via a recent result of Andrews & Wigderson [AW24] that shows that
the transformation between elementary symmetric polynomials and
power symmetric polynomials can be done efficiently using constant-
depth circuits. This alternative proof offers a clearer insight into the
structure of the PIT instances and this structure is helpful in com-
pleting our proof. Finally, we show that these PIT instances can be
solved deterministically in subexponential time using the Kabanets-
Impagliazzo generator invoked with the explicit low degree hard
polynomials in [LST25]. This analysis is the core technical part of the
proof and is perhaps a little surprising since we are unable to show
that the PIT instances we work with are themselves constant-depth
circuits. Nevertheless, we manage to show that the generator can still
be analyzed and shown to work for such circuits.

5.8.1  From irreducibility testing to divisibility tests

Throughout this section, we assume that P(T,X, z) is a nonzero square-
free polynomial that is monic in z, T-regularised with respect to z, and
it satisfies that P(0,%,z) = P(0,0, z) is squarefree. Let D = deg, P and
let P(T,%,z) = Hie[D] (z— di(T,x)) be the factorisation” of P(T,X, z)
where ¢;(T,X) are from the ring of power series F[x][T].

Such a factorisation exists because each root of the univariate P(0, %, z) can be extended
to a power series root via Newton iteration; see [DSS22, Theorem 4].
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Lemma 5.8.1. Let P(T,X, z) and ¢1(T,%),..., dp(T,X) be defined as above.
For any G(T,Xx,y) € F(T,X, z] that divides P(T,X, z), there is some subset
U C [D] such that

G(T,xy) = | [(z— (T, ).

icu

Proof sketch. Since G(T,X,z) is a factor of P(T,X,z), it must also be
monic in z, squarefree, and have the property that G(0,0,z) is
squarefree. Thus, Newton iteration, which gives us the factorisation
P(T,x,z) = [licpi(z— ¢i(T,X)) (see Footnote 7), also shows that
G(T,%,z) must be [ [, (z— di(T,%)) for some U C [D]. O

It will be convenient to have the following definition for the set of
candidate factors of P(T,X,y).

Definition 5.8.2 (Candidate  factors). Let  P(T,x,z) and
&1(T,%), ..., dp(T,X) be defined as above. We define the set

{H(Z $i(T, X)) trunc TF : U C [D]} C F[T, %, 2]
ieu
as the set of candidate factors of P. O

For our algorithm, we would be interested in divisibility over IF and
not over F. The following lemma gives some sufficient conditions for
when a candidate factor [ [; ., (z — $i(T,%)) trunc Tk € F[T, X, z] has
coefficients in F.

Lemma 5.8.3. Let P(T, X, z) be a polynomial and ¢1(T,%),...,dp(T,X)
be power series as defined above. For each i € [D], let o; = $1(0,0), and
let 2 = {1,...,ap} (which are the roots of P(0,%,z) = P(0,0,z) in the
algebraic closure F). Fix some k > 0. For a subset S C [D], let

Qs(T,x,z) := H(z— ¢+ (T, X)) trunc T*.

iesS

If the polynomial gs(z) = [T;es(z— o) = Qs(0,0,2) = Qs(0,%,2) has
all its coefficients in the base field IF, then so does Qs(T,X, z).

Proof. Define the following rational functions ri(T,%,¢) fori >0 as
follows:

rit ) =rv) - 00(5 for 1> 0.
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Note that I'V)(«) is in fact a polynomial in T,X for every o such
that 0,P(0,0, o) # 0. By Lemma 5.4.3, for any «; € Z, we have that
r'*)(x;) = ¢y mod T¥ and therefore

Qs(T,x,z) = H(Z— F(k)(oq)) trunc T*.
iesS

Therefore, every coefficient of Qs(T,X, z) is a symmetric function of
the set {«; : i € S}. Since g(z) = [[ics(z — &) is assumed to have
coefficients in the base field F, this implies that every elementary
symmetric function of the set {&; : i € S}is in FF. By the fundamental
theorem of symmetric polynomials, this implies that every coefficient
of Qs(T, X, z) is also in FF. O

With the above two lemmas, we can now characterise the factors
(over ) of P(T, X, z) using the polynomials Qs(T,X, z) defined above.

Lemma 5.8.4. Let P(T,X, z) and ¢1(T,%),..., dp(T,X) be defined as above,
and let k > deg P. Let o; = $1(0,0) for each i € [D]. For a subset S C [D],
define the polynomial

Qs(T,x,z) = H(Z— ¢+ (T, X)) trunc T*.

iesS

Then, the set of factors of P over the base field IF is the same as

B c , _ o

Qu(T,%2) € FIT,%,2) : U C [D] with Qu(T,x, z)ﬁdzwdzng P
and Qu(0,%,z) = Qu(0,0,z) € F[z]

Proof. Any G(T,x,z) € F[T, X, z| that is a factor of P(T,X,z), by
Lemma 5.8.1, is equal to Qu(T,X,z) = [ [;cy(z— $i(T, X)) for some
U C [D]. Additionally, if G(T,x,z) € FI[T,X,z], then G(0,%,z) =
Qul(0,x%,z) € Flz].

For the other direction, consider any Qu(T,X,z) € F[T,%, z] that
divides P(T,X, z) and also satisfies that Qy,(0,0,z) = [Liculz— i) is
a polynomial with coefficients in [F. By Lemma 5.8.3, we have that
Qu(T,x, z) must also be a polynomial in [F[T, X, z] and hence is a factor
of P(T,X,z) over F. O

This immediately implies the following certificate for irreducibility.
Corollary 5.8.5. Let P(T,%,z) € F[T, X, z] and $1(T,%),..., dp(T,X) be
defined as above, and let k. > deg (P). Then P(T,X, z) is irreducible over F if
and only if for every O # S C [D] such that | [;cs(z— ) has all coefficients
in IF, we have that Qs (T, X, z) € FF[T,X, z| does not divide P(T,x, z) where

Qs(T,x,z) = H(z— ¢1(T, X)) trunc T*.

ie$

Essentially the same proof as Lemma 5.8.4 also characterizes the set
of factors of P(T,X, z) over the algebraic closure F, and thus gives a
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certificate for absolute irreducibility using divisibility tests over F, as
stated in the following corollary.

Corollary 5.8.6. Let P(T,x,z) € FI[T,x,z] and $1(T,%),...,dp(T,X)
be defined as above, and let k > deg(P). Then P(T,X,z) is absolutely
irreducible if and only if for every ) # S C [D], we have that Qs(T,X,z) €

IF[T, X, z] does not divide P(T,X, z) where

Qs(T,x,z) = H(Z— $i(T,%)) trunc TX.

ie$S

Corollary 5.8.5 together with the reduction from divisibility testing
to PIT in the next section gives us a reduction from irreducibility
testing to PIT. However, we note that Corollary 5.8.5 gives exponen-
tially many (in degree D) divisibility testing instances, and thus it
isn’t immediately clear if this reduction can be useful for obtaining
subexponential time irreducible testing algorithms. It is for this reason
that our algorithm for factorisation does not proceed directly using
this reduction and only uses the corollary (and the previous lemmas)
in its analysis.

5.8.2 From divisibility testing to polynomial identity tests

Let us recall the standard definitions of the power sum symmetric
polynomials and the elementary symmetric polynomials, particularly
in the context of roots of a univariate polynomial.
Definition 5.8.7. For any monic univariate polynomial P = ;e q1(z— o) €
F(z] and natural number i, Psym, (P) and Esym, (P) are the power sum
symmetric polynomial ) _; oc} and the elementary symmetric polynomial
2 scialisi=i | [jes & of degree i respectively, in the multiset of roots of
P. O
The following important lemma from a recent beautiful work of
Andrews and Wigderson [AW24] (but also present in earlier works
such as [SWo1]) shows that there is a constant-depth circuit that
computes the power sum symmetric polynomials of a multiset from
the elementary symmetric polynomials of the multiset; similarly, there
is a constant-depth circuit that computes the elementary symmetric
polynomials of a multiset from the power sum symmetric polynomials
of the multiset.

Lemma 5.8.8 ([AW24, Lemma 3.4, Lemma 3.6]). Let F be any field of
characteristic zero and n € IN be any natural number. Then, there is a
constant-depth circuit of size and degree poly(n) that takes the n-variate
polynomials {Esym, (X) : i € [nl]} as inputs and outputs the polynomials
{Psym. (X) : i € n]}.

Similarly, there is a constant-depth circuit of size and degree poly(n) that
takes the n-variate polynomials {Psym; (x) : i € [nl} as inputs and outputs
the polynomials {Esym; (X) : i € [n]}.
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In [For1s, Section 7.2], Forbes showed that the question of deter-
ministic divisibility testing for polynomials from a certain complexity
class can be reduced to deterministic PIT for polynomials from a re-
lated complexity class. This reduction was extensively used in [KRS23]
and [Kum+24]. The following version offers a different approach for
reducing divisibility testing to PIT, using Lemma 5.8.8.

Lemma 5.8.9. Let D > t > 0 be integer parameters. Let IF be any field
of characteristic zero. Then, there is a constant-depth poly(D, t)-sized cir-
cuit DivTestp  on D +t + 1 variables, that takes (D + t) inputs labelled
fo,...,fo—1 € Fand go,...,gt—1 € F respectively, such that

DivTestp +(z,fo,...,fp-1,90,--.,9t—1) =0

if and only if the polynomial f(z) = fo+ fiz+ -+ fp_1zP~ 1 + 2P
divides the polynomial g(z) = go + g1z + -+ g1z + 2.

