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Question : Given fe #(x , . . ., Xn] can we efficiently return

the list of all factors ?

Points to Ponder :

⑦ How are we representing our polynomials ?

②What does efficient mean ?
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Polynomial Representation
- Represent f by its monomials and coefficients. (Also called

Sparse Representation]

- Example : f : 10x10g + 17 x yS - 21 (11f 11 = 3)
->S(x0y,

101
,
(xy5 ,

17)
,
(1 , - 21)3

- We call fe #EX, ...
Xn] a Espase polynomial if f

has almosts monomials with non zero coefficients. Let

#IfIl := Number of monomials with non zer0 coefficients
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Key Question Updated
- Question : Given feF(X, , ...,

Xn] an S-sparse polynomial of

degree d,
can we output the list of all factors off

in time polyladl ?
↳ notion of efficiency

- Are factors of f polyls,n,d)-sparse ? Sadly No !
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Sparsity Blowup of Factors

- Let f(x , . . .

.,
Xn)=-

then 11fll = 2" and deglf) : d . n.

- Consider g(x , ....,
xn)= xix ....+ Xid)

,
then glf

and 11g1 = d" = 1IfIllog(d) [GR'8S]

- The above example works over fields of any characteristic .
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Sparsity Blowup of Factors

- Let f(x,...,
Xu) = X

,

P
+... + XuP where fe#p[X, ...,

Xn]

then 11fIl = n and degif) = P.

- Let g(x, . .

.,
Xn) = (X

,
+ · .

. + Xn)
*+

then glf and

11g(l = (n +p-1) = @ (1+IP) /BSU'20
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Relaxing our Goals
-The sparsity blowup won't allow us a polyl, s, d) algorithm.

- In this work we consider two relaxations of the problem :

Relaxation 1 :I be an -sparse polynomial with bounded individual

degree d .

Relaxation 2 : f be ans-sparse polynomial and output all factors

of of which have bounded individual degree d .

Again think d = 0(1).
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Bounded Ind.
. Deg Factorization

~ We havefo Fin] st f is -sparse and has individual degree at most

d

- [BSU20] : for
any gif , 11g11 soldlight /Factor Sparsity Bound]-

- IBSV20] : goldtlogn) algorithm that computes factorization of
-

f into irreducible polynomials.

- The algorithmic result is closely tied to factor sparsity bound,

~ [Vol'17] conjectured that Ilg/l[spolyd). If the conjecture is true
-

above algorithm runs in time spalyla)
-
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Bounded Ind.
. Deg Factorization

- Recently Chuyoon and Shpilke made further progress on the

algorithmic aspects -

- ICS'26] proved :

① F poly(slosh ,
n) algorithm which output the factorization

-

off into its irreducibles-

② I poly d, n) algorithm which outputs all -sparse factors

of f-

* - factors not divisible by a monomial.
&
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How to make Further Progress
~ for small d

,
can we show 7 polyn) algorithm to output

all factors of f ?

~ One major hurdle is how to represent factors ?

- If polynomial sparsity conjecture were true then we could

represent using sparse representation. That is a big if : (

- In this work
,

we output factors as constantdepthalgebraic
circuits

.

-



Algebraic Circuits
- Internal Gates :Q - Multiplication Gates

# - Addition Gates

- Leaf Nodes : Variables
,
Constants·

- An algebraic circuit is a directed and rooted acyelic graph with

internal gates and leaf nodes as defined above.

~ No restriction of fan-in/fan-out



T
· Example :

8.-Root node
M

-④

·
-X

X
, X2



Xi + 2x, + 2X- &
Polynomial computed by the circuit.T

· Example :

#
2x

,
+ 2XL/ **④
& yy*2 X

,

xTx
X

, X2



- some important measures for algebraic circuits :

* Size (C) = leaf nodes + internal gates in the circuit
-

* Depth(e) = Length of longest path from roof to a leaf

node.



T
· Example :

#
Size= 8

i Dept = S

④

⑪
X
X X2
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Factors as Circuit

- foundational works by Kaltofen (Kal'89] , Kaltofen and Trager [KTg0]

already gave a polytime randomized algorithm when we

allow circuits ! This works for general sponse polynomials

- for general sparse polynomials the best known deterministic

algorithms run in subexponential by the works of Bhattacharjee

et 31/BKRSS'25/[BRRRSS' 26]

~ We believe efficient derandomization exists since this question

is equivalent to PIT [USS' 15) (For general clts)
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Our Results

① Theorem 1 : Let feF(Y)
,
where char (F) = 0 or char (#))d

,
-

be an -sparse polynomial of individual degree at most D .

-

there is a poly,d!, n) time elgorithm that outputs
-

↓ list that contains all factors of f as constantdepthe+**

* Factors that are not divisible by any monomial.

* The list is of size at most so and may contain spurious

entries.
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② Theorem 2 : Let feFfFi) be an -sparse polynomial of
individual degree at most D(unbounded).

-

then 7 epdeys,
salogh) time algorithm that outputs

a list containing all factors of f which have bounded

individual degree at most& (bounded
-

is constantdepth circuits .

**

* Factors that are not divisible by a monomial

* The list is of size at most /blogs and may contain spurious

entries-

(a) : P
-



Technical Ideas

Plan : O Recap [BSV'20] algorithm for factoring

② Recap new ideas used by ICS' 261

⑤ Highlight what we did different.
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· Step 0 : Prove structural lemma about sparsity of factors of f.