Proof. By Lemma 5.8.8, we can construct multi-output circuits
PSymToESym, , and ESymToPSym  of size poly(n) and depth O(1)
such that for every choice of «y, ..., x, we have

ESymToPSym_ (Eq,...,En) = (P1,...,Pn)
PSymToESym_ (Ps,...,Pn) = (E,..., En)
where E; = Esym; (x1,..., &)

and Py = Psym; (x1,..., &n).

Let f(z) = H?:1 (z— o;) where S¢ ={«q,..., xp} is the multiset of
roots of f (in the algebraic closure of IF), and let S4 be the multiset of
roots of g(z).

Note that egf) := Esym,(S¢) = (—1)'fp_; fori = 1,...,D and
egg) = Esym,(Sq) = (—1)'gr_i for i = 1...,t. Define the pseudo-
quotient of f and g, referred to by h as follows:

Fl(z) — Dt _ZD—t—1 egh) bt (_])D_te(Dhlt
h

where eg ) — PSymToESymp_, (r1,...,TD—¢t)

where 1; = (ESymToPSymD <egf), . ..,eg)) — ESymToPSym, (egg), .

If g | f, then the multiset St is the union of the multiset Sy and the
multiset Sy, of roots of h = f/g. In that case, foreachi=1,...,D —t,
we have

Psym, (S¢) = Psym, (S4) + Psym, (Sy)
= Psym,(Sy,) = Psym, (S¢) —Psym,(Sq).

Therefore, h(z) = h(z) if g | f.

109



110

| FACTORS — AND NOTHING ELSE

The circuit DivTestp +(fo,...,fp—1,90,...,gt—1) outputs the poly-
nomial f(z) — h(z) - g(z) where h(z) is computed as stated above. By
construction, this is a circuit of size poly(D, t) and depth O(1). Fur-
thermore, as argued above, if g | h then h(z) = h(z) = f(z)/g(z) and
hence the above computes the zero polynomial. If g(z) 1 f(z), then
f(z) —h(z)g(z) is nonzero for every choice of h(z) and hence the above
is nonzero polynomial. O

The following lemma uses Lemma 5.8.9 to show that we can reduce
the question of checking whether a candidate factor (constructed using
various approximate roots from Newton iteration) is an actual factor,
to a PIT instance.

Lemma 5.8.10. Let F be a field of characteristic zero. Let
P(T,x,z) € FI[T,x,zl be a polynomial that is monic in z. Let
Ry (T, %), R2(T,X), ..., Re(T,Xx) € F[T,X] be polynomials of T-degree at most
(k—1).

Then, the constant-depth circuit DivTestgeg_(p),e (from Lemma 5.8.9)
on at most (deg,(P) + € + 1)-variables and size and degree at most
poly(deg(P), ¥, k), has the property that

Q(T,x,z) = | [[z—Ri(T, X)) | trunc T*
iele]

divides P(T,X, z) if and only if

DivTestyeg, (p) ¢ (z, Po(T,X), .., Paeg, () (T, ), (Esym, (R) trunc T),

..., (Esym,(R) trunc Tk)) =0,

where, for every i, P(T,X) is the coefficient of z' in P, when viewing it as a
univariate in z with coefficients in the ring IF[T,X] and R ={Ry,R2,...,R¢}.

Proof. This almost immediately follows from Lemma 5.8.9 since each
of the polynomials

Esym, (R) trunc T¥,...,Esym,(R) trunc T* are the coefficients of
(]_[iem(z— Ry (T, Y))) trunc TX. As it is, the DivTest circuit would
capture divisibility when the coefficients of the input (univariate)
polynomials (in the variable z) are from a field, but since we are dealing
with monic polynomials, Gauss” Lemma (Lemma 3.3.4) ensures that
Q(T,x, z) divides P(T,X, z) in IF(T, x)[z] if and only if Q(T, X, z) divides
P(T,X,z) in [F(T,X)[z]. The theorem now follows. O

Lemma 5.8.11. Let F be a field of characteristic zero. Let
Ry (T, %), R2(T,X),...,Re(T,Xx) € F[T,X] be polynomials of T-degree at most
(k—T1). Let {0 : j € [poly(¢,k)I} be a sufficiently large set of arbitrary
distinct elements of IF.

Then, there is a multi-output constant-depth algebraic circuit C of size
poly({, k) that takes as input the polynomials of the form {Ri(oyT,X) :
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i€ [t],j € [poly(¢,k)]} and outputs (Esym;(Ry,Ra,...,R¢) trunc T*) for
every i € [£].

Proof. From Lemma 5.8.8, we get that there is a multi-output constant-
depth circuit C on { variables that can be computed by a constant-
depth circuit of size and degree poly({) such that

C(Psym,(R),...,Psym (R)) = (Esym,(R),..., Esym_(R)),

where, R = (Ry,R2,...,Rg). For ease of notation, we just focus on the
computation of one of the Esym;(R) and consider the equality

Esymj(fR) = C(Psym,;(R),...,Psym_(R)).

The above equality immediately gives us a constant-depth circuit that
takes R as input and outputs their elementary symmetric polynomials.
However, the goal is to compute these things modulo T*.

To recover Esym;(R) trunc T from the above equality, we think of
each R;(T,x) as a polynomial in [F[x][T] and apply Corollary 5.3.2 with
respect to the variable T since we want to extract all the monomials
that have T-degree at most k. This only incurs a polynomial blow up
in size and an additive constant increase in depth. Moreover, the new
circuit can be seen to be taking as inputs polynomials of the form
{Ri(eyT,x) :1 € lU],j € [poly(¢, k)I}. O

The following is an immediate consequence of Lemma 5.8.11 and
Lemma 5.8.10.

Corollary 5.8.12. Let [F be a field of characteristic zero. Let
P(T,x,z) € [F[T,x,z] be a polynomial that is monic in z. Let
R1(T,%),R2(T,%),...,Re(T,x) € F[T,X] be polynomials of T-degree at most
(k—1). Let {0 : j € [poly({, k,deg(P))]} be a sufficiently large set of
arbitrary distinct elements of IF.

Then, there exists a constant-depth circuit C on at most
(poly({, k, deg(P)))-variables and size and degree at  most
poly(deg(P), {, k) such that

(H (z— RdT,x))) trunc T

ie(e]

divides P(T,X, z) if and only if
C (z, Po(T,X),. ..,Pdegz(p)(T,i),fR> =0,

where, for every i, Pi(T,X) is the coefficient of z' in P, when viewing
it as a univariate in z with coefficients in the ring F[T,x] and R =
(Ri(och,i) :ief],j e [poly(¢, k, deg(P))]), with each oy being an arbi-
trary element of IF.
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5.8.3 Building up to the proof of Theorem 5.5.1

Theorem 5.8.13 is our main technical theorem building up to Theo-
rem 5.5.1. It shows that for the kind of circuits that show up when
testing the divisibility of candidate factors, if composing such a circuit,
say C, with the KI generator — instantiated with a polynomial g and a
design § — breaks the nonzeroness of C, then the polynomial g must
be “easy”.

Theorem 5.8.13. Let k > 1 be any natural number and for every i € [{], let
Ai(T,%,z) € F[T,X, z] and ®(T,x) € F[T,x] be polynomials satisfying the
following properties.

e Each Ai(T,X, z) is computable by a depth A circuit of size s
o Each Ai(T,X,z) is T-reqularized and is monic in z.

o Forevery i € [t], ®i(T,X) is a truncated, non-degenerate, approximate
z-root of Ai(T,X, z) of order k.

Let 8 be a (n, o, W, p)-design and let g be a o-variate polynomial of degree
d. For a new tuple W of w variables distinct from T,X,z, let us define the
polynomial map Klg s using Definition 5.3.9. Then the following is true.
For any circuit C of depth A and size s such that the polynomial

C'(T,x) == C(T,X, @1, @2, ..., D)

is non-zero, if C'(T,Kly s(W)) is identically zero, then g can be computed
by an algebraic circuit of depth O(A) and size

poly(s,deg(C’), k) - (plog k)Po¥(d)

Proof. The proof proceeds along the lines of the proof of Theorem 5.7.3.
In particular, we again apply the hybrid argument to the sequence of
substitutions for x; by gi and arrive at the point j where the substi-
tuted polynomial becomes identically zero for the first time. We again
rename the variable x; as y and set any remaining X variables and
w variables outside the set S; to field constants while preserving the
non-zeroness of the polynomial before the j*" substitution. We use C
to denote the result of applying the sequence of substitutions to the
circuit C. We use C’ to denote the result of applying the sequence of
substitutions to the circuit C’. Clearly, it is of the form

N

(T/ Q] (T/W)/ ceey Qj*] (le)/ylgr(i)]/ . -,(De)

@)

C’(T,W;U) =

where each & (T, W, y) is a polynomial in [T, ng,y] that satisfies

é\)i(TIW/y) - (Di(T/ Q] (T/W)/‘ ey Qj—1 (TIW)/y/B)
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for field constants b and each §; is obtained from g; by setting the
w variables outside the set S; to field constants according to b and
hence depends on only [S; N'S;| < p variables. Thus, each ¢; has a
depth-2 circuit of size at most p©9(d) We also know that y — g;(w)
divides C’. From this, we would like to conclude that g; has a small
constant-depth circuit.

We again follow the proof of Theorem 5.7.3, and reduce to the case
that (y — g;) is a factor of multiplicity one. To this end, we will have to
work with an appropriately high enough order derivative of C’ with
respect to y (depending on the multiplicity). From Corollary 5.3.2, we
get that this derivative is in the F[y]-span of polynomials of the form
C/(T,w,Bi) with p; e Fand i € [degy (C")], and the y-degree of the
weights in this linear combination is at most degIJ (C’). Let us denote
the derivative by B. Thus, we have that

for univariate polynomials Aj;i(y) of degree at most degy (C"), Bis
non-zero and satisfies

B(T,w, g;(w)) =0,

and B

@(T,W, g;(w)) #0.
By shifting the W variables if needed, we can assume without loss of
generality that

Thus, from Lemma 5.4.8, we get that there is a k € [F and a polynomial
Q of degree at most d on (d + 1) variables, that satisfies

g;(W) = Q(ho(k, W), hy(k,W),..., ha(k,W)) mod (W),

where for every i,

B _ . 0B _ . _
n (T,w, g;(0)) — o (T,0,g;(0)) trunc (W),

hi(T,w) =

Given the degree of Q and the number of variables, we get that it
has a depth-2 circuit of size at most exp(O(d)). The next claim shows
that each h; has a constant-depth circuit of small size.

Claim 5.8.14. Each h; can be computed by a circuit of depth O(A) and size

s’ < poly(s,deg(C’), k) - (plogk)poly(d)
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We first use the claim to complete the proof of the lemma, and then
discuss the proof of the claim.

We take the circuits for hi(T,w) — given by Claim 5.8.14,
denoted by Vi(T,w) — and consider the circuit
Q(Vo(k,w), Vi(k,W),...,Va(k,Ww)). Clearly, it is of depth O(A)
and size s’ < poly(s,deg(C’), k) - (plog k)P°Y(4) and satisfies

g; (W) = Q(Vo(k, W), Vi (k, W), ..., Va(k,w)) mod (W),

We can now apply Corollary 5.3.2 to obtain the constant-depth
circuit for gj(w) with only an additive increase in depth and a polyno-
mial blow up in the size, thereby giving us the theorem. O

Proof of Claim 5.8.14. From Lemma 5.6.1, we know that for any 3 € F,
the polynomials Ai(T,w,B) and ®;(T,w, B), obtained from A and @
using the substitutions in the above discussion and setting y = f3,
continue to satisfy that properties satisfied by A;, ®; in the hypothesis
of the lemma.

Thus, for any field constant 3, we can invoke Lemma 5.6.3 for each
Ai(T,w,B) and ®;(T,w, B) to get that (®;(T,w, ) trunc (w)4*+') can
be computed by a circuit of depth (A + O(1)) and size s’. We now
plug these circuits into the input gates of the constant-depth circuit C
to get a circuit of depth at most O(A) and size O(s’) that computes
the polynomial

C(T,w, B, (®1(T, W, B) trunc (W)H1),..., (De(T, W, ) trunc (W)d1)).

Now, applying Corollary 5.3.2 with respect to the W variables
gives us a circuit of depth O(A) and size poly(s’) that computes
(é (T, w, B) trunc (w)d+! ), since by definition C/(T, w,y) equals
C(T,w,y, y,..., D).

Similar to Lemma 5.7.1%, the claim now follows from the definition
of B, Corollary 5.3.2 and the fact that the degree of B in T is at most
deg(C’). O

We now combine the machinery in Section 5.8.2 with Theorem 5.8.13
to get the following theorem that is directly used in the proof of
Theorem 5.5.1.

Theorem 5.8.15. Let n € IN be sufficiently large, and let X = (x1,...,%Xn).
Let IF be a field of characteristic zero. Let k > 1 be any natural number.
Let P(T,X,z) € F[T,X, z] and Ry (T,%), R2(T,X),...,Re(T,x) € F[T,x] be
polynomials with the following properties.

o P(T,X,z) is computable by a depth A circuit of size s < poly(n)

o P(T,X,z) is T-regularized and is monic in z.

Refer to the part of the proof where we show that hi(T, W) can be computed by
constant-depth circuits.
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e Forevery i € [t], Ri(T,X) is a truncated, non-degenerate, approximate
z-root of P(T,X, z) of order k.

Let Q(T,x,z) == (Hie[e](z_ RJT,%))) trunc Tk,

Let g be a o-variate degree d polynomial and § be a (n, o, u, p)-design. Let
Ky s : F* — F™ be the polynomial map in Definition 5.3.9 defined using g
and 8. Then, the following is true.

If Q(T,x%,z) does not divide P(T,x,z) but Q(T,Klgs(W),z) divides
P(T,Klg s(W), z), then g can be computed by an algebraic circuit of depth
A" = O(A) and size at most

s’ =poly(s,{,k,deg(P)) - (plog K)poly(d)

In particular, if any depth-A’ circuit for g requires size greater than s’,
then Q(T,X, z) divides P(T,X, z) if and only if Q(T,Klgs(W),z) divides
P(T/ KIg,S (W)I Z)

Proof. It Q(T,%,z) divides P(T,X,z), then Q(T,KlIgs(W),z) certainly
divides P(T, Kl s (W), z).

Suppose Q(T, X, z) does not divide P(T, X, z). Corollary 5.8.12 tells us
that equivalently, there exists a circuit C on at most poly(¢, k, deg(P))
variables, and size and degree at most poly({, k, deg(P)), that is com-
putable by a depth-O(1) circuit such that

C (z, Po(T,), .. .,Pdegz(p)(T,i),R) 20,

where, for every i, Pi(T,X) is the coefficient of z' in P when view-
ing it as a univariate in z with coefficients in the ring FF[T,x], and
R = (Ri(oyT,%): i€ [{],j € [poly(s, k,deg(P))]), with each «; being
an element of FF.

If Q(T,KlIy,s(W),z) divides P(T, Kl s (W), z), then

C (Z,PO(T,X) 0 Klgs(W), .., Pacg. (p (T,X) 0 KIg s (W), R o KIg s (W )) =0,
where R o KIg s(W) :={RoKlgs(W) : R € R}. Observe that
C (z, Po(T,X) 0 Kl s(W), ..., Paeg, (p) (T, %) 0 Klg 5 (W), R o KIg s (W ))
is the same as

C (z, Po(T, %), -, Pucg, () (T, %), fR) oKl s (7).
Moreover, Lemma 5.6.1 tells us that each Ri(;T,X) is a truncated,
non-degenerate, approximate z-root of P(o;T,X, z) of order k, where
P(oyT,%,z) is T-regularized and monic in z.

Thus, we can apply Theorem 5.8.13 to
C (z, Po(T,X), ..., Paeg_(p)(T,X), IR) to conclude that g can be
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computed by an algebraic circuit of depth A’ = O(A) and size s’
which is at most

s’ := poly(s, {, k,deg(P)) - (plog k)P ()

The contrapositive tells us that if every depth-A’ circuit for g re-
quires size greater than s’ obtained as an upper bound above, then
Q(T,x,z) divides P(T,X,z) if and only if Q(T,Kl4s(W),z) divides
P(T,KlIgs(W), z). O

5.8.4 Proof of Theorem 5.5.1

We are now ready to prove Theorem 5.5.1. We start by recalling some
notation that we use.

Let § = {gm}men be a family of polynomials such that for every
m e N, gm € Flx1,...,Xml, dm := deg(gm) < O(loglog(m)). Further,
G has the property that for any depth A € IN, if € = {Cri}men
is a family of depth-A circuits computing g, then C requires size

dﬁp(fomn, which is m® (). Theorem 5.3.10 gives us such a family
of explicit low-degree polynomials that are hard for constant-depth
circuits.

Theorem 5.5.1 (Irreducibility-preserving variable reduction). Fix any
AeNande € (0,05). Letn € Nand X .= (x1,...,xn). Let P(T,X, z) be
a nonzero polynomial with the following properties.

o P(T,X,z) is computable by a size s < poly(n) and depth A circuit.

o P(T,X,z) is monic in z and T-regularized, with deg(P) = D <
poly(n).

o P(T,%,z) and P(0,%,z) = P(0,0,z) are squarefree.

Let c =0(n®),u= O(log%), p = O(log(n)), and let 8 be an (n, o, u, p)-
design. Let Klg s : IF* — IF™ be the polynomial map in Definition 5.3.9
defined using the design 8 and the polynomial g from the family of hard
polynomials G. Then, for an absolute constant’ Bae € N and n > Ba e, the
following is true.

A candidate factor® F(T,X, z) is an irreducible factor of P(T,X, z) if and
only if F(T,Klg_ s(W),z) is an irreducible factor of P(T,Klg4_s(W),z).

Proof. Suppose P(T,x,z) = H?:1 (z— @i(T,X)), where each ¢;(T,X)
is a power series root from F[x][T]. Then, by Corollary 5.8.5 for
k = deg;(P) + 1, we have that for any subset S C [D], Fs(T,X,z) =
[lics(z— @i(T,X)) is an irreducible factor of P(T,X, z) in FF[T,X, z] if
and only if

The precise value of 34 . depends on the exact hardness of the polynomial in § and
the upper bounds obtained in our proofs.