IBSV'20] Algorithm
· Input : f + S- sparse polynomial of bounded individual degree I &

· Step 0 : Prove structural lemma about sparsity of factors of f.

·

Step 1 : Normalize the Polynomial

Let f(x
,
7)= fix): where fot

(5 ,T) = f(x, 3/s) · fit-

~Imalization
of f

· 11511 : gold and I has ind . deg at most 20 .



IBSV'20] Algorithm
· Input : f + S- sparse polynomial of bounded individual degree I &

· Step 0 : Prove structural lemma about sparsity of factors of f.

·

Step 1 : Normalize the Polynomial

·

Step 2 : Factorize the normalized polynomial of into irreducibles



IBSV'20] Monic Factorization
- Let (*,41 = h( ,Y) ..... hey ,

31% be its irreducible

factorization -

- We project I to a low dimensional space that maintains

the factorization pattern . (Takes time poly (gdlogn)]

Find a FF" s .
+ . Vij

, god Child,
41

, hik,411 =
1
.

I

Resy(hi , hj)(a) + 0
.

↑ (x
,
2) is the low dimensional polynomial .



IBSV'20] Monic Factorization
- Let (*,41 = h( ,Y) ..... hey ,

31% be its irreducible

factorization -

- We project I to a low dimensional space that maintains

the factorization pattern .

-Factorize the low dimensional polynomial.
Just use brute force factorization for this part



IBSV'20] Monic Factorization
- Let (*,41 = h( ,Y) ..... hey ,

31% be its irreducible

factorization -

- We project I to a low dimensional space that maintains

the factorization pattern .

-Factorize the low dimensional polynomial.

- Reconstruct the irreducible factorization from low dimensional

factors.



IBSV'20] Algorithm
· Input : f + S- sparse polynomial of bounded individual degree I &

· Step 0 : Prove structural lemma about sparsity of factors of f.

·

Step 1 : Normalize the Polynomial

·

Step 2 : Factorize the normalized polynomial of into irreducibles

· Step 3 : Recursively factor folk)

(remember f : fili) yi]



IBSV'20] Algorithm
· Input : f + S- sparse polynomial of bounded individual degree I &

· Step 0 : Prove structural lemma about sparsity of factors of f.

·

Step 1 : Normalize the Polynomial

·

Step 2 : Factorize the normalized polynomial of into irreducibles

· Step 3 : Recursively factor flit)

· Step 4 : Using factorization of 1 and fo
, find irreducible

factorization of f
.
[This reduces to a sparse PIT]



(CS'26] Optimizations
- Uses the same Step O-Step 4 ideas as [BSV'20]. However

TCs' 261 makes some changes in their implementation.
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(CS'26] Optimizations
- Step 0 : Same as (BSV'20

- Step 1 : Reverse normalize f.

f(*
,
YI:fili -: where fold -O

↑ (x,7) : f(x , Yof)/fo
I

Reverse normalization of f

11F11 = gold and I has individual de 2d.
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- Step 0 : Same as (BSV'20

- Step 1 : Reverse normalize f.

- Step 2 : find all sparse factors of
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The projection to a low dimensional space is

implemented differently·



(CS'26] Optimizations
- Step 0 : Same as (BSV'20

- Step 1 : Reverse normalize f.

- Step 2 : find all sparse factors of
F.

- Step 3 : Recursively factor fo

- Step 4 : Using factorization of f andfo
,
recombine them

appropriately to find all sparse factors of f.
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Our Algorithm
- Step O : Same as /BSV'201

- Step 1 : Depending on whether Ifull is small or 11 foll is small

normalize or reverse - normalize the polynomial

CS's algorithm might needa layers of recursion but

we are cutting it down to logts).



Our Algorithm
- Step O : Same as /BSV'201

- Step 1 : Depending on whether Ifull is small or 11 foll is small

normalize or reverse - normalize the polynomial

- Step 2 : Factorize the normalized (or reverse - normalized) polynomial .

Here we again project down to a low dimensional space,

but use Hensel lifting/ furstenberg to find all factors,

Earlier algorithms used sparse reconstruction.



Our Algorithm
- Step O : Same as /BSV'201

- Step 1 : Depending on whether Ifull is small or 11 foll is small

normalize or reverse - normalize the polynomial

- Step 2 : Factorize the normalized /or reverse - normalized) polynomial .

- Step 3 : Recursively factor fo lov fol

- Step 4 : Using factors of normalized (or reverse normalized)

polynomial and fulor fol reconstruct all factors of for



Final Remarks
·The unbounded individual degree case also has same algorithmic structure

but one major problem we face is that normalization can blow up

the sparsity.
We use ideas from ICS26] to deal with the casee.



Final Remarks
·The general sponge polynomial case also has same algorithmic structure

but one major problem we face is that normalization can blow up

the sparsity.
We use ideas from ICS26] to deal with the casee.

Our algorithm recovers the bandedind - degresults from CCS1261

and [BSV20)·

· Our algorithm recovers the result of finding Constantdegree

- -sparepolynomial from TRRS'24]
,
[DST'24] ·factors for general

-

We prune our list using &visibility Zesting from [Forbes' 157



Open Problems
· Can we prune our list of factors efficiently ? In particular for

an Esparse polynomial f and multilinear polyming ,
test

whether glf ?

· Our algorithm does not work over&characteristic .

Can we

extend it to that setting ?