10 See Definition 5.8.2
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e Qs(T,X%,z) divides P(T,X,z), where Qs = Fs trunc T* and

o forevery () # U C S such that [ [; ., (z— o) has all coefficients in
IF, we have that Qu (T, X, z) € [T, X, z] does not divide P(T, X, z)

For the given parameters, one can verify that the upper bound s’ given
in Theorem 5.8.15 is at most poly(n), whereas g, requires size ne)
for any constant-depth circuit'’. Thus, we can apply Theorem 5.8.15
on both the conditions above, to equivalently state that for any subset
S C [D], Fs(T,%,z) = [[ics(z— @i(T,X)) is an irreducible polynomial
factor of P(T,X, z) if and only if

e Qs(T,KlIgy_ s(W),z) divides P(T,KIg_s(W),z), and

o for every ) # U C S such that [];c(z— «;i) has all coeffi-
cients in IF, we have that Qu(T,KIg_s(W),z) does not divide
P(T/ KIgU,S (W)/ Z)

Lemma 5.6.1 tells us that P(T,KIg_s(W),z) will remain a nonzero
squarefree'” polynomial that is monic in z and T-regularized, with
deg, P = D. Furthermore, P(0,Kl,,_ s(W),z) = P(0,0, z) will be square-
free. Thus, we can apply Corollary 5.8.5 to the above two conditions
to get that for any subset S C [D], Fs(T,%,z) = [ [ics(z— @i(T,%)) is
an irreducible polynomial factor of P(T,X, z) if and only if

o [Lics(z— @i(T,Klg, s(W))) € Q[T,W,z], and

o for every ) # U C S such that [ [; ., (z— «;) has all coefficients
in IF, we have that [ [;c1(z — @i(T,Klg_ s(W))) € Q[T, W, z]

These conditions are true if and only if Fs(T,KIg, s(W),z) = [[ics(z—
¢i(T,KlIgy_ s(W))) is an irreducible factor of P(T,KIg_ s(W),z); this
concludes the theorem. O

5.9 PROOF OF CORRECTNESS OF THE ALGORITHM

We will analyze the correctness of our algorithms in a bottom-up
fashion, starting with Algorithm 7 and ending with Algorithm 5,
which will prove Theorem 5.5.2.

5.9.1  Analysis of Algorithm 7

Suppose P(T,X,z) = [ [ie(m) Gi(T,X,z), where P(T,X, z) is monic in
z, T-regularized with degT(P) < deg(P) := D and deg,(P) = D,.

We chose n sufficiently large enough in the theorem statement (n > 34 ), which
implies that for this particular o, g requires constant-depth circuits larger than s’.
Squarefreeness is equivalent to each root being non-degenerate, which is maintained
by Lemma 5.6.1.
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P is squarefree and P(0,0, z) is squarefree as well. The G;s are the
irreducible factors of P.

Let G(T,X,z) denote an arbitrary G;i. Suppose G(0,0,z) =
Hje[r] H;(z) is the factorisation of G(0, 0,z) into its irreducible fac-
tors. Since P(0,0,z) is squarefree, each Hj; is distinct. If any of the
H;(z) had degree 1, we could’ve lifted that root via Newton iteration
and proceeded with the rest of the algorithm. We will now describe
how we deal with the absence of roots of G(0,0,z) in Q using ideas
that are standard in the literature (for instance, see [[DSS22, Section
6.2]).

Let H(z) be an arbitrary irreducible factor of G(0,0,z) and define
the field K := % for a new variable u. Thus, we are artificially
adding a root of H(z) to our field, and calling it u. Every operation
in this field is polynomial addition or multiplication over Q with the
variable u, followed by taking the reminder mod H(u).

We can now use Newton iteration (Corollary 5.4.4) to compute
a truncated, non-degenerate, approximate z-root ¢(T,x) € KIT,x]
satisfying G(T,%, ¢(T,X)) = 0 mod (T)ZD'DZ+1 and ¢(0,%) = u € K.
The following lemma, standard in the factorisation literature (see
[Biiro4, Lemma 3.6]), tells us that G is the unique minimal polynomial
of ¢ with the above constraints. The same lemma was stated and
proven in Lemma 3.3.2 with some minor differences in notation. Thus,
we skip the proof here.

Lemma 5.9.1. Let G(T,%,z) € Q[T,X,z] be an irreducible polynomial,
monic in z with T-degree at most D and z-degree exactly D. Let ¢(T,x) €
KI[T,X] be an approximate root of G of order 2D - D, + 1, satisfying
G(T,%, ¢(T,%)) =0 mod (T)?PP=+1,

Now, suppose B(T,z) € Q(X)[T, z] is monic in z with T-degree at most D
and z-degree exactly D, satisfying:

B(T, ¢(T,x)) =0 mod (T)?PP=+!

Then B = G.

5.9.1.1 Linear system for computing the unique minimal polynomial

Let § = {gm}men be a family of polynomials such that for every
m e N, gm € Flx1,...,Xm], dm = deg(gm) < O(loglog(m)). Further,
G has the property that for any depth A € N, if ¢ = {Cii}men
is a family of depth-A circuits computing g, then C requires size

dixlp(fomn, which is m®(1). Theorem 5.3.10 gives us such a family
of explicit low-degree polynomials that are hard for constant-depth
circuits.

The following theorem is a variant of Lemma 3.3.3 for obtaining a
circuit that computes the minimal polynomial of an approximate root.
The proof is mostly the same; the main difference is that we are now
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able to eliminate the division gate that showed up due to the use of
Cramer’s rule in Lemma 3.3.3.

Theorem 5.9.2 (Small division-free circuit for the minimal polynomial
of an approximate root). Fix any A € N and ¢ € (0,0.5). For an absolute
constant Ba. € N, let n > B and X = (x1,...,xn). Let P(T,X,z) be a
polynomial with the following properties.

o P is T-reqularized and monic in z with total degree D.

o G(T,X, z) is an irreducible factor of P with z-degree D,.

o H(z) is an irreducible factor of G(0,X, z), and K is the field %
Then, there is a deterministic algorithm A . (with access to H(z)) which

e takes as input a size s circuit computing @(T,x) € KIT,X], a trun-
cated, approximate z-root of P(T,X, z) of order (2D - D, + 1) such that
@(0,X) =wis a root of G(0,X, z) over K;

e outputs a division-free circuit over Q for G(T,X,z) with size
poly(s, D);

o and runs in time poly (s, D)O(n*),

Proof. We would like to compute a polynomial B(T,z) € Q(x)[T, z]
that is monic in z with T-degree at most D and z-degree exactly D,
satisfying:

B(T, (T,x)) =0 mod (T)2PP=+!

where ¢(T,x) € KIT,X] is computed by a circuit with constants from
K. Lemma 5.9.1 guarantees that such a polynomial B has to be the
irreducible factor G.

We can separate B into its bihomogeneous components with respect

to T and z as
d D
B(T, Z) = Z Z Bi’jZiTj
i=0j=0
where each B;; can take a value in the field Q(X). Since B is monic in
z,B4,0 = 1and Bg; = 0 for all j > 0. The minimal polynomial satisfies

d D

B(T,@(T,X)) =) > Bi;j(@(T,%)'T =0 mod (T)*PP=*!
i=0j=0

which can equivalently be written as 2D - D, + 1 many linear con-
straints, where each constraint expresses that the coefficient of Tl in
B(T, ¢(T,X)) is zero, for some 1 € {0,1,...,2D - D,}. Let ¢(¥) denote
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the coefficient of T) in @'. Thus, we have the following linear system
in the variables B;; fori€{0,...,D}and j €{0,...,D,}.

Bgo =1 (5.9:3)
vjefl,...,D} 'ij =0 (5.9.4)

vie{0,1,...,2D-D, +1}: ZZB yA=i) = o (5.9.5)
i=0j=0

At this point, the coefficients of each constraint come from KIx], which
means that we can interpret each constraint as a degree (deg(H) —1)
polynomial in the variable u, with coefficients from Q[x]. Since the
minimal polynomial of u is H, it follows that 1,,... Judes(H)—T1 gpe
linearly independent over Q and, in fact, over'> Q[x]. Thus, for a
constraint to be equal to zero, the coefficient of each u" (for r €
{0,1,...,deg(H) — 1}) must be identically zero in Q[x]. To compute the
coefficient of u™ in (¢@)*}), we can apply Corollary 5.3.2 and get a
circuit of size poly(s); we will denote this circuit by (¢ )(Li7) | Thus,
we can express the constraints of the form Eq. (5.9.5) using equivalent
constraints of the form:

for every r € {0, ..., (deg(H) —1)D.} and for every L € {0,1,...,2D -
D, + 1}. The linear system is now over Q[x], and thus, any solution to
the linear system is going to be over Q(x).

We can express the linear system as M,B = ¢, for a matrix
M, with entries in Q[x], the vector of variables B = (Bi;) and
a vector ¢ € (Q[x])". Since the linear system has a unique so-
lution (Lemma 5.9.1), M has full column rank. Using some ba-
sic linear algebra (see Lemma 3.3.5), we can rewrite the linear sys-
tem as MgM(plg = M, ¢y, where M{M,, is an invertible square
matrix. Thus, we can express the solution to this linear system as
B = M{OXM o) (Mgcz’p). In particular, each B;; can be' expressed
as W where both the numerator and the denominator have
circuits of size poly(s,D)."

At this point, we would like to use Strassen’s division elimination
(Lemma 5.3.4) to write each Bj ; as a circuit without division. Strassen’s
method requires that we find a point Yy € Q™ such that det(ML M)
is non-zero at ¥, but this seems to require a hitting set for circuits
since the naive upper bound that we can give for det(M{M,,) is a
small circuit. We will now show that the variable reduction map from
Theorem 5.5.1 also preserves the nonzeroness of det(ML Me).

13 If Y pi(®)ut =0, then 3 ; p; (O)ut =0.
14 Here, we use the well-known fact that the Determinant can be computed efficiently.
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Let 0 = O(n®),n = O(k;g‘%),p = O(log(n)), and let 8 be an
(n, 0, , p)-design. Let KIg s : F* — F™ be the polynomial map
in Definition 5.3.9 defined using the design 8§ and the polynomial g,

from the family of hard polynomials §.
Claim 5.9.6. det(MgM(p) oKlgs(W) #0

Proof. Recall that det(MJ M) is non-zero precisely because the ir-
reducible factor G(T,X,z) is the unique solution for the linear sys-
tem. Lemma 5.6.1 tells us that ¢(T,Kly, s(W)) is the unique trun-
cated, non-degenerate, approximate z-root of P(T,KIg s(W),z) of
order 2D - D; + 1, satisfying ¢(T,Kly, s(W)) =u = ¢(0,%). By Theo-
rem 5.5.1, we now know that Kl4_ s(w) preserves the irreducibility
of factors, so G(T,Klg,_ s(W),z) is irreducible. Thus, if we had first
applied Kl  s(W) to the polynomial P(T,X, z) and computed the trun-
cated, non-degenerate, approximate root @(T,Kly, s(w)) of order
2D - D, + 1 starting from the same point u € K, Lemma 5.9.1 tells us
that we would’ve still maintained uniqueness of solution for the linear
system that computes a monic minimal polynomial of (T, Kl s (W))
of T-degree at most D and z-degree exactly D.. Moreover, the new
linear system is going to be the same as the old linear system, ex-
cept each (@) V') will be replaced by (¢ o K, s(w))\177); this
follows because the transformation x — Klg_ s(W) sends every mono-
mial to a polynomial with the same (T,z)-degree and u-degree';
in other words, the matrix Mokl s (w) will be equal to M o
KIg s(W). Thus, uniqueness of the linear system’s solution implies
that det(M{,M,)(X) o Ky, s(W) = det(M o) Meokiy, s (w)) 7

@oKly, s
0. O

Thus, to find a point ¥ € Q™ satisfying det(MgM(p)(?) £ 0,
we can first compose it with Klg s(W) to get a degree poly(n)
polynomial on pu = O(n?¢) variables. For this low-variate polyno-
mial, we can use the brute force derandomization of the Polynomial
Identity Lemma (Lemma 2.3.10) to find a point ¥ € Q" such that
det(l\/l(Tp M) oKly s is nonzero at ¥; this takes time poly(s, D)O(“ZE).
Thus, ¥ := Ky, s(Y) € Q™ will be a point where det(M M) (¥) # 0.
We can then use Lemma 5.3.4 to give a circuit of size poly(s, D) for each
By ;, which implies that G(T,%,z) = B(T,z) = Z?:o Z}D:O BiljziTj has
a circuit of size poly(s, D).

O

Theorem 5.9.7 (Correctness of Algorithm 7). For any A € IN and
e € (0,0.5), Algorithm 7, for sufficiently large n, satisfies the following.

o It takes as input a depth-A size-s circuit Cp computing a square-
free degree-D polynomial P(T,X,z) = [1c(m) Gj(T, X, 2), where the

There can be some cancellations among terms of the same (T, z)-degree and u-degree
after the transformation, but it does not affect the shape of the matrix for the linear
system.
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Gis are the irreducible factors of P. Further, P(T,X,z) is monic in
z, T-regularized with respect to X and Cy(0,%,z) = Cp(0, 0,z) is
squarefree.

o It also takes as input the univariate polynomial Gj(0,%,z) =
G;(0,0,2) for each j € [m].

o It outputs a list L ={Cg (T,X,2),...,Cq_(T,X,2)}, such that each
Cg, (T,X,z) is a circuit of size poly(s, D) and depth poly (D), which
computes the irreducible factor Gi(T,%,2) of P(T,%,2).

o It runs in time poly(s, D)O(n*),

Proof. The algorithm iterates over each Gj, so let us focus on one
such Gj. By Theorem 2.3.27, Line 3 of the algorithm gives the correct
factorisation of G (0, 0, z) into its irreducible factors, and it runs in time
poly(deg(G;j(0,0,z))). By Corollary 5.4.4, Line 5 will correctly compute
a truncated, non-degenerate, approximate z-root ¢(T,x) € KI[T,X] of
Gj(T,i,z) of order 2D - D, + 1 such that ¢(0,%) = ¢(0,0) = u € K.
Moreover, it runs in time poly(s, D) and outputs a circuit for ¢(T,X) of
size poly(s, D). Finally, by Theorem 5.9.2, Line 6 will correctly compute
a circuit CG~j for Gj, of size poly(s, D), in time poly(s, D)O(“ZE). O

5.9.2 Analysis of Algorithm 6

Theorem 5.9.8 (Correctness of Algorithm 6). For any A € N and
e € (0,0.5), Algorithm 6, for sufficiently large n, satisfies the following.

o The input to the algorithm is a depth-A size-s circuit Cp computing
the squarefree polynomial P(x) = [ | Gj(x), where the Gjs are
the irreducible factors of P.

jelm]

o The output of the algorithm is a list L ={Cg, (X),...,Cg,, (X)}, such
that each Cg;(X) is a circuit of size poly(s, D) and depth poly(D),
which computes the irreducible factor Gj(x).

o The algorithm runs in time poly(s, D)O(“ze).

Proof. The coefficient of zP in P(X,z) = P(X+ (a-2z))/5 is
Homp [P](@)/6 = 1, thus P is monic in z, and P retains the squarefree-
ness of P. Moreover, Corollary 5.3.2 tells us that Homp [P] has a size
poly(s, D) and depth (A + O(1)) circuit, so Theorem 2.3.13 outputs a
satisfying Homp [P](a) # 0, in time poly (s, D)0,

Since P is monic in z and squarefree, Theorem 5.3.5 along with
Lemma 3.3.4 tells us that Disc,(P)(X) # 0. In Line 2, b is chosen
to ensure that Disc,(P)(b) # 0. For P(T,X,z) := P((T-X)+b,z),
Disc, (P(0,%,z)) = Disc,(P(0,0,z)) = Disc,(P)(b) # 0, which implies
that P(0,%,z) € Q[z] is squarefree. Moreover, Theorem 5.3.6 (along with
an application of Corollary 5.3.2 for the complexity of %) tells us that



5.0 PROOF OF CORRECTNESS OF THE ALGORITHM \

Disc, (P) = Resz(ls,%) has a size poly(s, D) and depth (A + O(1))
circuit. Thus, we can again use Theorem 2.3.13 to find b in time
poly(s, D)%),

In Line 3, the map Kl s can be constructed in time exp(O(n®)) by
using Lemma 5.3.8.

In Line 4, P(T, Kly s(w),z) is an O(n?¢)-variate polynomial. Us-
ing Theorem 5.4.9, we can factorise Cp(T,KIgs(W),z) in time
poly(s,D)O(“za). For each j € [m], let Gj(T,Y,z) denote G;((T-x) +
(@-z)+b); Gj must be irreducible (this is standard in the literature;
for a proof, see [Kum+24, Lemma B.7]).

By Theorem 5.5.1, for each j € [m], Gj(T, KIgys(W),z) is an irre-
ducible factor of P(T, KIg,  s(W),z). Thus, for j € [m], the factorisation
in Line 4 will compute a circuit CGj (T,KIg,s(W),z) that computes
(:Sj (T, Klg,s(w),z), satisfying the property that G;(0,KIgs(W),z) =
G;(0,0,z).

By Theorem 5.9.7, Algorithm 7 correctly computes the list L’ =
{CG1(T,i,z),...,CGm(T,f,z)} in time poly(s,D)O(“e). Line 6 com-
putes Cg,(X) = Cg, (1,Xx—1b,0) for each Gj (%) correctly.

Overall, the algorithm takes time poly(s, D)° (") and outputs circuits
of size poly(s, D) for each irreducible factor G;(x) of P(x). O

5.9.3 Analysis of Algorithm 5

Theorem 5.5.2 (Deterministic subexponential time algorithm for fac-
torisation of constant-depth circuits). Fix any A € IN and ¢ € (0,0.5).
There exists an algorithm Aa e which, for all sufficiently large n,

e takes as input a polynomial P(X) € Qlx1,...,xn] of degree D <
poly(n) with a depth-A, size s < poly(n) circuit;

o outputs poly(s, D)-sized circuits for each irreducible factor of P, along
with the multiplicity of each such factor; and

e runs in time poly(s, D)O(nze),

Proof. Algorithm 5, instantiated with parameters A and ¢, is the algo-
rithm Ap . claimed in the theorem statement. Theorem 4.2.2 ensures
the correctness of Line 1 so that for each i € [r], Pi(X) corresponds
to the product of irreducible factors of P that have multiplicity i in
the factorisation (and r is the maximum multiplicity of an irreducible
factor). The algorithm from Theorem 4.2.2 runs in time poly(s, D)
with oracle access to a PIT algorithm for constant-depth circuits; re-
placing each oracle access by the algorithm in Theorem 2.3.13 results
in a running time of poly(s, D)O (™). For each P;(x), Theorem 5.9.8
guarantees that the list L; output by Algorithm 6 in Line 4 is exactly
a list of circuits computing the irreducible factors of P;; moreover, it
runs in time poly(s, nP )O(“zs). Since factors of P; have multiplicity i
in P, Line 5 adds the right multiplicity information along with each
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circuit for factors of P;. Every irreducible factor of P(x) must occur as
an irreducible factor in P;(X) for some i € [r]; thus, every irreducible
factor along with its multiplicity will be included in the output list. [J
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Secrets of the past awake,
Lagrange and Furstenberg spoke:
“Constant-depth can conquer roots”
Thus, factors bow to PIT’s might.






6 CLOSURE AND ITS
ALGORITHMIC CONSEQUENCES

6.1 OVERVIEW

In the previous chapter, we saw an algorithm that outputs all the
factors of a constant-depth circuit in essentially the same time as
it takes to deterministically do PIT for constant-depth circuits. The
primary structural workhorse of that result is a theorem which shows
that a hitting-set generator for constant-depth circuit also preserves
the factorisation pattern of constant-depth circuits. This is surprising
because the PIT instances that capture the irreducibility of certain
factors do not a priori have a constant-depth circuit upper bound.
Thus, one could argue that the contents of the previous chapter feel
like mounting evidence towards a closure result.

In this chapter, we first state the theorem which shows that constant-
depth circuits are indeed closed under factoring.

Theorem 1.7.8. [Closure under factorisation [Bha+25b]] Let TF be a field of
characteristic zero, f be a polynomial on n variables of degree d over F and g
be a factor of f. Then, the following are true.

If f can be computed by an algebraic circuit of size s and depth A over
I, then g can be computed by an algebraic circuit of size poly(s, d, n) and
depth A+ O(1) over IF.

If f can be computed by an algebraic formula of size s over IF, then g can
be computed by an algebraic formula of size poly(s, d, n) over IF.

Remark 6.1.1. While the statement above is stated for fields of characteristic
zero, it is also true for fields of sufficiently large characteristic (depending on
the degree d) via the same proof. O

While we do not prove the closure theorem in this thesis, we use
a building block of the proof — power-series roots closure — towards
the main algorithmic result of this chapter: a subexponential time
deterministic algorithm that takes a constant-depth circuit and outputs
constant-depth circuits for all its factors.

Theorem 1.7.9. Let IF be the field of rational numbers. Fix any constant
A € N and ¢ > 0. Then, there is a deterministic algorithm Ap¢ that
takes as input a size s depth-A circuit for a degree d polynomial P(X) €
F[x1,...,xn] and outputs circuits of size poly(s, d) and depth A+ O(1) for
each irreducible factor g(x) of P(x), along with their multiplicities. Moreover,
Ap,e runs in time poly(s, d)© ™).

BLACKBOX PIT AND DETERMINISTIC FACTORISATION: A result of
Kopparty, Saraf and Shpilka [KSS15] showed that deterministic PIT
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algorithms for general circuits (in both the blackbox and the white-
box models) implies a deterministic factorisation algorithm for such
circuits. We can now extend this connection in the blackbox setting
to models such as constant-depth circuits or formulas. However, at
the moment, it is unclear to us if such a conclusion also follows from
whitebox derandomization of PIT for these models.

RANDOMIZED ALGORITHMS FOR FACTORISATION: By sampling ran-
dom points instead of using a deterministic PIT algorithm in the
aforementioned reduction, we also obtain an efficient randomized
algorithm that takes a polynomial with a small formula / constant-
depth circuit as input and outputs small formulas / constant-depth
circuits for all the irreducible factors of the input, along with their
multiplicities.

6.2 PRELIMINARIES

We recall some standard notation and preliminaries in this section.

NOTATION:

We use FF[x] to denote the ring of formal power series, and IF((x))
to refer to the ring of Laurent series with respect to the variable
x with coefficients from the field IF. We use F to refer to the
algebraic closure of the field IF.

For a polynomial f(x) € F[x] (or more generally in [F((x))) and a
monomial x™, we use [x™]{f} to denote the coefficient of x™ in f.
For multivariate polynomials such as f(x,y), we will use [x™]{f}
by interpreting f(x) € F[yl[x] and extracting the coefficient of x™
as a function of y.

A polynomial map G : F* — F", with the mapping z
(91(z),...,9n(z)), is said to be a hitting-set generator for a class C
of polynomials if for every F € € we have that Fo § = 0 implies
F = 0. Abusing notation, we can also view such a map as a
homomorphism G : [F[x] — F[w] such that for every F € C we
have that §(F) = 0 implies F = 0. The degree of the generator
is max;(deg(gi)), which is equivalent to max; deg(G(xi)) for the
homomorphism definition.. The hitting-set generator is said to
be explicit if G can be computed efficiently.

6.2.1 Reducing to factorising bivariate polynomials

For many of the factorisation applications, it would be convenient to
reduce the problem to a bivariate setting. The following definition and
subsequent lemmas formalize the precise transformation and their
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properties. In what follows, it would be convenient to imagine the
set of variables instead as (X,y) (that is, calling the last variable as y
since it plays a slightly different role). We sometimes abuse notation
to refer to a set X of variables as (X, y) by reusing the same names by
artificially introducing a variable.

Definition 6.2.1 (Valid pre-processing maps for factorisation). Let
a,b € EX and let K = F(X). The homomorphism ¥ 5 : F[x,yl — KIt, y
given by

WapiXi— txi+aiy+by, foralli,
Yap:y—y

is said to be a valid pre-processing map for a polynomial F(x,y) € F[x,y]
if G(t,y) = Y 5 (F) satisfies the following properties:

1. The coefficient of y4¢8(F) in G is nonzero.

2. If G is the squarefree part of G, then G(0,y) must be squarefree as
well. O

Lemma 6.2.2 (Recovering factors from pre-processed factors). If
G(t,y) = Y45(F(x,y)) for a valid pre-processing map, then G(0,y) is
a univariate polynomial in y over the base field IF. Furthermore, the factors
of G(t,y) € F(x)[t,y] are in one-to-one correspondence with the factors of
F(x,y), with the inverse map \l’%’% given by x; — xi —ayy —bjand t — 1.

Proof. For any choice of @, b, the map ll)a,F 1Xq{ — X{ +ayy + b is an
automorphism of the polynomial ring F[x,y] that keeps non-constant
polynomials non-constant. Therefore, for any polynomial F(x,y), the
factors of F(X,y) are in one-to-one correspondence with the factors of
lba/E(F(iry))-

If W% is a valid pre-processing map for F(x,y) and G(t,y) =
Y. 5(F) € FX[tyl then by Definition 6.2.1 item 62 we have that
G(t,y) is monic in y." By Gauss’ lemma, G(t,y) is reducible over
F(x) if and only if G(t,y) is reducible over F[x]. If G(t,y) = G;(t,y) -
G2(t,y) is a non-trivial factorisation, we get a non-trivial factorisation
of P 5(F(X,y)) by setting t = 1 since Gi(t,y) is monic fori =1,2 and
will remain non-trivial under the substitution t = 1.

Thus, the factors of G(t,y) are in one-to-one correspondence with
the factors of F(X,y), and we can easily obtain one from the other. [J

Lemma 6.2.3. Let F(X,y) be a nonzero polynomial of degree d. Suppose
a,b € F™ (where n = [x|) satisfy the following properties:

1. Homg(F)(a@) # 0,

2. Discy (Flary +b1,...,any +bn,y)) # 0 where F is the squarefree
part of F and Discy (F) denotes the discriminant of T with respect to y.

1 Here we just mean that the coefficient lies in IF.
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Then, Y4  is a valid pre-processing map for F(X, y).

Proof. It is easy to observe that the coefficient of y¢ in G(t,y) =
V_+(F) is precisely Homgq(F)(a). Thus, this implies Definition 6.2.1
item 62.

By Lemma 6.2.2, if G is the squarefree part of G, then G =
W (F). Therefore, G(0,y) will be squarefree if and only if
Flajy + b1,...,any + by, y) is square free. Hence, Discy(f:(cuy +
by,...,any+bn,y)) # 0 implies Definition 6.2.1 item 63. O

Remark 6.2.4. A consequence of the above lemma, along with the Polynomial
Identity Lemma is that, for any polynomial F(x,y), the map Y ¢ when
a, b is picked at random is a valid pre-processing map. In particular, valid
pre-processing maps always exist. O

6.2.2 Factorisation of monic polynomials into power series

The following are some standard facts about power series roots of
polynomials under modest conditions.

Lemma 6.2.5 (Factorisation into power series). Let f(t,y) € Klt,y] be a
polynomial that is monic in y such that £(0,y) is squarefree. For each o € K
(the algebraic closure) such that (0, x) = O, there is a unique power series
©«(t) € K[t] satisfying @ «(0) = o such that f(t, p«(t)) = 0.

In fact, the polynomial £(t,y) factorises in K[t]ly] as

flty) =[] —ealt)

xeZ
where Z is the set of roots of £(0,y) in K.

The above lemma is essentially folklore and [DSS22, Section 3] gives a
formal proof of the above.

6.2.3 PIT for constant-depth circuits

We make use of known hitting-set generators for polynomial size
constant-depth circuits. While we can employ the hitting-set generator
from Theorem 2.3.13, the statement below is an alternate generator
construction from a result of Andrews and Forbes [AF22].

Theorem 6.2.6 (Explicit hitting sets for constant-depth circuits (Theo-
rem 6.8 in the full version of [AF22])). Let IF be a field of characteristic
zero. For every k € IN, there is a hitting-set generator Gy : F[x] — F[w]
with [w| = n'/2*+°() and for the class of poly(n)-size depth A <
o(logloglogn) circuits. O
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63 CLOSURE UNDER TAKING FACTORS

In this section, we state (without proof) the main closure results.

6.3.1  Complexity of power series roots

Theorem 6.3.1 (Power series roots without multiplicity [Bha+25b]).

Let P(x,y) € F[x,y] be a polynomial computed by a circuit C, and let
o(x)€ F[X] be a power series satisfying @(0) = 0, P(X, ¢(X)) = 0 and
0yP(0,0) # 0. Then, for any d € N, there is a circuit C' computing
Homgq [@] such that

size(C’) < poly(d, size(C))

depth(C’) < depth(C) + O(1)

6.3.2 Complexity of general factors

We now proceed to state the closure result for general factors. If f(t,y)
is a polynomial that is monic in y and is divisible by g(t,y), then
over the algebraic closure F we can express g(0,y) = Hf:1 (y—oq).
Thus, a simple way to obtain a constant-depth circuit for g(t,y) over
the algebraic closure F is to observe that

14
g(t,y) = Homgq (H(y - Coq(ﬂ))

i=1

where Cq, (t) is the root of the power series lifted from «; obtained
via Theorem 6.3.1. (We need a few additional ingredients, such as
reducing to the square-free case and taking a suitable shift.)

To obtain a circuit for the factors over the base field, we require a few
more modifications (and obtaining a circuit over the base field would
also be essential for computing the factors algorithmically). We would
require the following statement from the recent work of Andrews and
Wigderson [AW24] to prove our closure result for general factors.

Theorem 6.3.2 (Theorem 1.8 of [AW24]). Let [F be a field of zero or
large characteristic. Suppose f, g, h € F[z] with deg(f), deg(g), deg(h) <
d. Suppose «q,...,0¢q € T are the roots of f(z) with multiplicity, with
h(e) # O for all i. Then, for any v € [d], Esymr(ﬁg‘(’;%, e, g%z‘(z‘%) can be

computed by a circuit of size poly(d) and depth O(1) over the coefficients of
f, g and h.

It is worth stressing that the above circuit is over the base field F,
and does not take the «;’s as input; the inputs are just the coefficients
of f, g and h which come from the base field. Moreover, the theorem
is algorithmic i.e. given circuits for f, g and h, the circuits for each
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Esym._ ( ]91%2:%, el ggzi%) can be computed efficiently. For a detailed

proof of the closure theorem, we refer to [Bha+25b].

Theorem 6.3.3 (General factors of algebraic circuits [Bha+25b]). Let
IF be a field of zero or large enough characteristic, and let P(x) € F[x] be a
polynomial on n variables of degree d computed by a circuit C of size s and
depth A. Then, any factor g(x) € F[X] of P is computable by a circuit of size
poly(s, d,n) and depth A+ O(1) over IF.

64 DETERMINISTIC ALGORITHMS FOR FACTORI-
SATION

As aforementioned, our closure results lead to a clean proof of cor-
rectness for the results of Chapter 5, which gave deterministic subex-
ponential time algorithms to output efficient circuits (of potentially
unbounded depth) for each of the factors of constant-depth circuit.
Moreover, we can output constant-depth circuits for each of the factors.

The core of the algorithm is the following lemma whose proof we
will defer to the end of the section. A version of this lemma also
appeared in [Bha+25c] but only for a specifically chosen hitting-set
generator. The statement below is more general, and the proof is much
cleaner.

Lemma 6.4.1 (Irreducibility preservation). Let IF be a field of zero (or
large enough) characteristic. There exists a universal constant & € IN such
that the following is true. Let F(X,t,y) € FI[X,t,y] be a nonzero degree d
polynomial that is computable by a circuit of size s and depth A. Suppose F is
monic in y, with the property that F(x,0,y) = F(0,0,y) € Fly] (ie., every
monomial divisible by an x; is also divisible by t), and F(0,0,y) is squarefree.

Let G : F[x] — FF[W] be a hitting-set generator for the class of size
poly(s,d), depth A+ & circuits.

Then, for every irreducible factor G(X,t,y) of F(X,t,y) we have that
Go§ € Fw,t,y] is also irreducible.

We now proceed with the main theorem of this section.

Theorem 6.4.2. Fix any constant A € N and ¢ > 0. Then, there is a
deterministic algorithm A . that takes as input a size s depth-A circuit
for a degree d polynomial P(x) € Q[x1,...,xn] and outputs circuits of size
poly(s, d) and depth A+ O(1) for each irreducible factor g(x) of P(x), along
with their multiplicities. Moreover, A . runs in time poly(s, d)© ™).

Remark 6.4.3. The theorem continues to be true over any field of zero or suf-
ficiently large characteristic assuming that we have an efficient deterministic
algorithm to factor univariates over this field. O
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Proof of Theorem 6.4.2. Let P(X) be an n-variate degree d polynomial
given by a circuit of size s and depth A. We may assume without loss
of generality that P(X) is squarefree (as the squarefree component® can
be extracted using Theorem 4.2.2). We outline the rough steps of the
algorithm Ax . below and elaborate on the correctness.

1. (Pre-processing) Build a circuit C of size poly(s) and depth
A+ O(1) for F(x, t,y) = Y;5(P) € FX[t,yl where ¥ is a
valid pre-processing map for P(x).

2. (Variable reduction) For a generator § : F[x] — F[Ww] for
size poly(s), depth A+ O(1) circuits, define the polynomial
F(w,t,y) := F(X,t,y) o . (Instantiating with the generator in
Theorem 6.2.6, we may assume [w| =n®)

3. (Factorising variable-reduced polynomial) Factorise F(w, t,y)
into irreducibles as F(W,t,y) = G1(W,t,y)--- Gk (W, t,y). Use
interpolation to compute the coefficients of gi(y) = Gi(W,0,y) =
Gi(0,0,y) forall i € [K].

4. (Building the factors) For each j € [1], if S; C FF are the roots of
gj(y) in the algebraic closure, define the polynomial

Gj(x,t,y) = Homgq H (y — Rp(ai))
iESj

where we define the rational function Rg(z) € F[X, t](z) as fol-
lows

2d+2 m+1
Re(z) =z+ ) <ayF(OZ)) Q™Y F(Ly +2) - (Y- 9yF(0,2) = F(ty +2))™).

The rational function Rf(z) arises in the proof of Theorem 6.3.1
(via Furstenberg’s identity for implicitly-defined power series),
with the property that for any root « € F of F(0,0,y), Rr(a) is
equal, modulo high degree terms, to the unique power series root
o(x,t) € F[x, t] satisfying ¢(0,0) = « and F(x,t, ¢(X,t)) = 0
(see [Bha+25b, Corollary 3.3, Theorem 4.3]).

For any 1, the coefficient of ylin Gj(x, t,y) is’> an elementary
symmetric polynomial of the evaluations of the rational function

2 In fact, the algorithm from Theorem 4.2.2 outputs the squarefree decomposition of the
polynomial. The squarefree decomposition of a polynomial P(X) is a sequence of
polynomials (Pq, ..., P;) such that each P; is a product of exactly those irreducible
factors of P that have multiplicity i in its factorisation. In particular, Theorem 4.2.2
immediately gives us the multiplicity of each factor that we obtain from the rest of
the algorithm. Since our candidate factors from the algorithm have constant-depth
circuits, we can also run a divisibility test on powers of each candidate factor to
compute their multiplicities.

3 This is slightly inaccurate, since to get to the coefficients of Gj, we also need to apply
HOl’ng d-
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Rr(z) over the roots of gj(y). Thus, we can use Theorem 6.3.2
to compute the coefficients of Gj(X,t,y) as elements of F[x, t]
(i.e. purely over the base field) via poly(s) size depth A+ O(1)
circuits.

5. (Undo pre-processing and return) Return {‘1’*1 (Gj) : je [k]}.

a,b
We will justify correctness for each of the above steps.

PRE-PROCESSING: By standard interpolation, the highest degree
homogeneous part of P(X) is also computable by size poly(s), depth
A+ O(1) sized circuits, and by [AW24] we have that Discy(P) is
computable by a size poly(s), depth A + O(1) circuit. Thus, by
Lemma 6.2.3, any hitting set for size poly(s), depth A+ O(1) circuits
may be used to compute a valid pre-procesing map ¥ .

For what follows, let F(x, t,y) =¥, 5(P).

VARIABLE REDUCTION: Note that the polynomial F(x,t,y) satisfy
the requirements of Lemma 6.4.1. Thus, by Lemma 6.4.1, we have that
G preserves the irreducibility of the irreducible factors of F(x, t,y).

FACTORISING VARIABLE-REDUCED POLYNOMIAL: Once we have
a variable reduced polynomial, any off-the-shelf factorisation algo-
rithm (such as [Lecoy]) may be employed to factorise Fo G in time
poly((sd)'w‘). Computing the coefficients of gi(y) can be done via
interpolation.

BUILDING THE FACTORS: Let F(W,t,y) = FoG = Gj---Gy. By
Lemma 6.4.1, we have that F = Gy - - - Gy is the decomposition of F into
irreducibles with G ;(W,t,y) = G; 0 G. Consider an arbitrary irreducible
factor Gj(X,t,y) of F with coefficients over the field F. As stated in
step 4 of the algorithm’s outline (and formalized in Lemma 6.4.4),
each Gj(x,t,y) can be expressed as Homgq ([ T;cy (y — Re(ew))) for
an appropriate set U C [r]. Since the generator is only applied to the
X variables, we have that Gj W,0,y) = Gj(x05,0,y) = G]-(@,O,y) =
[Ticu(y — «). Since we have already computed Gj, we have the co-
efficients of g;(y) = Gj(x,0,y) = G;(0,0,y) which are the elementary
symmetric polynomials of {&; : i€ U}.

The expression for Gj(X,t,y) is symmetric in the roots of g;(y);
in particular, for any i, the coefficient of y' in Gj is* an elementary
symmetric polynomial of the evaluations of the rational function R¢(z)
over the roots of g;(y).

We can now use an effective version of the Fundamental Theorem of
Symmetric Polynomials, via Theorem 6.3.2, to compute the coefficients

4 This is slightly inaccurate, since to get to the coefficients of G;, we also need to apply

Homgd.
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of Gj(x,t,y) (using the coefficients of gj(y) instead of the roots of
gj(y)) as elements of F[X, t] (i.e. purely over the base field) via poly(s)
size depth A+ O(1) circuits.

UNDO PRE-PROCESSING: Now that we have obtained the irre-
ducible factors of F(x,t,y) = ¥, (P(x)), Lemma 6.2.2 provides the
inverse transformation to obtain the corresponding factors of P(x).

RUNNING TIME:  Finding the right pre-processing map ¥y using S
takes time poly(s, d)® (™). The factorisation of the variable-reduced
polynomial also runs in time poly(s, d)© (™). Rest of the steps take
time poly(s, d). Thus, the total running time is poly(s, d)° (™).

This completes the proof correctness of Theorem 6.4.2 modulo the
proof of Lemma 6.4.1. O

6.4.1  Proof of Lemma 6.4.1

At the core of the algorithm of Bhattacharjee et al [Bha+25c] was a
method to characterize variable reductions that preserve the factorisa-
tion structure of the polynomial F(x, t,y). Recall that F(x, t,y) is monic
in y and F(0,0,y) is a squarefree.

Lemma 6.4.4 (Lemma 8.3 in [Bha+25c]). Let {1, ..., .} be the roots of
F(0,0,y) in . For a subset S C [r], define

Qs(x,t,y) = Homggq (H(U — RF(“i)))

ies$

Then the set of factors of F(X,t,y) over the field [F is exactly the same as

U C [r] where Qu(X,t,y) € FIX, t,y] divides F and

F= {QU(Xltly) : _ _
Qu(x,0,y) = Qu(0,0,y) =T Liculy—xi) € IF[g
Let G(X,t,y) € F[x, t,y] be an arbitrary irreducible factor of F(X, t,y).
By the above lemma, there exists some U C [d] such that G(X, t,y) =
Qu(x,t,y) with Qu(0,0,y) having coefficients in IF. Note that, since
F(0,0,y) is squarefree, distinct elements of F have distinct set of roots
when X,t are set to zero. Since G(X,t,y) is irreducible, the set U
is minimal in the sense that for every () # U’ C U, we have that
Qu(x,t,y) has coefficients outside [F or does not divide F(x, t,y).
For the sake of contradiction, assume that G(w,t,y) := Go§ is
reducible and h(w, t,y) € Fw, t,y] is a non-trivial factor of G. Then,
h(0,0,y) divides G(0,0,y) = G(0,0,y) and the set of roots of h(0,0,y)
in Fis{o; : i€ U’} for some () £ U’ C U.
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Consider the polynomial Qy;/(X,t,y). We observe that h(0,0,y) has
coefficients in IF and that Qqy(t,X,y) is symmetric with respect to the
set {o; : 1€ U’} of roots of h(0,0,y), which implies that Qu (X, t,y)
has all coefficients in IF as well (similar to the argument for G;(x, t,y)
using the Fundamental Theorem of Symmetric Polynomials in the
outline of Theorem 6.4.2). Hence, as argued above, Qu/ (X, t,y) does
not divide F(X, t,y).

However, applying Lemma 6.4.4 for G(W, t,y), we have

h(w,t,y) = Homggq ( H (y—Rg (m)))

ieu’

As F(0,0,y) = F(0,0,y) is squarefree and F(0,0,;) = O for each
a; € U/, by Lemma 6.2.5 there is a unique power series root ¢; (W, t)
for F mod t9+7 that satisfies F(w, t, ¢;) = 0 and @;(0) = «;. Note that
both Rg (i) and Re(wy) o G satisfy these properties. Hence, by the
uniqueness of the power series modulo t4*', we have

Rr(oti) 0§ = Rg (o) mod t4+!

— h(w,t,y) = Homggq (H (y —Rdoq)))

ieu’

= Homgq <H (y—Rp(aq) o 9))

ieu’

= Homggq (H (y— RF(“i))) ©3=Qu°§.

ieu’

Therefore, we have that Qu/(X,t,y) € FI[x,t,y] does not divide
F(x,t,y) but h(w,t,y) = Qu: oG € Fw, t,y] does divide F(w,t,y) =
F(w,t,y)oS.

We can now use the constant-depth circuit DivTest from
Lemma 5.8.9, which reduces divisibility testing of a pair of
polynomials to an appropriate polynomial identity test. Define
C(x,t,y) = DivTest(y, coeffy (F(x,t,y)), coeffy (Qu-(x, t,y))) where
coeffy (F) refers to the vector of coefficients when F is interpreted
as a univariate in y (with coefficients involving the other variables).
By Lemma 5.8.9, we have that C(X, t,y) is a nonzero polynomial since
Qu’ does not divide F but Co G is zero since Qo G divides Fo G.
But C is a circuit of size poly(s) and depth A+ O(1) and hence this
violates the assumption that G is a hitting-set generator for this class.
Hence, we must have that G o § continues to be irreducible for every
irreducible factor G(x, t,y) of F(X, t,y). ((Lemma 6.4.1)

Remark 6.4.5. In Chapter 5 (specifically, Theorem 5.5.2), the polynomials
Rr (1) were instead replaced by truncated power series obtained via Newton
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Iteration, and therefore it was not known if the polynomials Q € I are
computable by constant-depth circuits. As a consequence, we could not
provide a polynomial size constant depth upper bound for the above circuit
C. Thus, Theorem 5.5.2 involved a fairly delicate argument to show that
the [LST25]+[Klo4]+[CKS19] generator maintains the nonzeroness of these
non-divisibility identity tests that arises from approximate power series roots
obtained via Newton Iteration.

With Theorem 6.3.1, we now can argue that the circuit C above is indeed a
polynomial size constant-depth circuit and hence any generator for this class
of circuits would preserve the factorisation of F(X,t,y). O

6.4.2 Deterministic factorisation from hitting-set generators

The algorithm in Theorem 6.4.2 and its analysis via Lemma 6.4.1
proves a more general statement.

Corollary 6.4.6. (Informal) Let IF be a field of characteristic zero or large
enough, and let C be a robust enough class of circuits that is closed un-
der small sums and products, substitution by sparse polynomials (thereby
admitting interpolation). Consider the larger class €' computing polynomi-
als of the form F(g1,...,gm) where F is computable by a poly(m)-sized
constant-depth circuit, and each g; € C.

If we have a blackbox PIT for the class C' running in time T(n), then
we have a deterministic T (poly(n))-time algorithm to factorise polynomials
from the class C.

This, for natural subclasses of algebraic circuits — such as algebraic
formulas, algebraic branching programs, algebraic circuits, etc. — we
have a reduction from factorisation to polynomial identity testing. This
generalizes the result of Kopparty, Saraf and Shpilka [KSS15] who
established this connection for the class of general algebraic circuits.
Further, by solving each PIT instance by random sampling (and using
Schwartz-Zippel Lemma), we get an efficient randomized algorithm
that takes a polynomial from € as input and outputs circuits in €
for each irreducible factor, where C is some robust enough class of
polynomials.

However, Theorem 6.4.2 appears to require blackbox PITs for the
class €/, whereas [KSS15] established such connections even in the
whitebox setting. It is an intriguing open question if efficient whitebox
algorithms for PIT of €” would imply efficient deterministic factoring
algorithms for C.
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7 FUTURE DIRECTIONS

In this thesis, we saw a deterministic algorithm for factoring constant-
depth circuits with essentially the same time complexity as determin-
istic PIT. The two most important observations from this journey are
the following.

1. Roots, approximate roots and factors of constant-depth circuits
have constant-depth circuits.

2. Irreducibility preservation reduces to divisibility preservation,
which reduces to nonzeroness preservation a.k.a PIT.

We conclude this thesis with some open problems.

1. Whitebox PIT to deterministic factorisation: Kopparty, Saraf
and Shpilka [KSS15] showed that efficient algorithms for PIT
for the class of general circuits leads to efficient determinis-
tic factorisation of general circuits, and this connection is for
both the whitebox and the blackbox setting for PITs. Although
Corollary 6.4.6 extends the blackbox connection to other natural
subclasses of circuits (such as formulas, branching programs,
constant-depth circuits), establishing a similar connection in the
whitebox setting remains open.

2. Factorization over finite fields of small characteristic: In
[Bha+25a], we show a weaker version of our structural and
algorithmic results over fields of small characteristic, mirroring
Kaltofen'’s results for factors of circuits over such fields. There
are some fundamental challenges to be overcome before we can
extend these results to small characteristic fields in complete
generality. One of the simplest-to-state open problems in the
area of factorisation of algebraic circuits is the following — over
a characteristic p field, if a polynomial fP is an n-variate, degree
d polynomial computed by a poly(n, d)-sized circuit, is f also
computable by a poly(n, d)-sized circuit? The answer to this
question is unknown even for the setting of general algebraic
circuits. Thus, over fields of small characteristic, we do not enjoy
the structural results that support the algorithmic results over
tields whose characteristic is large or zero.

A lot of our reasoning also uses the properties of derivatives
of polynomials, and these properties need not hold over small
tields. Thus, for instance, we cannot use the Discriminant to cap-
ture the squarefreeness of a polynomial because the derivative
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could vanish if the polynomial is a p" power (where p is the
characteristic of the underlying field).

. Factor conjecture: Given f(X) computable by a circuit of size s

with degree potentially as large as 2%, if g | f with deg(g) = d,
then is g computable by a size poly(s, d) circuit? The Factor
Conjecture states that this is true. Burgisser [Biiro4] showed that
the conjecture is true for border computation i.e. the factor g
can be approximately computed by a circuit of size poly(s, d).
In a related work [Bha+25a], we show a simpler proof of this
theorem via our closure results.

. Faster factorisation of sparse polynomials: While our results

imply a deterministic subexponential-time algorithm for fac-
toring sparse polynomials, it is an interesting open problem
to get a deterministic algorithm with better time complexity.
For the special case of computing low-degree factors, we saw a
quasipolynomial time algorithm in Chapter 2.

. Reducing other randomized algorithms to PIT: We showed that

for most rich enough complexity classes, the derandomization
of PIT is sufficient for derandomizing multivariate factorisation.
Are there other interesting tasks that can be derandomized using
hitting-set generators for the same complexity class?
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